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Foreword to Earlier Series Editions 


More than a generation of German-speaking students around the world have worked 
their way to an understanding and appreciation of the power and beauty of modern 
theoretical physics — with mathematics, the most fundamental of sciences — using 
Walter Greiner’s textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field 
of science in a series of closely related textbooks is not a new one. Many older 
physicists remember with real pleasure their sense of adventure and discovery 
as they worked their ways through the classic series by Sommerfeld, by Planck 
and by Landau and Lifshitz. From the students’ viewpoint, there are a great many 
obvious advantages to be gained through use of consistent notation, logical ordering 
of topics and coherence of presentation; beyond this, the complete coverage of 
the science provides a unique opportunity for the author to convey his personal 
enthusiasm and love for his subject. 

The present five-volume set, Theoretical Physics, is in fact only that part of 
the complete set of textbooks developed by Greiner and his students that presents 
the quantum theory. I have long urged him to make the remaining volumes on 
classical mechanics and dynamics, on electromagnetism, on nuclear and particle 
physics, and on special topics available to an English-speaking audience as well, 
and we can hope for these companion volumes covering all of theoretical physics 
some time in the future. 

What makes Greiner’s volumes of particular value to the student and professor 
alike is their completeness. Greiner avoids the all too common “it follows that ...” 
which conceals several pages of mathematical manipulation and confounds the 
student. He does not hesitate to include experimental data to illuminate or illustrate 
a theoretical point and these data, like the theoretical content, have been kept up to 
date and topical through frequent revision and expansion of the lecture notes upon 
which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by including 
something like one hundred completely worked examples in each volume. Nothing 
is of greater importance to the student than seeing, in detail, how the theoretical 
concepts and tools under study are applied to actual problems of interest to a 
working physicist. And, finally, Greiner adds brief biographical sketches to each 
chapter covering the people responsible for the development of the theoretical ideas 
and/or the experimental data presented. It was Auguste Comte (1798-1857) in his 
Positive Philosophy who noted, “To understand a science it is necessary to know 
its history”. This is all too often forgotten in modern physics teaching and the 
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bridges that Greiner builds to the pioneering figures of our science upon whose 
work we build are welcome ones. 

Greiner’s lectures, which underlie these volumes, are internationally noted for 
their clarity, their completeness and for the effort that he has devoted to making 
physics an integral whole; his enthusiasm for his science is contagious and shines 
through almost every page. 

These volumes represent only a part of a unique and Herculean effort to make 
all of theoretical physics accessible to the interested student. Beyond that, they 
are of enormous value to the professional physicist and to all others working with 
quantum phenomena. Again and again the reader will find that, after dipping into a 
particular volume to review a specific topic, he will end up browsing, caught up by 
often fascinating new insights and developments with which he had not previously 
been familiar. 

Having used a number of Greiner’s volumes in their original German in my 
teaching and research at Yale, I welcome these new and revised English translations 
and would recommend them enthusiastically to anyone searching for a coherent 
overview of physics. 


Yale University D. Allan Bromley 
New Haven, CT, USA Henry Ford II Professor of Physics 
1989 


Preface to the Second Edition 


We are pleased to note that our text Gauge Theory of Weak Interactions has found 
many friends among physics students and researchers so that the need for a second 
edition has arisen. We have taken this opportunity to make several amendments 
and improvements to the text. A number of misprints and minor errors have been 
corrected and explanatory remarks have been added at various places. In addition to 
many other smaller changes the Sects. 6.4 on Cabibbo’s theory of flavour mixing, 
7.4 on the properties of allowed beta decay, 9.3 on the SU(5) Gauge Theory, and 
9.5 on the scale of the SU(5) symmetry breaking have been expanded. Several 
new examples and exercises in Chaps. 6, 7, and 9 have been added, e.g., on parity 
violation in inelastic lepton—nucleon scattering or on the running coupling constant 
in quantum field theory. 

We thank several colleagues and students for helpful comments. We also thank 
Dr. E. Stein and Dr. Steffen A. Bass who have supervised the preparation of the 
second edition of the book. Finally we acknowledge the agreeable collaboration 
with Dr. H. J. Kdélsch and his team at Springer-Verlag, Heidelberg. 


Frankfurt am Main and Durham, NC, USA Walter Greiner 
December 1995 Bernat Miiller 


Preface to the First Edition 


Modern theoretical physics has, over the past twenty years, made enormous 
progress, which may well be compared to the dramatic developments that oc- 
curred during the first few decades of this century. Whereas the discoveries of the 
early twentieth century (quantum mechanics, special and general relativity) con- 
cerned the foundations of modern physics, remaking the very concepts on which 
our view of the laws of nature are based, the recent breakthroughs have provided 
an almost complete understanding of the basic principles of the fundamental inter- 
actions among elementary particles. These principles are laid down in the so-called 
“Standard Model of Particle Physics” which successfully describes all established 
experimental data in physics. 

At present, we know four fundamental interactions among elementary particles: 
the strong nuclear interaction (mediated by the exchange of mesons or — at a deeper 
level — of gluons), the electromagnetic interaction (mediated by photon exchange), 
the weak nuclear interaction (mediated by the exchange of the recently discovered 
W and Z bosons and, like the strong interaction, of short range), and gravity. 
Experimental searches have so far failed to uncover forces other than those four, 
although we cannot exclude the existence of other, very weak or short-ranged 
interactions. 

The search for a common origin of all interactions is an ultimate (maybe the 
ultimate) goal of physics. Ever since Einstein’s failed search for a unified field the- 
ory, it has been the dream of theoretical physicists to condense all laws of physics 
into a single fundamental equation, which contains all known interactions as spe- 
cial cases. This development had had its first dramatic success with Maxwell’s 
theory of electromagnetism, which had combined the laws of electricity and mag- 
netic interactions into a single set of equations which, in modern notation, take 
the beautifully simple form: 0,F4" = j¥, 0, FY = 0. The disparate phenomena 
of electricity and magnetism suddenly had become recognized as inseparable parts 
of a more general interaction. Maxwell’s equations had predicted the existence of 
electromagnetic waves. These were discovered shortly afterwards and today form 
the basis of the global communication network, without which modern life and 
modern science could not be imagined. 

A comparable breakthrough occurred twenty years ago when Glashow, Salam, 
Weinberg, and others recognized a deep relation between the electromagnetic and 
the weak nuclear interaction and showed that they could be derived from a unified 
theory. These lecture notes deal with the ideas and insight that led to this modern 
unification, and introduce the student to the phenomena that played a central role 
in this development. We begin with a detailed exposition of Fermi’s theory of 
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beta decay and discuss the successes and shortcomings of this remarkable theory. 
The importance of the consideration of fundamental symmetries is illustrated by the 
violation of parity invariance, leading up to the (V—A) theory of weak interactions. 
Numerous solved problems and examples demonstrate various aspects of the weak 
interaction and provide an opportunity to apply the newly learned material. 

The central part of the lectures introduces us to the concept of gauge theo- 
ries, based on the generalization of the symmetry principle to local symmetries. 
The present volume may be regarded as continuation of volume 2 of this series: 
“Quantum Mechanics-Symmetries”, extending the concepts of continuous symme- 
try groups to gauge transformations. The application of the gauge principle to weak 
isospin and hypercharge results in the unified electroweak gauge theory. The con- 
cepts of spontaneous symmetry breaking, charged and neutral currents, and mixing 
angles, are introduced and discussed in broad detail. Many aspects are illustrated 
with examples selected from current research fields, such as the problem of neu- 
trino mixing with its application to the solar neutrino flux. Additional chapters are 
concerned with the applications of the electroweak gauge theory to hadronic decays 
and to the nuclear beta decay, where the presentation is systematically based on 
the quark model first introduced in volume 2. A separate chapter deals with the 
phenomenon of CP violation. 

Only a few years after the formulation of the electroweak gauge theory, it 
was discovered that the strong interactions are also based on a set of equations 
that closely resembles those of the unified electroweak theory. This immediately 
fostered speculations that electroweak and strong interactions could be the low- 
energy manifestations of a “grand unified” gauge theory. The last section of our 
book contains an extended introduction on the principles underlying the search for 
such unified theories. We discuss the SU(5) model of Georgi and Glashow, the 
simplest unified gauge theory, and show how model building is constrained by 
experimental data. The presentation is broad and self-contained as usual in this 
series, introducing the student to the new concepts and formal techniques without 
unnecessary ballast. A detailed derivation of proton decay is presented, and the 
question of anomaly freedom is discussed. The book concludes with an outlook 
on supersymmetric unification in the light of recent precision measurements of the 
electroweak and strong gauge coupling constants. 

These lectures make an attempt to familiarize the student with the developments 
of modern particle physics by providing a conceptually simple, yet rigorous intro- 
duction combined with hands-on experience through exercises and examples. They 
grew out of advanced graduate courses presented at the Johann Wolfgang Goethe- 
Universitat in Frankfurt am Main and the Vanderbilt University in Nashville, Ten- 
nessee during the years 1982-85. The volume is designed as a self-contained in- 
troduction to gauge theories. Of course, much of the material is based on the 
framework of relativistic quantum field theory; it is desirable that the student has 
at least a working familiarity with the theory of quantum electrodynamics (vol- 
ume 4 of this series). Some important and often used equations and relations are 
collected in appendices. 

Our special gratitude goes to Dr. Matthias Grabiak and Professor Dr. Andreas 
Schafer for their help with the examples and exercises. Several students have helped 
to convert the material from the stage of informal lecture notes to a textbook. For 
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XI 


this first English edition we have enjoyed the help of Dipl.-Phys. Jiirgen Augustin, 
Dipl.-Phys. Maria Berenguer, Dr. Oliver Graf, Dipl.-Phys. Christian Hofmann, 
cand. Phys. Markus Hofmann, Dipl.-Phys. André Jahns, Dipl.-Phys. Kyong-Ho 
Kang, Dipl.-Phys. Ullrich Katcher, Dipl.-Phys. Jiirgen Klenner, cand. Phys. Yaris 
Piirsiin, cand. Phys. Matthias Rosenstock, Dipl.-Phys. Jiirgen Schaffner, Dipl.-Phys. 
Alexander Scherdin, cand. Phys. Christian Spieles and Dipl.-Phys. Mario Vidovic¢. 
Miss Astrid Steidl drew the graphs and pictures. To all of them we express our 
sincere thanks. 

We would especially like to thank Dipl. Phys. Raffaele Mattiello and Dr. Béla 
Waldhauser for their overall assistance in the preparation of the manuscript. Their 
organizational talent and advice in technical matters have contributed decisively to 
the successful completion of this work. 


Frankfurt am Main, July 1993 Walter Greiner 
Durham, USA, July 1993 Berndt Miiller 
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1. The Discovery of the Weak Interaction 


All the known interactions that occur in nature can be reduced to four interactions 
between material particles. Listed in order of decreasing strength, these are: the 
strong (nuclear) interaction, electromagnetism, the weak (nuclear) interaction, and 
gravity (see Table 1.1). In contrast to the strong interaction, the weak interaction 
operates between all particles. It causes reactions which make these particles ul- 
timately decay into the stable leptons and hadrons, that is, electrons, neutrinos, 
and protons. Characteristic in these reactions is the change in charge of the parti- 
cles which undergo the reactions. The small strength of the weak interaction goes 
along with its small range. Unlike all other interactions, the weak interaction does 
not produce bound states, as do the strong interaction, which is responsible for 
the formation of atomic nuclei, the electromagnetic interaction, which binds to- 
gether atoms and molecules, and gravity, which is the source of binding of objects 
on an astronomical scale. In order to better understand our modern theory of the 
weak interaction it is convenient to start with a short review of the history of its 
discovery. 


Table 1.1. Comparison of known interactions 


Relative strength 


Gravitation 10e2 oro 
Weak nuclear NO ate < lfm 
Electromagnetic lo? oro 
Strong nuclear 1 = 1fm 


1.1 The Universal Fermi Interaction 


In the year 1896 Henri Becquerel discovered that uranium crystals are able to 
taint a photographic film if they are brought into contact with it. In subsequent 
years Becquerel, Kaufmann, and Rutherford succeeded in showing that uranium 
ore — like some other materials — emits fast, electrically charged rays (so-called 
beta rays), which are electrons moving with approximately the speed of light. As 
we know today, these beta rays originate from the decay of $/*Pa into $3*U and 
other nuclear decays. After the establishment of the modern concept of atomic 
stucture (nucleus and electron cloud) around 1910, it was first assumed that the 


electrons emitted in the beta decay with energies up to 2.5 MeV were present in 
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Fig. 1.1, The uranium series. 
Within the long decay chain 
it was presumably the 6 de- 
cay of 2i4Pa to 33*U (from 
UX, to UII) which was re- 
sponsible for the blackening 
of Becquerel’s photographic 
plate 


Fig. 1.2. Form of the contin- 
uous @ spectrum 
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the nucleus before the decay. This was difficult to understand, because according 
to Bohr’s model of the atom the electrons ought to move predominantly in orbits 
well outside the nucleus. With the discovery of the neutron (Chadwick 1932) it 
became evident that the electron is created at the instant that the neutron transforms 
into a proton, which made this problem obsolete. 

Another difficulty in the comprehension of @ decay consisted in the fact that 
the electrons are emitted with a continuous energy spectrum. Since the initial and 
final nuclei have well-defined energies, this would mean a violation of energy 
conservation (see Exercise 1.1). 


1.1 The Universal Fermi Interaction 
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1.1 Kinematics of Two-Body Decays 


Problem. Using the relativistic energy-momentum relation, show that in the decay 
of a particle of mass M at rest into two particles of masses m, and mz, the two 
particles must have a definite energy. 


Solution. For the solution of the problem we consider the rest system of the initial 
particle. Its energy-momentum vector is in this case 


HS =e Oy) (1) 
After the decay the two decay products fulfil the relations 

pt =(Ei,p,) with EP =m?P +p, , (2a) 

Py = (E2,P2) with Ey =my +p; . (2b) 


Energy—momentum conservation then requires that 

O° =i ania (3) 
The spatial components yield 

O=p, +p, , ie. pPp=—-p, . (4) 
Inserting this into the time component gives 

M=E, + Bx=(mp + pi)? + (mi tp? . (5) 
Some transformations lead to 


»_ M2 _ mpi md | (mt — oy A 
er 2 4M2 
that is, pt is unequivocally determined. Then £, and £2, according to (2a,b), are 
given by 


2 Z ee 
my — m3 M my — Mm; 


a (7) 
2 2M 2 2M 


Pauli therefore proposed in 1930 that an additional particle should be emitted 
besides the electron in the decay of the neutron. This particle, nowadays called the 
anti-neutrino! 7, should carry no electric charge and have a low mass: 


1 tt was discovered in the 1950s and 1960s that neutrinos form a family of particles with 
similar properties. Each neutrino is left-handed (see below) and accompanied by its an- 
tiparticle, the anti-neutrino, which is right-handed. In addition, there is a different type of 
neutrino associated with each species of charged lepton (electron, muon, tau-lepton). The 
particle originally postulated by Pauli to account for the properties of nuclear @ decay, is 
the electron-antineutrino 7. 


MM» mn, 
—@ Qe- 
P2 M Pi 


Fig. 1.3. Notation in two-par- 
ticle decay 
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Fig. 1.4. The so-called Fer- 
mi-Kurie plot of the (@ spec- 
trum of tritium (7H). The in- 
sertion in the upper right cor- 
ner proves that some elec- 
trons carry the full decay 
energy. This leads to the 
conclusion that the neutrino 
must be (nearly) massless. 
This manner of representa- 
tion of the G decay spectrum 
was introduced by F.N.D. 
Kurie in 1936 


n—-> pte +¥v 


Since the neutron, proton, and electron each carry spin h/2 , conservation of angular 
momentum could be maintained if the neutrino was also assigned spin f/2. We thus 
deal with a three-particle decay. The energy liberated in the decay (m, — Mmpje: = 
1.2934 MeV, is statistically distributed over the neutrino and electron. According 
to today’s experiments, however, the rest mass of the neutrino is less than 60 eV, 
possibly exactly equal to zero (see Fig. 1.4). For the latest considerations we refer 
to Chap. 7, but for the time being, let us assume the neutrino to be massless. 
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Fig. 1.5a,b. Decay of the neutron into an electron e” , an antineutrino Y, and a proton p: (a) 
in terms of physical particles, (b) in formal (field theoretical) terms 


The decay of the neutron is shown graphically in Fig. 1.5. In 1934 Fermi ex- 
tended Pauli’s idea to a quantitative theory of G decay. He did this by postulating 
that the decay process can be described by adding to the Hamiltonian an interaction 
term containing the wave functions of the four free particles: 


Hp — Hy ey eG, [@x@Omem Or) (1.1) 


interaction term 


Here up, Un, Ue, and u, denote the wave functions of the four particles, the bars 
on Wp and we indicate the (Dirac) adjoint, and the quantities O; are appropriate 
operators which characterize the decay and which are weighted by the constants 
C;. Since neutrinos are massless and the electron mass is low compared to the 
kinetic energies in 9 decay, the theory must be formulated relativistically, which 
means that the wave functions must be taken as solutions of the free Dirac equation 


1.1 The Universal Fermi Interaction 5 


a a ee 


: 0 
Ga = me) uUz(x) = 0; (k =P, n, ¢, Vv) ) Ce2) 


that is, as four-component spinors. The -y“ are the Dirac matrices.2 The interaction 
term in (1.1) follows the current-current coupling, which is well known from 
electrodynamics. Here the term “current” has to be interpreted very generally, 
since (70; Un) can be a vector current, for instance if O; = yy", but it can also be a 
scalar, for instance if O; =1 (we refer to Exercise 1.2). In any case, however, the 
operators O; must be 4x 4 spin matrices. The question arises whether the elements 
of these matrices should be numbers or differential operators. It can be shown that 


in the interaction term the 4 x 4 differential operators can be reduced to (constant) 
4 x 4 matrices. 


Table 1.2. Elementary fermion transition operators 


Transformation Number 
property of YO,V of matrices 
Scalar (5S) 

Vector (V) 


Tensor (7) 
Axial vector (A) 
Vs = —190717273 Pseudoscalar (P) 
= iyoyly243 


As is well known, the Hamiltonian transforms like the time component of the 
four-momentum vector. In the interaction term, f d*x means integration over the 
spatial coordinates x1, x2, x3. Then 


(Hp) OjUn) He O;uv) 


must be a Lorentz scalar. Of course the quantities YO;Y must be well behaved 
under Lorentz transformations in order to make the above expression a scalar. In 
Exercise 1.2 we will show that under these general conditions the sole possibilities 
for the O; are the 16 matrices 1,7”, 0%”, y“7s, and 4s. : 


BER EE —— EEE) 


1.2 Lorentz Transformation of Dirac Operators 


Problem. Let (pO; Un)(Ue O;uy) = x be a Lorentz scalar. Show that for the oper- 
ators O; there are the five possibilities given above (1, y“, 04”, y“9s5, Ys) and 
no others. 


2 All conventions referring to the Dirac equation correspond to those W. Greiner: Relativistic 
Quantum Mechanics — Wave Equations (Springer, Berlin, Heidelberg 1995). They are also 
used for instance, in J.D. Bjorken, S.D. Drell in Relativistic Quantum Mechanics (McGraw- 
Hill, New York 1964). 
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Exercise 1.2 


Solution. Obviously it is necessary that WO;¥V has a well-defined transformation be- 
haviour. We therefore examine the behaviour of these bilinear forms under Lorentz 
transformations @: 


ee =ayxt . (1) 


As demonstrated in relativistic quantum mechanics,’ a Dirac wave function trans- 
forms according to 


W' (x') = S(a) W(x) (2) 
with the transformation matrix 

S(a) = exp[-i/4oy (a”” — g” (3) 
which has the following properties: 

5S) @)7 S@)—2 ae (4) 

S*@=ywSiyn . (5) 


Let us consider first Viv = WW. With (1-5) and Y = Wty we obtain 
Wx) Wi!) = 0") oU'') 
= W(x) S'S Yr) 
= W(x) 0 0S! yo S V(x) 
= W(x) S'S YG) 
= W(x) yo Vx) =Ve)Ye) . (6) 
This proves the first line of the table. Similarly we conclude for the other lines, 
for example, 
Wie!) WC!) = 0" (x) 0 W'') 
= H'(x) Sty 74S U(x) 
= W(x) 00S! Yo" S Vx) 
= W(x) ST! #5 Wx) 
= af W(x) 07" YO) 
= ah W(x)y’ Ya) . (7) 
Thus & 7" & transforms as a vector. Only in the case of axial vectors and pseu- 
doscalars does something new occur. We consider therefore 
Wx!) 95 WG!) = 0" (e') 0s W') 
= W(x) St 99755 U(x) 
=H a)ypSysSVa) . (8) 


Here we must distinguish two different cases. We denote the proper Lorentz trans- 
formations by S¢ and the space inversion (parity transformation) by Sp. 


3 See W. Greiner: Relativistic Quantum Mechanics — Wave Equations (Springer, Berlin, 
Heidelberg 1995). 
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a 


1. S = Sp. Because ys + sy" = 0, using (3) one can easily convince oneself Exercise 1.2 
that, because o4” = 1/2[y+, y” ], 

[Se, ys] = 0 
Then we have immediately that 

Ve')sV Oe) =Fe) Ve) . (9) 


2.8 =S,= +°. Here the commutation gives Sh¥5 = ays = —y57° = mason: 
Thus the sign changes: 


We') 7s V(x’) = — Ve) se) (10) 
We can combine these two results as follows: 

W(x!) 75 0'(x') = det(a) Vx) ysV@) , (11) 
because for proper Lorentz transformations det(a) = +1. For the inversion, on 
the other hand, det(a) = —1. These are exactly the transformation properties of a 
pseudoscalar. Analogously one can show that 

D(x!) 95-7” Ya!) = det(a) ay, Vx) ys YU), (12) 


which is thus an axial vector. 

The 16 matrices 1, y4, 04”, ys, and ys are linearly independent and form 
a basis in the vector space of the 4 x 4 matrices. Any other 4 x 4 matrix can 
be expressed as a linear combination of those 16 matrices. Combinations like 
O; = y" + a”, however, lead to mixed terms which are not scalars: 

CA Gin [i erie Li OH Gia at a th) 

= (Up Yutn)Uey" uv) + Up pattn)\Uer uy) 
cE Tne si) a (pata) Uey Uy) . (13) 

The expressions in the second line are the desired scalars, whereas those in the last 
line are vectors. Quantities for O; different from 1, "4, a4”, y's, and ys are thus 
impossible, which is the desired result. 
a SSS SSS SS 
Since in nuclear @ decay protons and neutrons move non-relativistically, the matrix 
elements can be simplified in the nucleonic part of the Hamiltonian. As is well 


known, a Dirac spinor can be decomposed into two two-component quantities ¢ 
and x, 


(2) 


where the components of the two-spinor ¢ in the non-relativistic limit are much 
larger than the components of x, and in this limit 


S:, ios bh bn ’ I, A ghodn ; P-—+O. (1.3) 


We convince ourselves of these facts in Exercise 1.3. 
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LOSS —— LSS 


1.3 The Non-relativistic Limit of the Transition Operators 


Problem. Prove the limiting cases given above. 


Solution. The y“ are defined as 


Paeel | a 
wah i = 2a; |, (1) 


= 0 CO; o _. 
a= (> a ie sla 


We begin with the terms S and V, and systematically neglect all terms containing 
the small components xp and Xp: 


S =n = Gtx Di ae 
=¢hbr—-xbxn > Ohba , (2) 
i {pV un Ue pyun} 


= {xb (s). bt, xa a(%)} 


= {hon a ae POXn ae xhoda} = {Olbn, O} . (3) 


This proves S$, V > ohn. 
Let us next turn to the limit for the tensor coupling 7. Using the definition 
uv = i/2[y4, y”]_- and the relation oj;0; — oj0; = 2i€j o%, one can easily check 


that og! = (@ a) where i,j,k = 1, 2, 3 or a cyclical permutation thereof. 


With this we have 


wold =@D(9 L(G AICS) 


Sener = ane (4) 


Furthermore, 0% = ia; =i (° a is valid, as well as 
t 
io i{bhoixXn aP xboiXn} > 0. (5) 
Thus, as claimed above, the non-relativistic limit yields 
= (aie eae lore,) (6) 


The axial vector coupling A is treated just as easily. In view of 


aCe) | 7) 
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the 0 component vanishes in the limit x — 0: 
Upyorsun = (4, xh) ice) 
101 
= PbXn ag Xb on =O... (8) 
and for the space-like components we obtain 


Upy Ystn = (4, xh) ai ie 


on 
= boibn ap xLoiXn oH bhoidn . (9) 
Thus 
ATi ia = (Ein, Ta in — heen (10) 


Finally P — 0 remains to be proved, which is trivial: 
P =p ystm = (b),.xh)7° e 
n 
=bPxa + xhba 7 0 =, (11) 
since all terms contain a small component of the Dirac wave function. 


The relevant non-vanishing cases are called Fermi transitions: 

Spi = den | (1.4) 
and Gamow-Teller transitions: 

T,A = dobar . (1.5) 


In the latter case obviously the spin of the decaying nucleus may change, whereas 
the nuclear spin remains unchanged in the case of a Fermi transition. Both cases are 
actually observed in nature, that is, the Fermi Hamiltonian (1.1) must contain some 
combination of S-V and T—A couplings. It is possible to show that oscillations 
would occur in the electron spectrum, if S and V couplings were simultaneously 
present, and the same would be true for T and A couplings at the same time. Since 
such effects are not observed, it follows that only the couplings S and 7, or S 
and A, or V and 7, or V and A are realized. Measurements of the lifetimes of 
several nuclei lead to the conclusion that the strength constants of Fermi and of 
Gamow-Teller transitions are about equal in magnitude, being nearly equal to 


Gx10-*MeVfm? , 
or in natural units (h = c = 1) — see Appendix A — 
G = 107'!\(MeV)~? = 107>m,? 


From 1938 on, more particles were discovered that decay by the weak interaction: 


Exercise 1.3 
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re eo ip ky 


= 
= aye 

Kee ee 

ees dle by ae. (1.6) 


In all cases almost the same constant G appears. This is why one speaks of the uni- 
versal Fermi interaction, responsible for the 6 decay of many unstable elementary 
particles. 


1.2 The Non-conservation of Parity 


With the K mesons, however, a serious puzzle was soon encountered. It was found 
that the K+ meson, apart from the final state 7°u*v, can also decay into two 
pions, 7+7°, and into three pions, 7+ *7~. On the other hand, it was well known 
that the pion has negative internal parity. Since all pions are emitted with angular 
momentum ¢ = 0 (this follows from their angular distribution), the spatial part of 
the wave function of pions has positive parity. Thus the total parity of the final 
state is determined by the number of pions: 


a*7° has positive parity (-1)?=+1 , 


atata— has negative parity (—1)? = —1 


(1.7) 


At first it was supposed that there were two different particles, with the mass and 
charge of the K* meson, one with positive and the other with negative internal 
parity. They were called 7 and @ and one talked about the 7-0 puzzle. 

T.D. Lee and C.N. Yang, however, pointed out* that there was another, revolu- 
tionary way out of the dilemma: the violation of parity conservation in K* decay. 
Indeed, a serious examination revealed that there was no evidence for parity be- 
ing conserved in { decay. A short time after that, C.S. Wu, E. Ambler, R.W. 
Hayward, D.D. Hoppes, and R.P. Hudson proved, in a now famous experiment, 
that parity conservation is indeed violated in the G decay of atomic nuclei. Wu 
and her collaborators examined the decay of ®°Co into ©°Ni under emission of an 
electron and an antineutrino. To understand the experiment, one must know that 
a Co nucleus has spin 5h and positive parity (J? = 5+) in the ground state, 
whereas “Ni has spin 4f and also positive parity J? = 4+). During ( decay the 
nuclear spin thus changes by one unit and therefore after what we learned at the 
end of Exercise 1.3, it must be a Gamow-Teller transition. In addition one must 
know that the transition from ®°Co to °°Ni is a so-called allowed decay, that is, a 
decay which occurs with the fullest possible strength. As we will learn in Chap. 7, 
this means that the wave function of the emitted particles (e and 7) must be large 
in the region of the nucleus. On the other hand, this is possible only if their to- 
tal angular momentum with respect to the nucleus is 1/2 h (only s, /2 and py/2 


oT) Dulvees ©.N. Yang: Phys. Rev. 104, 254 (1956); Nobel Lectures on Physics (1942-62), 
(Elsevier Town 1964), p. 387. 

° C.S. Wu, E. Ambler, R.W. Hayward, D.D. Hoppes, R.P. Hudson: Phys. Rev. 105, 1413 
C1957) 
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waves have a non-vanishing probability to be found at the place of the nucleus). 
In order to probe parity invariance, one must first prepare an initial situation which 
under reflection does not pass over into itself. To ensure this, the cobalt nuclei 
were arranged in a strong magnetic field at a temperature of 0.01 K (this was the 
most difficult part of the whole experiment; it was carried out by Ambler and Hay- 
ward of the National Bureau of Standards). To conserve angular momentum, the 
spins of the emitted electron and neutrino must then point in the same direction. 
When the angular distribution of the electrons was measured, it was found that 
the electrons are predominantly emitted opposite to the nuclear spin, that is, they 
showed an anisotropy in their emission probability relative to the directed magnetic 
field. This result is in clear contradiction to parity invariance, whereas, during a 
reflection, the momentum vector of the electron reverses its direction, whereas the 
(axial) angular momentum vector of the nuclear spin, as well as the magnetic field, 
keeps its direction. The experiment thus showed that the G decay of atomic nuclei 
proceeds in a manner which is not reflection invariant. Owing to conservation of 
angular momentum, the spin of the electron emitted in the experiment must always 
point in the direction of nuclear polarization (see Fig. 1.6). The fact that the direc- 
tion of emission of the electron is predominantly opposite to the nuclear spin can 
also be expressed as follows: electrons are predominantly polarized opposite to the 
direction of their motion, that is, they have negative helicity. 


RR —————EE——_—EE——S Sa 


1.4 Properties of the Helicity Operator 
Problem. Show that the helicity operator A = 37 - p/p (with p = |p| and v= 


(3) 


eigenvalues +1. 


) commutes with the Dirac Hamiltonian H = a-p+ Gm and has the 


Solution. The 4 x 4 Pauli matrices 37; obey the same commutation relations as the 
normal 2 x 2 matrices o;: 


Dy Dip = ie 31 + On (1a) 
yo p= 2 Oe (1b) 
With this we obtain 
: 2 ee 
Mp? = e p) = S> (2)2upipe) 
(il 
(lo 2 ee aoe 
~ 5 se (2) 2 + LiL) pipe =f 7 (2) 
i,k=l 


where we have split the expression into two identical parts and exchanged the 
labeling of the indicies i, k in the second one. A? = 1 now implies that the 
eigenvalues can only be +1. 
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Fig. 1.6. Angular-momentum 
balance in the @ decay of 
C9 
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Fig. 1.7. During a reflection 
the directions of the angu- 
lar momentum vectors and 
the magnetic field remain the 
same, whereas the directions 
of emission change 
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Fig. 1.8. The angular distri- 
bution of the electrons in the 
Co decay 
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The first part of the problem is approached as follows. First we note that 
a=~S=a Ls , (3) 
which leads to 
[ar , yr a) en 
i De — Le Ls 


uy 
Mes a 


(eur Ys 5) — Ex X11 Ys) 


= Di Eiki CL] 0 (4) 
l=1 
We now obtain 
3 3 
jap, &-p| = Se a = 2S archi = 0 (5) 
ijk=l ikl=1 


because of the antisymmetry of €,,;. Furthermore, since 3’; commutes with {, it 
follows that [A, H] =0 


Now the question arises whether the preference of the negative value of helicity 
has anything to do with the initial polarization of the ©°Co nuclei, or whether it 
is a general property of B decay. Systematic measurements of the polarization 
of emitted electrons reveal that they always have negative helicity. In 37 decay, 
where positrons are emitted (for example ?7Na — *?Ne + e+ + v,), the opposite 
is true: the positrons have positive helicity. 

Under the assumption that only electrons of negative helicity are emitted, the 
angular distribution in the experiment of Wu et al. can be explained. To do s0, it is 
sufficient to restrict the argument to two-spinors. Let the ©°Co nuclei be polarized 
in the direction of the negative z axis (see Fig. 1.8). If the electrons are emitted 
at an angle @ relative to the z axis, then (provided the x-axis direction is chosen 
conveniently) their momentum is 


p=p (e,cos@ + e, sing) (1.8) 
The helicity operator is then 
Ay = = = J, cos@ + 2. sind 
_ {o,c08s@ + oy sind 0 
- 0 a; cos@ + oy sin@ 
cos@ sin@ 0 0 
sind —cosé 0 0 
WG ees ang | ue) 
0 0 sind —cosé@ 
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The condition 
Ag XS = + (1.10) 


leads to the eigenfunctions Me (we only need to consider the upper two compo- 
nents of the 4-spinor; the two lower ones are exactly equal). They are 


1 24 
(i) cos ae (=) _ — sin 50 1.11 
Xo ea Xe cos 46 , ay 
Because of spin conservation, as we have already noted, the only part that can 
contribute is that polarized in the same direction as the Co nuclei, that is, in 


the direction of the negative z axis. The amplitude of the emission of an elec- 
tron of negative helicity, and thus with the spinor ss is therefore given by the 


overlap with the spinor oe ss @) The emission probability is consequently 


proportional to 
2 awenk ple 
W(6) = | DalxS )| =cos? 58 =5(1 + cosd) . (1.12) 


W(@) is largest in the direction of the positive z axis; however, in the opposite 
direction it vanishes. This is just what Wu et al. observed in their experiment. 


REST ————E_SESESEEEEES—SSSSSSSsqq 


1.5 Rotation of Helicity Eigenfunctions 


Problem. Show that the eigenvectors ee of Ay are obtained from the eigenvectors 
of a, by a rotation about the y axis through the angle 6. 


Solution. The quantum-mechanical operator, which rotates a spin-4 spinor through 
an angle @ about an axis given by the unit vector 7, is given by 


R-(6,n) = ex (-J¢n : a) 


Ce ae. 
= 1 BES Wud oe) Saal : (1) 


Fig. 1.9. Angular distribution 
of electrons in the decay of 
Co relative to the plane of 
polarization 
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Exercise 1.5 


Fig. 1.10. Schematic repre- 
sentation of the experiment 
of Goldhaber, Grodzins, and 
Sunyar 


The second form follows from the Taylor-series expansion of the exponential func- 

tion together with (n - o)* = 1. For a rotation around the y axis we thus obtain 
eee cos? —sin$ 

— ioy sin= = ( 5 o (2) 


2 sin 5 Ole 


x 6 
R,(@) = cos = 
2 2 


Application of this operator to the unit spinors 


soe ig oe (7) (3) 


yields, as asserted, 


8 
a COS 5 
ROX = (es i) = Xp" (4a) 
a 
“ (=) —sin§ (<j Ab 
ROX =( og | =X (4b) 


The helicity of the emitted neutrino or antineutrino cannot be measured directly, 
because neutrinos are not influenced by magnetic fields. One must therefore rely 
on inferring the neutrino spin and momentum from the spin and recoil momentum 
of the daughter nucleus. M. Goldhaber, L. Grodzins, and A. Sunyar succeeded 
in doing this in a beautiful experiment.® They observed the decay of '°?Eu into 
152Sm, in which the nucleus captures an electron from the K shell and emits a 
neutrino: 

Eu) + e — 1sm*(1-) + v Gris) 
The excited state of !°*Sm, characterized by * at the symbol Sm for samarium, 
subsequently emits a photon, thus passing over to the ground state which has spin 
and parity 07: 


Sm (ae om Oneee (1.14) 


y - detector 


Let us assume that the neutrino is emitted to the right, in the direction of the 
positive z axis (see Fig. 1.10); the nucleus then recoils to the left. Goldhaber et 
al. then looked at y rays, which had the full Doppler shift corresponding to the 
recoiling nucleus, and thus had been emitted along the negative z axis (in doing so, 
they spared themselves the effort of detecting the recoil nucleus!). They observed 


© M. Goldhaber, L. Grodzins, A.W. Sunyar: Phys. Rev. 109, 1015 (1958). 
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that these -y quanta are always right circularly polarized,’ that is, they have helicity 
A = —1. In the case of a right circularly polarized wave, if one looks towards the 
wave, the electric field vector runs clockwise, whereas in the case of a left circularly 
polarized wave it runs counter-clockwise. Note that helicity 4 = —1 for the photon 
means that the projection of its spin on the z axis is +1! The projection of nuclear 
spin on the right-hand side of reaction (1.14) must therefore be m = +1, because of 
conservation of the z component of angular momentum. The captured electron had 
angular momentum +3; only in this way can the captured electron e~ together 
with the emitted neutrino v give the nuclear spin m = +1. The projection of 
the neutrino spin on the z axis must equal —5; because of the inverse direction 
of motion relative to the photon its helicity is thus also 1 = —1. Antineutrinos, 
correspondingly, have positive helicity, as other experiments revealed. If parity 
were conserved in (@ decay, particles of both helicities would be emitted with 
equal probability. In the case of a slight violation of parity invariance, one of 
the helicities would be slightly preferred. However, as we have discussed, the 
experiments revealed that only a single helicity appears: electrons and neutrinos 
are always created left-handed (A = —1), positrons and antineutrinos are always 
created right-handed (A = +1). This corresponds to the strongest possible violation 
of parity: one says that parity violation is maximal. Now we return to the question of 
the precise form of the interaction term in the Hamiltonian (1.1). The experiments 
showed that in the part containing the electron and neutrino spinors, 


A 


Ue O; up 4 (1.15) 


only those parts of the wave function that have negative helicity can appear. This 
can be formally achieved with the help of the projection operators 


ao la A 
i aig : 
a 2 
which project the components of positive and negative helicity, respectively, out 
of an arbitrary spinor. Let us decompose a four-spinor into these two components: 


(1.16) 


wa=uOP 4 yO , Au =4u™ (1.17) 
Then 
Py u=u | Pusu? (1.18) 


holds. Now the difficulty is that A= - p/p, and hence also P.., is not Lorentz 
invariant. To obtain the correct expression, we bear in mind that the electrons 
emitted in @ decay are highly relativistic, that is E ~ p >> mo (for the massless 
neutrinos this will be true exactly). Using the Dirac equation 


(a-p+ Pm)u=Eu (1.19) 
and Exercise 1.4, (3), 
a=%~PaLys , (1.20) 


T For a definition of circular polarization see, for example, J.D. Jackson: Classical Electro- 
dynamics (Wiley, New York 1975). 
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we obtain 


(les) (1.21) 


We can thus save Lorentz invariance if, instead of the projection operators P+ 
(1.16), we use the operators 


ees 
IS (Laas), (eo) 


which are called projection operators on states of positive and negative chirality. 
For the neutrinos (if they really have vanishing rest mass) relation (1.22) is exact, 
that is, the replacement of P by Pa makes no difference. For electrons, P+ and Pt, 
differ considerably if the electron momentum is small. The statement that electrons 
always have negative helicity can thus be only approximately correct. However, 
in the case of nuclear @ decay the fraction with positive helicity is usually so 
smal] that it is hard to detect. Later, when we discuss the G decay of the pion 
(Sect. 4.2), we will realize that it is just this small contribution of the component 
with positive helicity but negative chirality which allows the pion decay at all. Once 
again we emphasize that these conclusions are based solely on the requirement of 
Lorentz invariance of the B-decay Hamiltonian. Lorentz invariance is considered 
the superior symmetry guiding us to the correct form of the G-decay Hamiltonian. 

According to these considerations we must replace the spinors in (1.17) by their 
components with negative chirality, 


A A 


Ue O; Uy — er Ue) O; (Be uy) : @lz23) 


We find that 


2 
II _- 
3 ae (1.24) 
because af = 5 and ys5-y° = — 7° 5. The modified form of the electron—neutrino 


term thus reads 


He; uy (1.25) 


Of = BigO, Pe (1.26) 


1.2 The Non-conservation of Parity 


Table 1.3. Properties of helicity-projected fermion transition operators 


Se 
a 


Now it is our task to calculate the helicity-projected parts Ce), of the five operators 
S,V,T, A, and P (compare also Exercise 1.6). Thus we conclude that only V and 
A coupling can be of relevance in the description of the weak interaction. 

The restriction to the experimentally observed helicity components excludes all 
couplings except V and A, which yield the same result up to a sign (see Table 1.3). 
If we neglect the factor 1/2, the only possible coupling is thus 


pe — 5. (27) 


It is obviously of V—A type (pronounced “V minus A”); one thus speaks of V—A 
coupling.® 
Lorentz invariance of the total Hamiltonian (1.1) requires the nucleonic part 


An 


to be a combination of V and A couplings as well. To determine the exact form, 
one must carefully compare the life-times of Fermi transitions (these measure the V 
component, see Exercise 1.3) and Gamow-—Teller transitions (A component), and, 
in addition, one must measure the angular distribution of the emitted electrons. 
Extensive experimental analysis has led to the conclusion that the experiments are 
correctly described if the coupling assumes the form? 


Gn (Oy C415) th (1.28) 
with 
Gy Cy 255 0006 (1.29) 


The complete expression for the interaction is therefore given by 
G Z 
Fin:(n, p, eV) = Va pes [py (Cy + Cas) un] (1.30) 
< [ee dai 


§ R.P. Feynman, M. Gell-Mann: Phys. Rev. 109, 193 (1958); R.E. Marshak, E.C.G. Sudar- 
shan: Phys. Rev. 109, 1860 (1958); J.J. Sakurai: Nuovo Cimento 7, 649 (1958). 
9 J.C. Hardy, I.S. Towner: Nucl. Phys. A 254, 221 (1975). 
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at 
V<—_ => ey —> 1! * 


Fig. 1.11. Helicities in the de- 
cay of the pion. Since it is a 
two-body decay, the neutrino 
(v) and positive muon (47) 
move in opposite directions 


The appearance of the factor 2 has historical reasons; it could readily be absorbed 
in the coupling constant G. The constant of nuclear vector coupling, Cy, is often 
combined with G into a single coupling constant 


Gg=GCy , (1.31) 


which is called the Fermi constant of nuclear 6 decay. 

That the violation of parity is not only a property of nuclear @ decay, but 
generally occurs in decays mediated by the weak interaction, had been shown 
shortly after Wu’s experiment in two brilliant experiments.'° Both groups started 
with the decay chain 


Te hy 


prowet+v+eo , (32) 


aE 


where they made use of the twofold action of parity violation. In the 7+ decay the 
neutrino has purely negative helicity. Owing to angular-momentum conservation, 
the muon must have negative helicity, too, in the pion rest frame (see Fig. 1.11). 
As we have learned, this is possible because the muon, as a heavy particle, moves 
non-relativistically (v/c = 0.27). If one selects muons according to their direction 
of motion, they are completely polarized. The subsequent decay of the polarized 
muons leads to an anisotropic angular distribution of the electrons, in analogy to 
Wu’s experiment with polarized ©°Co nuclei. This can be easily measured. In @ 
decay only left-handed neutrinos are produced. Since the neutrino interacts neither 
strongly nor electromagnetically, there is consequently no practical source of right- 
handed neutrinos and no way of proving or disproving their existence. (Of course, 
right-handed neutrinos would interact by gravitation, if they existed, and could by 
this means be produced, for example in the cosmic big bang or by black holes. 
However, their detection would be virtually impossible.) 

Finally, as an experimental result!’ it was found in 1962 that there are two 
kinds of neutrinos, 4, and v,, which differ in their electron and muon number, é, 
and £,, respectively, 


Table 1.4. Lepton quantum numbers 


When muon neutrinos interact with matter, they always produce muons but never 
electrons: 


Co De Py ep 


'©R.L, Garwin, L.M. Ledermann, M. Weinrich: Phys. Rev. 105, 1415 (1957); J.I. Friedmann, 
V.L. Telegdi: Phys. Rev. 105, 1681 (1957). 

NG: Danby, J.M. Gaillard, E. Goulianos, L.M. Ledermann, M. Mistry, M. Schwartz, J. 
Steinberger: Phys. Rev. 9, 36 (1962). 
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The existence of separate muon and electron quantum numbers had been predicted 
earlier by Schwinger and Nishijima,'* because muons decay weakly (44 > eV) 
but not electromagnetically (u — e + ). The origin of this quantum number is 
still not understood. However, it was found that there is at least one more sepa- 


rate “generation” of leptons: t (1784 MeV) and v, (see Sect. 2.6 for an extended 
discussion). 


ERS SSS_LS=—S==|=|=_E=EE_ Sse 


1.6 Left-Handed Dirac Operators 


Problem. Calculate the operators O/. 
Solution. First we need the two relations 
Wo = STS ¢ 
(ys) =1 (1) 


With their aid the following equations, whieh quite generally hold for projection 
operators, can be proved: 


ay 1 1 
Be eg lads) 5 (1 — 75) = 0 ; 
Pi Pi =0 , 
: : 1 el ; (2) 
Gy) aes) = Ge ; 
ey =e 
We further see that 
A 1 1 
eg las) Y=" 5 (1%) 
=yh pl. 
‘ @) 
pl = ec) 
TW = 155 5 5 
=e 
Now we can start calculating: 
Pile! a= (4a) 
PPR ag (QL) Sea (4b) 
: eacie. See 
Pca CO 9) t 
oe. LD! play _ vp! p! B 
ee Ee) 
=0 ’ (4c) 


12K Nishijima: Nuovo Cimento 5, 732 (1957). 
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ne a ee ee eee — ee 


Exercise 1.6 


a a a a AU Ne 
Pi, tig Pee eBags Pale cies (i) 
eA (4d) 
PA ysP_=—Pi PL =0 . (4e) 


RS ———————_[_ —____=zz 


1.7 The Weyl Equation 


Problem. Show that the four-spinor YW’ = P/W has only two linearly independent 
components. Use this to deduce the Weyl equation, 


iv=o- Vy , 


for the two-spinor w with YW’ = & i 


Solution. We look at the eigenvalues and eigenvectors of the matrix Pl = 
2) 


0 = det (P/ — All) = det (+578 - a1) 


ee 
S 
| 


1 Za Gils 
-|(-) -j =A Oy (1) 


The eigenvalues are thus A = 0 and \ = 1, each occurring twice, that is, the matrix 
is of rank two. The eigenvectors of 


1 0 -1 O 


1 aul 0 1 0 —-!1 
Oo —-l O 1 
fom w=sleane 
1 0 
0 1 
(Aas) ae POR a. , (3a) 
0 —l 


and for \ = 0 
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: 0 Exercise 1.7 
1 
$3 = 1 } 4 — 0 (3b) 
0 1 
If we expand W into ¢; to ¢4, we obtain 
/ 1 1 : 
WY => (1-45) We) =5 —) 2 Wed 
4 
= D0 vi) Ai bi = Vie) br + dol) do 
i=l 
vie) 
_ { Yr) 
et i) , “ 
—yrx) 


Thus, in w(x) and w(x), YW’ has two independent components. If we decompose 
the Dirac spinor W into two two-spinors ¢ and x, 


ee 
v=(%) (5) 


then obviously, according to (4) 


eee 
o= alt) (6) 


The Dirac equation for massless particles (which are the only kind of particle that 
can have the left-handed spinor P’ W as an eigenfunction, see (1.21)), is 


iW’=-a-VW' , (7) 
or, written as two-spinors, 

ig=-o-Vx , (8a) 

ix=-o-Vo . (8b) 


It can thus, because of (6), be rewritten as a single equation, 
ig=a-Vo , (9) 


which is called the Weyl equation. Instead of calculating with the helicity-projected 
Dirac spinor Y for the neutrinos, we can also state: the neutrinos obey the Weyl- 
equation. 


BESS SS SS Sa 


Mp 


1. The Discovery of the Weak Interaction 


1.3 Bibliographical Notes 


BECQUEREL, Henri Antoine, physicist, *15.12.1852 in Paris, t25.8.1908 in Le Croisie 
(France), professor at the Ecole Polytechnique. He discovered natural radioactivity in ura- 
nium and its salts; also discovered the Faraday effect in gases. He shared the 1903 Nobel 
Prize in physics with Pierre and Marie Curie. 


BOHR, Niels Henrik, theoretical physicist, *7.10 1885, {18.11.1962, in Copenhagen. Bohr 
spent most of his scientific career in Copenhagen, where he received his doctorate in 1911 
and became university professor in 1916. His Institute for Theoretical Physics (supported 
by the Carlsberg brewery) became the focus of the development of quantum mechanics in 
the 1920s and 1930s. He developed the first quantum model of the atom, the Copenhagen 
interpretation of quantum mechanics and the liquid drop model of the atomic nucleus. He 
received the Nobel Prize for physics in 1922. During the second World War Bohr saved 
many Jewish scientists from persecution by the Nazi regime. 


CHADWICK, James, *20.10.1891 in Manchester, =24.7.1974 in Cambridge, professor at 
the University of Liverpool, was a student of Ernest Rutherford and Hans Geiger. In 1932 
he discovered the neutron by bombarding beryllium with alpha particles in an ionization 
chamber. For this he was awarded the Nobel prize in 1935. 


FERMI, Enrico, *29.9.1901 in Rome, {28.11.1954 in Chicago, from 1927 he was professor 
of theoretical physics at the University of Rome. He was awarded the Nobel prize in 1938 
for the discovery of artificial radioactive elements and the nuclear reactions induced by slow 
neutrons. In 1935 he had to emigrate to the USA, where from 1941 on he was the scientific 
leader of the nuclear reactor/atomic bomb projects in New York, Chicago, and Los Alamos. 
Fermi holds an eminent place in the physics of the twentieth century, because he made 
equally outstanding contributions in theoretical and experimental physics. 


FEYNMAN, Richard, theoretical physicist, “11.5.1918 in New York, 115.2.1988 in Pasa- 
dena, received his doctorate at Princeton in 1942. After working on the nuclear bomb in 
Los Alamos, he became professor at Cornell and since 1950 at the California Institute of 
Technology. Feynman made seminal contributions to many areas of theoretical physics: he 
developed quantum electrodynamics, the V—A theory of weak interactions and the quark- 
parton model. He invented the path-integral formulation of quantum mechanics, and con- 
tributed to the theory of liquid helium. The Nobel Prize in physics was awarded to him in 
1965 together with Schwinger and Tomonaga. 


GAMOW, George, “4.3.1904 in Odessa, {19.8.68 in Boulder (Colorado), professor of 
physics at George Washington University (St. Louis) and the University of Colorado. Be- 
sides his work on beta decay he made pioneering contributions to the explanation of alpha 
decay of nuclei (the tunnelling effect) and applications of nuclear physics to astrophysical 
problems. In connection with the problem discussed here, see Phys. Rev. 51, 288 (1937). 


GOLDHABER, Maurice, physicist, “18.04.1911 in Lemberg (then in Austria), studied in 
Berlin, after 1933 in Cambridge, emigrated to the United States in 1938. From 1945 he was 
professor at the University of Illinois, after 1950 senior scientist at Brookhaven National 
Laboratory, since 196] its director. He made many important discoveries in nuclear and 
particle physics, including the moderation of neutrons by certain materials. 


KAUFMANN, Walter, *5.6.1871 Elberfeld (Germany), +1.1.1947 in Freiburg im Breisgau 
(Germany), professor at the Physics Institute at the University of Konigsberg (Prussia), 
determined the charge-to-mass ratio of @ particles; in 1901 he showed that the electron 
mass rises with increasing velocity. 


LEE, Tsung-Dao, theoretical physicist, *25.11.1926 in Shanghai, came to the United States 
in 1946, received his Ph.D. from the University of Chicago in 1950. Since 1953 professor 
at Columbia University. Together with Yang he refuted the law of parity conservation for 
which he shared in the 1957 Nobel Prize in physics. He also made many contributions to 
particle physics and statistical physics. 


1.3 Bibliographical Notes 


23 


NISHIJIMA, Kazuhiko, physicist, *4.9.1926 in Tsuchiura (Japan). After his education in 
Tokyo and Osaka, he worked in Géttingen, Princeton and Illinois. In 1966 N. became pro- 
fessor at the University of Tokyo; later director of the Yukawa Hall at Kyoto University. N. 
has made numerous contributions to theoretical particle physics, most notably the sugges- 


tion of the strangeness quantum number, the two-neutrino hypothesis and the field theory 
of bound states. 


PAULI, Wolfgang, *25.4.1900 in Vienna, +15.12.1958 Ziirich, professor at the “Eid- 
gendéssische Technische Hochschule” (Federal Technical University) in Ziirich since 1028, 
was a student of Amold Sommerfeld and Max Born. In 1945 he was awarded the Nobel 
prize for the discovery of the exclusion principle which carries his name. He also developed 
the first theory of the electron spin, which led to the Pauli equation. 


RUTHERFORD, Sir Emest, physicist, *30.8.1871 in Spring Grove (New Zealand), 
719.10.1937 in Cambridge. Professor at McGill University in Montreal and Victoria Univer- 
sity in Manchester, after 1919 director of the Cavendish Laboratory in Cambridge, which 
became the foremost nuclear physics laboratory of its time. His scattering experiments with 
alpha particles established the existence of the atomic nucleus, and he first observed the 
artificial transmutation of nuclei by ion bombardment. He was awarded the 1908 Nobel 
Prize in chemistry. 


SCHWINGER, Julian, theoretical physicist, *12.2.1918 in New York. He received his Ph.D. 
at Columbia University in 1939, and as early as 1947 became a full professor at Harvard 
University. Since 1975 professor at the University of California, Los Angeles. Schwinger’s 
work laid the foundations for modern quantum field theory and in 1947 predicted the anoma- 
lous magnetic moment of the electron. He shared in the 1965 Nobel Prize in physics with 
Feynman and Tomonaga for the development of quantum electrodynamics. 


TELLER, Edward, *15.1.1908 in Budapest, studied in Germany obtaining his Ph.D. in 1930 
as a student of Amold Sommerfeld. From 1935, he was professor of physics at George 
Washington University (St. Louis), and subsequently at the University of California, in 
particular, at Livermore Laboratory. He is considered the “father of the hydrogen bomb”, 
the construction of which he decisively influenced. 


WEYL, Hermann, *9.11.1885 in Elmshorn (Germany), {5.12.1955 in Ziirich, received his 
Ph.D. in mathematics in Gottingen in 1908 as a student of D. Hilbert. He was professor at 
the Universities of Ziirich, Gédttingen and and Princeton, He was one of the most prominent 
mathematiciens of his time, in 1925 he was awarded the Lobashevski prize. 


WU, Chien-Shiung, *31.5.1912 in Shanghai, has been professor of physics at Columbia 
University since 1952, discovered parity violation in nuclear beta decay, received the Wolf 
Price in physics 1974. 


YANG, Chen-Ning, theoretical physicist,*22.9.1922 in Hofei (China), came to the United 
States in 1945 and received his Ph.D. in 1948 at the University of Chicago under Fermi. 
Became professor at the Institute for Advanced Study at Princeton in 1955, now professor 
at the State University of New York at Stony Brook. Together with Lee he predicted the 
possibility of parity nonconservation. Yang also made important contributions to quantum 
field theory (Yang-Mills equations) and to statistical physics. He shared the Nobel Prize in 
physics with Lee in 1957. 


2. Leptonic Interactions 


2.1 The Current—Current Interaction (Charged Currents) 


Let us first consider only the weak interactions between leptons. Today three lep- 
tonic hierarchies (e, 44,7) are known; the experimental data are listed in Table 2.1. 
To recall, parity violation in nuclear @ decay suggested an interaction of the form 
(see (1.30)) 


Here = / Px tlip(<VIa(Cy + Crys eax Meee — sO] 1) 


where the leptonic contribution 


te(x)y* (1 — Ys)uv (x) (2.2) 
contains terms that resemble the electromagnetic current 
J%@) = eW(x)yW(X) (2.3) 


Table 2.1. Experimental data for leptons 

fepon 
mass (MeV) | 0.511 <17x 107° 105.66 <0.27 1784+4 <35 
lifetime (s) ore) ore DIOCl07 toa ese 10? 


By analogy with the electromagnetic current, we therefore introduce the weak 
leptonic current: 
IP) = the )Yo(l — Ys)Mve Oe) + tp @)YaCl — Ys)Mv,@) 
+ itr (*)Yoa(l — Ys)uv, () 
SSPE) FILO) FINE) - (2.4) 


To describe the mutual weak interaction of leptons we generalize (2.1) by postu- 
lating that 


G ; 
HD =< [asPevge @.5) 


The consequences of this step are non-trivial. Since H&? is quadratic in J&, 


each leptonic hierarchy interacts with itself as well as with each of the other two. 
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The following diagrams are some examples for such possible processes (see also 
Exercise 2.1). Neutrino-electron scattering: 


Ye = 
JO"TE, = [ve Yo — s)uelle° — 75)Mne] a S 


Muon decay: 


Vv, 

= x z ff 

JTS, = Ui, AoC — Y5)uplley°( — Y5)evel Seen Ve 
a 


Muon production in muon-neutrino—electron scattering: 


ie Le 
JN IE) = [Bye tol — Y5)uelliiy yA — 5) )- go 
B= V 


On the other hand, a process like 

Vis Vat 

—. 
is not allowed. This means that v, and e can interact only via the creation of a 
muon, which is an immediate consequence of the specific form of the currents 
a allowing for a neutrino converting into a charged lepton (or vice versa!), 
but prohibiting an interaction without a conversion of particles. This property of 
the interaction is usually expressed by calling the currents (2.4) charged currents 
(more accurate by charged transition currents) since the charge of the particle of 
a particular leptonic hierarchy changes by one unit. In the electromagnetic current 
(2.3) the charge of the particle does not change, it is therefore called a neutral 


current. We shall later see that neutral currents also appear in the context of the 
gauge theory of weak interaction. 


RS ————————SSSS Saas 


2.1 Neutrino—Electron Exchange Current 


Problem. Prove that ee = Uy, Yp(1 — Ys)ue 
Solution. With y;' = ys we find 
Jé' = [dey - ys)u,]* 
= uy, 41 — ys)y"tial 


t 
=a ee (1) 

Using the identity 
el eye a eee (2) 


that is, >! = —/, wot = y°, yields the desired result: 


2.2 The Decay of the Muon 


sia = ity, (1 — ys)" te 
ty,(1 “P ey ile 
=iy.y (1 —s)ue , (3) 


where we have used the fact that +; anticommutes with all other -y matrices. 


2.2 The Decay of the Muon 


Of all pure leptonic processes, muon decay was the first to be investigated with high 
accuracy. It is therefore appropriate that we begin our study with this particular 
process. Since the decay implies a change in the state of the muon, and because 
the interaction that causes it is weak, it can be described in the framework of 
time-dependent perturbation theory. 

The time development of a quantum-mechanical state W is given by 


Wt) = 00,1) We')) = FO) (2.6) 


where H denotes the Hamiltonian. For small time intervals we may expand the 
exponential function: 


Ci anit = 1") (2.7) 
The S-matrix element S;, for a transition of an initial state |i) to a final state 
lf) # |i), is defined as! 

= li = if i T(t. t'\\@; 
Sa = lim(S,|¥()) = Jim im (P/U (6, #121) 
++ oo 
=i / at Hi + O(H2,) (2.8) 
—0o 
Specializing to the case of muon decay, the transition amplitude is 


+00 
Sg =-i / dt HOW eT iery) (2.9) 


—oo 


As discussed in Sect. 2.1, the relevant part of ae contributing to this process is 


a / dx [ay Ce) yu — As)epX LHe — 7S) (2.10) 


For this first-order approximation we may choose free wave functions to describe 
the four particles with four-momenta p,p’,k,k’ and spins SS star, respectively. 
According to the Feynman rules the (outgoing) antineutrino is represented by an 


1 See W. Greiner: Quantum Mechanics — An Introduction (Springer, Berlin, Heidelberg 
1994). 
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ee kt 
ps ea 


Fig. 2.1. Momenta and spins 
for the muon decay. The an- 
tineutrino ? is represented 
by an incoming wave with 
negative energy 
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(incoming) wave function with negative energy (see Fig. 2.1). Employing the form 
of the plane waves of Appendix B we have? 


u(x) = (2E.V up’, s)exp(—ipy'x") 
ue(x) = (2E.V)~'?u-(p,s) exp(—ipyx") 


(2.11) 
uz,(x) = (2E,,V)~'/2u,,(k, t)exp(+ik,x”) 
p= CBy, hn ulcer exDCetve eee 
where 
Ips yi) Gee ea (2.12) 


and u(p,s), v(p,s) denote the spinor parts (E positive!) 


u(p,s) =(E +m)t (9X! ) 
E+mXs (2.13) 


1 Py. 
u(p,s) = + mph (Fe ) 


Ss 
with the two-component unit spinors x,. Substituting this expression into the matrix 
element (2.9) yields 


S(u7 > ce" Fvy) = aug Fae ELE | Lie eames a 
V2 [16(K°V (pV pV kV 2 
SC ail Wage 0) 
x [te(p, s)y"(1 — 9s)er,(k, £9] 
4G SO(p+k+k'—p’) 
x [ty (Rt ul — ys)’, s’)] 
x [He(D’, s)y"(1 — ¥s)u,,(k',0)] (2.14) 
To obtain the transition probability, (2.14) must be multiplied with its Hermitian 
conjugate. This gives a factor 


= -1(27) 


[Sptktkh —p)P=S@M+tk+k' — ps0) , (2.15) 
which is replaced by 
vB 
one ? +k+k'—p’) (2.16) 


according to the usual prescription, which can be derived heuristically (although 
mathematically oversimplified) as follows: 
d+y VT 


d‘y : . we 
ony —— Qf = Qn : Cay) 


64(0) = lim 6*(q) = lim i 
q-0 q-0 


? Note that we are using the index “y” for two different purposes: it denotes the muon wave 
function u,, and energy E,,, and it occurs as a four-vector index, such as in Dini 
Although this is somewhat unfortunate, we must get used to this double meaning. 


2.2 The Decay of the Muon 


V and T are understood to be macroscopic quantities so that the physical process 
takes place entirely within the finite space-time volume V 7. In practice, the two 
neutrinos cannot be observed, that is, we need to sum or integrate over all possible 
final states. Furthermore, to obtain the transition probability within a small interval 
of momentum, we multiply by the density of the electron final states within an 


: 3 ; pied 
interval V ae Finally we divide by T to get the decay rate, that is, the transition 
probability per unit time interval. ee these steps we find that 
1 Vd3p ak, 
== V 
GP (2n)3 @n = Qryps ys (u- —7e 7 Vel) | 


t,t! 


mcs ak ak! ; ; 
ak as => 2k / ano Ptk+k =P DMI » (Cuil) 
where 
M = [ay 9° = 45)tp le y(1 —¥s)vr,] - (2.19a) 


The expression |M |? consists of two similar factors for the muonic and electronic 
transition currents. If we write M = M¥E,, with M* = (i,,,7"(1 — Ys)uy) and 
Ey, = ep — Ys)uv,), (2.19a) becomes 


ie Or BU By ) (MEM (EE) (2.19b) 
igh nfl ipa 
Let us first focus on the muonic factor, making use of Exercise 2.1: 
XM (y) = M*M" 
SO eG OO = 5) 
rf 


x fia, (RYO — s)up p's’) 
=> ty, (kf = 95)up(P’, sap", 5’) 


x (1-75), (kt). (2.20) 
In order to evaluate this expression we make use of some helpful formulas for 
Dirac spinors and 7 matrices (see Appendix Be 
So yk tatty, (ke = 4 + map =Hop > (2.21) 
rf 


where a, 3 denote the spinor indices and m, = 0. Since the summation is not over 
the initial muon states, we have (see Appendix B) 


up(p’, 8’ )aity(p’, 8')a = lo’ + My) — )] o (2.22) 


3 See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 
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with the spin four-vector 


—_ p' ‘ gs! ; (p’ F s')p' 733 
ve ={ m ee ian) ‘ ( ) 


where s’ is the spin vector with respect to the rest frame. Inserting these relations 
into (2.20) we obtain the following expression for the muonic contribution to the 
transition currents X#” (1): 


/ 1 : 
XO) = oC aa Pz. ee C + my) ( oy )| B 


x veel re “pat Os Ns 


= ean = “Y Vioes G 1 My) (- hue )] ae = s)or# (2.24) 
ap 


Summing over the first and last index 7 means that we have to evaluate the trace 
of the (4 x 4) matrix: 


1+s5¥" 
xe =Tef —19 +m) (ABE) ray). @28 
Since y%y5 = —ysy% and Tr{AB} = Tr{BA} this yields 


XO) = STH! +m) + asf Ht} - 2.26) 


Now we make use of the property that any trace of a product of an odd number 


of y matrices vanishes (see Appendix B). Since ys = iy°y!7?7? it consists of an 


even number of y matrices. Furthermore it holds that (1 —ys)* = 2(1 — ys), so that 
(2.26) becomes 
XMM) = Te + my 1 + 56H YC — 95)} 
= Tel yh ee) 58 ye eC) 
cy aC 5) brass yoy a) (ale (2.27) 
Obviously the second and the third terms are “odd”; therefore they do not con- 
tribute. The remaining first and last terms are “even”. Taking into account that 
¥5(1 — ys) = —(1 — 9s), we find that 
XM (u) = Tefp HYP = ys) — mtd #7" — 75) } 
= Trl’ — mys)’ HY". — 75)} (2.28) 


In Appendix B it is shown that successive application of y4y" + y’y# = 2gh¥ 
yields the general relations 


Try?" } = 4(g%7 977 — g%7 99" + 97 9) 


2.29 
nea on aiaiy = =e ae 


Using this for the trace, (2.28) gives the final result for the muonic part of the 
transition currents: 


2.2 The Decay of the Muon 


Sil 


XPYU) = A[(p! — mys')*k'? — (p! — mys’)*kh.g*” + (p' — mys" )Pk” 
ples a. (Dp comes aka] e (2.30) 
The electronic contribution (2.19,20) is evaluated in a similar manner, which gives 
Zope) = 18, gf) 
= Slt, 8) yu(l — Ys)rrek, DMliie(p, Sv(1 — ys)0.(k, OT 
t 
= Tr{@ — mes) YH WA — s5)} 


= 4[(p — m.s),ky — (p — mS)” ka guy +(p — mes) ky 
—i€apar(p — mes)? . (2.31) 
The final result for the squared invariant matrix element (2.19b) is the product of 


the two expressions (2.30) and (2.31) which, after some work, is formed to be (see 
Exercise 2.3) 


SMP = X#" (Xe) = 64(p' — mys')*kalp — mesh (2.32) 


fog! 


RCE ==-_===_—===—==_—_—_—__—_—__E—_———Sa—=zZ 


2.2 Proof of (2.31) 
Problem. Prove the first part of (2.31) 


Xyv(e) = Te{ — mef)yn# WC — y5)} 


Solution. Starting from the expression (2.31) and performing the ¢ summation, we 
arrive at 


MOS SNe 
= \[ie(p, s)yu(1 — y5)vv.(k, )llHe(P, sw — 75). (k, e)]! 


= S“Tiie(p, s)yu(1 — 75)vu.(, dv. (K, Nw — 75)ue(P, 5) 


t 


tie(D, 5)Yu(1 — Ys) by Uve(k, tur. (k, | (1 — ¥5)ue(p, 5) 


I 


=f—my, =} 
= VAD SG) ou! _ Ys)oo# aa) ao = Ys)orUe(P, Sr : (1) 
With the identity (see (2.22)) 
te(P, S)xUe(P, 5)r = C ap mo) (2) 
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we obtain 


hee 
Xyvl©) = (Y)aro — Ys)oo# opWv)ao(1 — Ison C naa ( a) 


1 
= Tr} — ¥5)#yv(1 — ys) C + me) (=) | } 
= Tr{( Spite) 158) Yuh WO > s)} (3) 
where we have used the relation 
ame! a ys) — 5) = Vane a> al =a) 
= aT derne| i ys)" 
= he Ul as) 


and the trace identity Tr{4B} = Tr{BA}. This expression (3) transforms to (2.27) 
if we replace 


7 
olin 
fos ’ 
Oy ae ? 
a) 


Net 


(4) 


Therefore we may simply rewrite (2.28) by substituting for the muonic quantities 
the corresponding electron quantities: 


Xuv(e) = Tr{@ - me$) YH Ww = 5) ae (5) 


Se SSS. 


2.3 Calculation of the Averaged Decay Matrix Element 
Problem. Evaluate 5> |M|* in (2.32) by using the following relation for the anti- 
symmetric Levi-Civita tensor, 


ee, = 2(5465 = 6255) ; 


and the property that any product of «®°/” with a tensor that is symmetric in the 
indices j1,y vanishes (see also Exercise 2.4). 


Solution. Introducing the following abbreviations 


(2S =e Q) 
(2 ee =p ; (2) 
dak =@-k) (3) 


and using the relations (2.30-32) we rewrite ay |M |? as follows: 
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SoM? = (ras = (q' ; k') gh” A qe _ ie gi, 
yy x [dukv age kK) guv cu Quin aie jemand i | 
= 16[@'-k)q-k)-@- bq’: k’) 
+(q! - q)(k! +b) — i€aupug’” kg *k? 
—(q'-k/){q@-k)—(q-k)-44+@-*} 
+(q’- qyk’ ky) —(q- kg’ RY +’! KK +g) 
i€appvg Mk’ gok? + jeg! kaduky 
tie HG kb quky = OP Gg koe avd k| 
= 16 [2(q’-k)q +k’) +2’ - gk -&) 
=e gyal ze GE ieee tie PUG ky ae qukyaakp 
— 
=0 = 
$eP He sa dakag ok? 
= 32 [(g' G+) +" alk’) + (968 — 5858) an kak | 
=32(@' - Kg: k)+@' gk -k 
+(q’- k)(k’ 4) — q’ - qyk' - k) 
= 64(q' -k)(k’-q) . (4) 


Returning to the original notation (3) this result is equivalent to (2.32). 


ECS SSS SSS Ts 


2.4 A Useful Relation for the Levi-Civita Tensor 


Problem. Prove the formula 
pov ena = 1026, 628s) 


that was applied in the Exercise 2.3. 


Solution. The totally antisymmetric Levi-Civita tensor e%uv is defined as 


eoBny sme) if (@Buv) = P0123) (1) 
0 otherwise 


where P denotes a permutation of the indices (0123). e%8uv vanishes if two of its 
indices are equal. - 

Since E5355 = Jae IspGiugoveehe” is non-zero if and only if (@GfV) is a 
permutation of (0123), we then have for example for (@Sf7) = (0123), 


£0123 = 0918 92n93ver 


= (pe = a (2) 


3) 
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and a similar relation for all other non-vanishing components of the covariant 
Levi-Civita tensor, that is, 


eoBuv — —€aByv A (3) 
Now consider the desired contraction with respect to the indices yp, v, 
COs (4) 


For fixed values of a, &, 3, 3, only those terms contribute that contain tensor com- 


ponents with third and fourth indices different from a, &, G, 3. Furthermore, since 
the third and fourth indices are the same for both the covariant and the contravariant 
tensor, an additional condition is that either 


g=0 , C=6 (5a) 
or 
O28 6 =n | (Sb) 


In each of the two cases (Sa) and (5b) only two possible combinations for the 
values of the indices y, remain, namely those of the two numbers (0123) that 
differ from @ and G. We then have the following relations: 


Case A: 


— & mex, fF, : aby. _ a aBpuv on 
C—O we = 9 eee Esiuy = S E Caaay 
Hy 


= SS SOI ay 


=-2 . (6a) 


a= B ) B = a : Ba = SS Co teeny 


=+2 . (6b) 


Therefore the final result is 


een ate = 442 , = 6, B =a 
0 , otherwise 
oat ach acB 
= 2{0388 — 5268}, 7) 


which was to be shown. 


EE SSS eee, 


2.2 The Decay of the Muon 


In order to calculate the decay rate dW we proceed by inserting the result of (2.32) 
into the expression for dW (2.18). In order to perform the required integration, we 
need to evaluate the integral 


dakeaaede ke: 
ug = lel! 550 koakgS(p +k +ki—p') . (233) 


Tyg is manifestly Lorentz covariant. Since the variables k and k’ are integrated 
over only the two second-rank tensors gag and (p’ — p)a(p’ — p)g = Jaqp can 
occur in the result. Hence we try the ansatz 


leg SLU ee Ue (2.34) 


where g* = q%qq was split off in order to have A and B dimensionless. From 
(2.34) we construct the following invariants: 


g°? lap =(4A+B)q? , (2.35a) 


q°q" Ing =(A+B)q* . (2.35b) 


To proceed, we now distinguish two cases. (i) The vector g = p’ — p is time- 
like, that is g? > 0. With this condition we can always perform a proper Lorentz 
transformation, such that 


q’ =a" gq" =(G°,0) (2.36) 


defines the reference system. With respect to this reference frame we have 


ak ta 63 / 0 10 ~0 
Gales =[/ a Kok!" 8 (k + k')6(k° +k” — |G) 


2 ii o | TH (Roy? — (et - RINE + RICE +H = g) 


258 De 
d*k 
= Mie 6 gl) 2.37 
| aye P508 - 29 2.37) 
since k’ = —k and consequently k" = k° = |k| = |k’|. The integral can further 
be simplified by substituting x = 2k°, 
Lee) oO 
Fle = Oe / (kh) dky6(2k° — 7°) = - i PORE =O (2.38) 
0 0 


For positive 7° the argument of the 6 function has its zero value within the inte- 
gration interval. By means of the © function 


1 for x >90 
E(x) = ' 2.39 
() ‘0 for x <0 ( ) 


the above result can be expressed as 


9 lap = FGYOG) (2.40) 
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In order to rewrite this in a Lorentz invariant form we remark that for time-like 
four-vectors q# the sign of the zeroth component qg° remains unchanged under 
proper Lorentz transformations, that is, 9(g°) = @(q°). Furthermore, with respect 
to our chosen reference frame we have g? = (G°)? = q?. Hence the result (2.40) 
can be stated in the Lorentz invariant form 


Pa = 770(q") for g27>0 . (2.41) 
Similarly we obtain 
q°q" lap = (GY loo 


Gey ak 
= ap [> | O(k + k’)6(k° aay =G") 


2 

a 5° ij a? k5(2k° — G°) 

= 1(9°y / (k°dk°5(2k° — G°) = 5°) OG") 

= 57'0(q") ie ves (2.42) 


(ii) The vector q,, is space-like, that is g? < 0. In this case the argument of the 6 
function, (k + k' — q), is non-zero everywhere. This property can be realized by 
recalling that, owing to the vanishing mass of the neutrinos, it holds that 

72 


PEE = 0: 
k-k'=k°k” cosd , (2.43) 
where @ is the angle between k and k’. Consequently we have 
(k+kY = 2(°k” — k- b’) = 2k°k 1 —cosé) > 0 , (2.44) 
which implies that g4 =k” +k’ cannot be satisfied. Therefore 
lye =O IW GeO (2.45) 
The results of (2.41,42,45) may be summarized as follows: 
T 
9 Tap = 49 O(4")Oq?) (2.46a) 
= 7 
q°q" lop = 39° O(Q")Oq’) (2.46b) 
Equating these expressions with (2.35) gives 
T 
44+B= 7O@")0@") / (2.47a) 
wT 
A+B= 300") ; (2.47b) 


yielding the solution 


TT 
A= 570@')0@") , (2.48a) 


2.2 The Decay of the Muon 
B= 0(g)0(q? 
Pd OG) - (2.48b) 
Substituting in (2.34) we finally obtain 
T 
log = 54 7 Gon + 24a9s)0(q°)O(q’) . (2.49) 


The decay rate of a muon with polarization s’ into an electron with polarization s 
is given in terms of a (2.32) and (2.49); thus we find that 


G? atk a3k! 
dw = — 4 0 al 2 
2 — ae of / A as (p+k+k' —p’)|M| 


G* 1 64d3p 
eee (age 2p2p? Tag(p' — mys %- mes)? 
G* nd*p 


a3 Gayipnpele — py (p' — mys')"(p — meS)a 


Bs 2(p' = P)olp’ = m,S')*(p' =P gta mes)” | 

er O(n =) ee (2.50) 
Note that the effect of time dilatation, which accompanies the observation of the 
muon lifetime, becomes obvious from (2.50). For a moving muon we have p” = 
ym, with the Lorentz factor y = (1 — wey 2. As can be seen from the 
expression for dW (2.50), dW « 1/7, implying that the decay rate decreases 


considerably for fast-moving muons, that is, the life-time 7, « y 1s prolonged. 
To proceed we switch to the rest frame of the muon, which is characterized by 


i — p®, —p). Since 
(p' — p)? = (my — p° — p? = (my - p"? - ©” — me) 
oe er ea (2.51) 
the condition (p’ — p)* > 0 for a non-vanishing dW yields the restriction 
Do = Paax = (my, oP me”) /2my ’ (2.52) 
which consequently requires p” — p® > 0, since | 
Pp -p =m, —p° >My, — Prax = (ye om me’) /2my, OU (2.53) 


The condition p® < p®,, in (2.52) assures that the first (pg — po) function in 
(2.50) is automatically fulfilled. Therefore we may replace the product of the two 
@ functions in (2.50) by O(p2,,, — Po). Furthermore, with respect to the rest frame 
of the muon, it holds that s“’ = (0, s’), so that the final result is 


M5) 
a Caan 5 {mp — p°Y — p*Il(po — mes®) + 8" (p— mes)] 


+2[m, — p® — s'- p\[(m, a — m,s°) +p: (p — m.s)]} 
Ne Sn) (2.54) 


dW(s')= 


ay 
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2.5 The Endpoint of the Electron Energy Spectrum in Muon Decay 
Problem. Show that the highest electron energy is given in terms of (2.52) by 
energy and momentum conservation. 


Solution. The highest energy of the electron corresponds to the largest value of 
its momentum. The latter is obtained if both neutrinos are emitted in one direction 
while the electron is scattered in the other direction (Fig. 2.2), that is, 


p=-(k+k’) . (1) 
Because k° = |k| and k’ = |k’| it holds that 
My = Prax + &° +k” = pias + || + |R'| 
= pee a (Deve | 
il 
= pom eins) ite |e (2) 


Inverting this relation gives 


2 2 
0 My” + Me 
= ———__— = 52.83 MeV 
Die om, 52.8 e ; 
nee 
Prax | = ore - ‘I (3) 
0 


which agrees exactly with the conditions (2.52) and (2.53). 
————_—S—————S———— Ee 


2.3 The Lifetime of the Muon 


To determine the muon lifetime 7, we sum over the electron spin orientations s, 
average over the spin orientation of the muon s’, and integrate over the electron 
momentum p: 


l G? @ 
= 50 f a7 = 2 gas | Ge leon Pv? — pA? + 20m, — 28 


x [(mty — p°)p° + p*]} OP oan — P°) 
G nd>p 
= 2 | Gppspol—AmulPy’ + 3p" my? + me”) — 2myme”OPinax ~ P°): 


(2.55) 


2.3 The Lifetime of the Muon 


In deriving (2.55) we used the fact that the averaging over s gives (s) = 0 so that 
also (s°) = +(p- s) = 0 (cf. (2.23)). If we employ the following identity: 


[Prax | 


[Prl-I0Cha P= 40 f IpPatplt1 (2.56) 


0 
and take into account that p* = (po? — m,”) and therefore that 
d|p|/dp° = p°/|p|_ , 


we can rewrite W,, in the form 


0 


Pmax 
2G? 
Mn = 30np Hi dp? \/(p°)? — m.2{—4m,,(p°Y + 3p°(m,,? + me”) — 2m, me*] 
Me 
Cane ; ‘i : 
aoe i) = 12y Iny|, (2.57) 


with the abbreviation y = m,?/m,. The contributions involving y lead only to 
small corrections, namely 


G?m,,° 

i= ES Gi aeS7 lO tte (2.58) 
From (2.57) it is obvious that the decay rate would vanish if y = 1. This reflects 
the fact that in this (academic) case the muon would be stable since |p,,,,| = 0, so 
that there would be no phase space available for the final-state electron. 

The result (2.58) does not include the so-called radiative corrections, which also 
need to be considered. These effects are represented by diagrams in which one of 
the charged particles interacts with the electromagnetic field (see Fig. 2.3). The 
bremsstrahlung diagram has to be included since, owing to the vanishing photon 
mass, photons with arbitrary small energies may be emitted. On the other hand, 
because of the limited experimental resolution, it is impossible to distinguish the 


‘ Ve ¥, v, 
ey e~ er 


vertex correction self-energy diagrams 
(a) 
v, Vv 
- H - ue 
2 op a 
f Ve e 
a e- 
ii 4 
bremsstrahlung 


(c) 
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Fig. 2.3. Vertex correction, 
self-energy, and bremsstrah- 
lung contributions 
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muon decay accompanied by emission of an extremely “soft” photon from a decay 
without radiation. This contribution exactly cancels the divergent terms in the self- 
energy diagrams for very soft photons (infrared divergence).* The calculation of 
these contributions leads to a modification of the decay rate W by a factor 


1—-— G — 7) = 0.9958... . (2.59) 


Hence, the radiative corrections are of greater importance than the influence of the 
finite mass of the electron. The final result for the muon decay rate is now given 


by 
2 5) 2 
mee = SE (: _ a G = 7) gue a (2.60) 


Using this formula we may calculate the value of the Fermi coupling constant G 
by taking into account the experimental value for the average life time of the muon 


Ty = (2.19703 + 0.00004) x les 


1.€. 

Wa Gee = 2.9968 105." Mev (2.61) 
With the most accurate value for the muon mass 

m,, = (105.658387 + 0.000034) MeV (2.62) 
we obtain 

G = (1.16637 + 0.00002) x 107'! MeV~?__. (2.63) 


Since G is not a dimensionless quantity, a direct comparison with the electro- 
magnetic coupling constant is not possible. The effective strength of the weak 
interaction obviously increases with growing mass of the particles. This is evident 
from the inverse lifetime of the muon which, because of the uncertainty relation, 
corresponds to the uncertainty of its rest mass. The ratio of its value to the rest 
mass itself, 

Galli | 2y2 
manifests the role of Gm, as an effective coupling strength. For curiosity’s sake 
we may now evaluate the mass M for which the effective coupling constant equals 
the fine-structure constant a: 


GM*=a >= M=/a/G=25Gev . (2.65) 


The experimental investigation of this energy region has recently become possible 
with the large particle accelerators of DESY (Hamburg), SLAC (Stanford), CERN 
(Geneva), and Fermilab (Chicago). As we will soon see, these investigations have 
revealed new information concerning the nature of the weak interaction. 


“ See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994), 

> S$.M. Berman: Phys. Rev. 112, 267 (1958); M. Roos and A. Sirling: Nucl. Phys. B 29, 
296 (1971); L.D. Landau, E.M. Lifschitz: Theoretical Physics (Pergamon, Oxford 1974) 
Vol. IVb, p. 147. 
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2.6 Average Helicity of the Electron 
Problem. Generalize the relation (2.49), 
d?k ak 4 
T 
= 54 (9'9a6 +2498) 


which is valid for g?,q° > 0, to the case of non-vanishing rest masses m,m’, of 
the two decay products with the four-momenta k,, ky. 


Solution. As in (2.34) we make the ansatz 


Tag = AQ? Gao +BGads (1) 
which implies the relations (2.35), 

Glog =(A+B)q? , (2a) 

q°q? lag =(A+B)q* . (2b) 


For the calculation of these two Lorentz invariants, we take the frame of reference 
in which g® consists of a time-like component only, 


~O (a° = V@,0) 


Thus, with 


slike @) 


ae La +m)" i Ss [k? pee 
and after performing the k’ integration, we get 


ak 
Ge 10 53 (ho k')6 f° Z — g° 
ee = [Ef aero +H (+ 7°) 


=; ; | a NG + m?)\/(k? +m)| 
x NG + m?)4/(k? + m!*) + a 
x 6 CG +m?) + 4/(k? +m”) -7°) (4) 


We substitute the sum of the two square roots in the argument of the 6 function by 
x, 


x= li a m?| at: a lh + m”| ie é 6) 


and transform to polar coordinates in momentum space. The volume element trans- 
forms into 


4) 
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|| dk _ & 


Vk + m2)/(k +m?) * 


and by squaring (5), we have 
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(6) 


= ee Bey (7) 


Squaring (5) also yields the relation 


ki + (a? + m2] a eee ; (8) 


Equations (5S—8) now give 
a GE 1 2 = 
9°? lag =n m | BI 5 (x? -m? —m”) 5 (x — 9°) 
0 
oe ~ 02 2 12 ~ 02 2 aye 2,02 ue 
=a = =e ) (@”) Sp 1p ) —4m*m 


2 
== (@? Sie —m"*) G =m ~m') ~ dni] a 
4q 


where the expression in its last form again is wntten in a manifestly Lorentz 
invariant form. In the same way we get for the second invariant 


a, GB (Wy 3 aad ! 0 10 =) 
~O\2 
fats (Ve? + may + V (ko +m? -7°) 
2 f dx 1/2 1/2 ; 
=? [Ziel (Btn?) (+m) 8-3"). C0 
0 


Combining (7) and (8) gives 


1/2 1/2 
[A + m?| [mR + m| 


) a 4x2 x2 


II 
7 eit 
pas 
No 
~~ 
Ll 
o 
> 
| 
aS 
= 
Ne 
+ 
= 
) 
Se 
ie) 
+ 
— 
= 
[) 
= 
nS) 
| 


= (4:2) t= (mn? m)"] (1) 
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which facilitates the final calculation, 


2 2 2G D2 ra 
x (4 —m*—m ) —4m*m : (12) 


In addition, the 6 function of (4) tells us that the results (9) and (12) are valid only 
for G° = \/q2 > m +m’. This is expressed by the fact, that the expression under 
the square root in (9) and (12) may be written as follows: 


(q? =a m?). —4Am2m"” 
= la — (m +m')"] la — (m — m')| ; (13) 


which is easily checked. The radicand in (12) becomes negative for g? < (m+m’). 
With the aid of definition (2) the quantities A and B can be determined: 


B 
a q°q 


(14) 
aay a8 i 
i= (3q7) Gas as — Q *In9) 


2 (m +m’) | [g? — (m— mi?) 


| 
— 
NO 
i) 
ON 
——— 
OQ 
| 


I 


Se ; (15) 
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Exercise 2.6 The final result is thus 
1/2 aay 2 
ef, (mm Lm am! 
Be on @2 q@ 


s2gaqo || = eee 


xO(q?—(m+m')’) (16) 


In the limit m = m’ = 0 one again gets (2.49) as is to be expected. For later use 
we note the special case m’ = 0 (that is, one of the two particles is a neutrino), 


2 
+2 (: + ~] dota O(q?—m?) . (17) 


2.4 Parity Violation in the Muon Decay 


We now want to discuss two experiments which prove the violation of reflection 
invariance in muon decay. The first experiment observes the decay of unpolarized 
muons and measures the average helicity of the emitted electrons. In the second 
experiment one starts with polarized muons, which are produced by pion decay (see 
(1.32) and the subsequent equations), and measures only the angular distribution 
of the electron momenta with respect to the spin direction of the decaying muons. 
Let us start with the first experiment. For unpolarized muons the expression 
(2.54) has to be averaged over s’. Therefore all terms containing s’ vanish: 


et 

d = dl 

W= 5 » dW (s') 
§ 


Gna 
=F Gait Wt — PD { [Beem — PY? — v7] 
x(p° a mes°) + 2¢m, —p\(p? — Mep - 3)} ) (2.66) 


where § is the space-like component of the spin four-vector s®. The four-vector 
of the electron spin also satisfies (2.23), and we get 


p-s=@-9 [1+ P| Fwy | (2.67) 
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where s is the spin vector defined in the muon rest frame. The two possible 
eigenstates of the helicity operator A = o - p/|p| correspond to the values 


p-s=+\p| . (2.68) 


In the first case electron spin and direction of motion are parallel and in the sec- 
ond case antiparallel; the corresponding helicities are (+1) and (—1), respectively. 
Because of (2.66) we obtain the following average value of the helicity operator: 


dW(p-s=\|p\)+dW(p-s = —|p)) 
_ —\p| (BG, — p°Y — p? + 20mg — p®)p"| 


ee eS EE eee 2.69 
D[sGa) =p "ep" pep? 420m, = POP oS 


Applying the value (2.52) for the maximum electron energy this expression can be 
written in the form 


= |p| yGPmax = 2P° —me/my) _ ( me ) 
MP ( 3D ene = oP « Sey) (p°)? 


This result is most interesting. We notice that for energies p® >> m, the electron is 
predicted to be in an almost completely left-handed state. For the average electron 
helicity in the kinematically allowed energy interval |me, Prox], With Prax © 100me, 
the experimentally observed value is® 


(2.70) 


C= .00:2: 0.1352 (a 


Next we consider the experiment in which the angular distribution of the electrons 
emitted in the decay of polarized muons is measured. Since the electron helicity 
is not observed, we must sum over the electron spin in (2.54). The value of the 
muon spin is assumed to be fixed. Let us begin with the expression (2.50), which 
we denote once more 
G2 xd? 

ECE lo’ =p = mys')(p — MeS)ox 


+ 2(p! — p)a(p" — mys')*(p' — p)o(p — mes)" | hax —P") 


dW = 


We remember that due to the discussion following (2.51—53) the two step functions 
in (2.50) can be abbreviated by O(po4. —P°). Now the summation of the expression 
in the bracket [...] over the spins yields 


SoE 1 = 20" = pY@! = mys!)*Pa + Ap! — pale! — mys')*(0" — PP” 
+s 


It is easier to continue the calculation in the restframe of the muon, for which 
p'” =(m,,0),s’” = (0, 8’) holds. Then 


6 Review of Particle Properties in: Review of Modern Physics (April 1988); J. Duclos, J. 
Heintze, A. de Rujula, V. Soergel: Phys. Lett. 9, 62 (1964). 
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SL] = 21m —p°Y — pimp? + mys’ - 
+s 


+ 4[(m, — p°)m, — mys + pl[(m, —p°)p° + Pp] 


one 
Tay see 2 
Inserting p* = pi — m2, pe, = 7,7) 8p = 1-|p|cos@ and separating terms 


proportional to cos @ yields 


2 2 
SS 2 |, Cine en) 


+s 


[p?+s'-p] 


2 
+ 4mj, (Gm, — p°)—s! -p) [o 4 


Ap 
2 
2|,0/f.0 0 go Me Me 
= 4m), > (vba =P +My —?p ai +2) 


m2 
+ [plcos 4 (78a —p° —p° oF “=| 


m2 


2 
en! 0 0 lp| Ol payne mnie 
= 4m, p | (28a —2p° — “| + ames ( ee 5 a) 
Therefore, the decay rate summed over the electron spin is given by 


= Ge) 


2G? 07,0 o 0 0 me 
= 30m (PP dp’ sin 6d6 a —2p —- = 
+8 d cos 6 (vu —2p?+ 7) O(p, —p®) . (2.72) 
My 


Here @ denotes the angle between the muon spin s’ and the electron momentum 
p. The volume element of the electron momentum space has been used according 
to (2.56) in the form 


d°p = 2n\p|?d|p|sinOd@ = 2n|p|p°dp® sinddd (2.73) 


Equation (2.72) does not yet contain the electromagnetic corrections. If one con- 
siders the corrections of the order a = e”/hc ~ 1/137, some terms are added to 
dW. But the parity-violating structure, which is expressed in the factor cos @ in 
(2.72), is not changed. The agreement between the predicted angular distribution 
dW and the experimentally measured one is better than 0.5% . 


EXER 


2.7 Average Helicity and Parity Violation 


Problem. Calculate the helicity expectation value averaged over the whole energy 


region and show that the result (A) = —1 is evidence for the violation of parity 
invariance. 


2.4 Parity Violation in the Muon Decay 


Solution. (a) We set |p| = p and 
dW (p-s=|p|)=dW*=q) . (1) 
The probability of an electron being emitted with momentum p is 
dW*(p)+dW-(p) . (2) 
The average of the expectation values is therefore 
f [(Aaw*oy + Haw-oy| 


f [dW+(~)+dW-@)| 


oe 
_ flaw ae dW~(p)| . (3) 
pL 


W,, is already known from (2.57); we only need to calculate the numerator. With 
the help of (2.66-68) we get 


il [dWt(p) -dW-(p)| 


2 Le ee 
= —5G?n(2n)* / <r OP nm — pp [3¢my — p°? — p? + 2my — pp" ] 


0 
Pmax 


2 
as — ZO? nn) an / p-dp° [3(my ny =F + 2(my — p®)p*| 
me 
ps 
2 2 a3 0 0\2 2, 0 me 
= —3G°(2n) m, | dp [(p°’ — mz} |3m, — 4p oo amma (4) 
pb 


Me 


Performing the integral yields 


[aro ~dW-(p)| 
2 
z -264@0>m (mms + 2) (an) —3mdpan +278] 


<7 (Oe a Qe (ane) a ni] 


Gm; 40 au ie; 
— —-—_*_ (1 - —y 4 2v/y? — 30y? + —y V9 - 5 5) 
aa ( AV Va a) Ven) ( 
where again y = (m./m,)*. Applying (2.57) we obtain in lowest order in y 

1-# 

A\~ 

(4) = 

16m 


~ —0.99988 . (6) 
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Fig. 2.4. Parity violation in 
muon decay 


Fig.2.5. Parity violation in 
an angular distribution 
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: e- —«—— } negative 
ee — 3 eS } helicity 
(observed) 


p 
| reflection 


positive s ne 
helicity { <——-e— —~<— -0@ __ 
(not observed) H 


(b) Obviously (almost) all the electrons emitted in muon decay have negative 
helicity (A = —1). A space reflection (see Fig. 2.4) would give the electrons positive 
helicity (A = +1). In the case of parity invariance of the process, one would 
therefore measure equal numbers of electrons with positive and negative helicity. 
This is not the case; thus parity invariance must be broken. 


CS —L—_—EE————E Ee 


2.8 Angular Distribution and Parity Violation 


Problem. Show that the violation of parity is due to the apperance of cos@ in 
(2.72), describing the angular distribution. 


Solution. We can write the angular distribution as 
dw AS 
a eee )cos 0) ; (1) 
where A(p®) and B(p®) are given by comparison with (2.72). The geometry is 
displayed in Fig. 2.5. If we perform a space reflection, 9 changes to 6, = 7 — 8, 
and 


sinf — sin@, =sin@ , 


cos 6 — cos@, = —cos@ (2) 
thus the angular distribution becomes 

dW : 0 0 

ape, =sin 0{A(p") — B(p") cos 0}. (3) 
i < nz—-@ 
: ; ~~ 
s' inversion ~ a 
<==) ===> Ne 5 


Flags and setae differ from each other in the sign of the term proportional to 
cos 0: the angular distribution is not parity invariant. This argument is supported by 


2.4 Parity Violation in the Muon Decay 


ji > => [EO 2 b) 
reflection 


geometrical considerations. The figure shows the intensity of the emitted electrons 
for B(p®) = 0: no electrons are emitted in the direction of s’. If B(p®) > 0 and 
B(p°) < A(p°), the distribution is deformed and not reflection invariant, because 
sin @ cos 6 = ; sin(26). 


RRC ————————————L——_—__—_——_SSaEa=aEaE ESS 


2.9 Electron Helicity in Muon Decay 


Problem. Show, for the limit ip. >> me, that for the decay of a muon with spin s’ in 
its rest system, the emission of an electron with spin s is given by dW ~ sin’(6/2), 
where dW is calculated in the limit p° >> m, and @ denotes the angle between the 
electron spin s and momentum p of the electron. 


Solution. We start from (2.23) inserted in (2.54) (m = me) and neglect systemati- 


cally all terms with m,. It is important to take into account that terms like m,s° or 
mep - 8 do not contain the effective electron mass. In this spirit we have 
0 
pl =VpPr +m? =p; (1) 


sO we can write 
G? xd*p 


ie os = la oe 
: 2 (Oa ay 


CU —p°) 
, mains ~ 20° (°-p-s+s'-p- 2-0) 


+ 2(m, —p® —p-s’) (om, —p)(p° —p-s)+p(p° -p- :)) 
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Fig. 2.6a,b. Angular distribu- 
tion of electrons with respect 
to the muon spin: (a) without 
violation of parity; (b) with 
violation of parity 
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G* xd p:s 
= E AID ae —p°) (1 - eS) My 


ee Cam, 


coef) 9:6] 


G? d°p 0 0 eS) 
= 70) = 
Cyc 2) a 


. mu 
x Sra = ay * a Pax ; (2) 
In the last step we have applied (2.52) for the matrix elements of the electron 
m+m2 | 
Peas = ~ 3 d (3) 


The coefficient in (2) which contains the spin s of the electron gives the desired 
angular dependence: 
ee (4) 
P P 2 
The maximum of the distribution is at 9 = 7, that is the electrons are preferen- 
tially polarized against their momentum (negative helicity). The result (4) is in 
accordance with the angular distribution in (1.12), which we calculated from the 
@ decay of cobalt, if we take 6 = x — @ (here the z axis points downwards!). This 
is another confirmation of the heuristic consideration in relation to the experiment 
of Wu et al. (see Sect. 1.2). 
In the limit p® — p®,, the last factor takes the form 


p-s' pes 
Slave _ 2p° — Pinax p? = Po (1 saad 0 ) ’ (5) 


that is, the preferential emission of the electron is opposite to the polarization of 
the muons. This is easy to see for the case p® = p®.,, in Fig. 2.2, where the two 
neutrinos are emitted in the same direction while the electron goes in the opposite 
direction. Because ¥, and v, have opposite helicities, the sum of their angular 
momenta is equal to zero. The result is that the electron must acquire the spin of 
the decaying muon. Because of its negative helicity the electron is preferentially 
emitted opposite to the muon spin. 


RS ——E_——————SSS_ Ee 


2.10 CP Invariance in Muon Decay 


Problem. The term Tal J in the current—current coupling is responsible for the 
decay of the positive muon, jt. Show that this leads to a change of the sign of 
the spin-dependent terms in the squared transition amplitude (2.32). On the basis 
of these results discuss the connection between violation of the invariance under 
spatial reflection and the invariance under charge conjugation. 


2.4 Parity Violation in the Muon Decay 


fee ne Via 

pis’ 
uw kt v, 
ps et 


Solution. (a) The S-matrix element for the z+ decay is given by ’ 


SG = et VeD,) 
: A As = 
ani fats HOA — Ole] 


As now all particles are antiparticles, except the v,, the spinors are given in analogy 
to (2.11) by 
Petes )expliner aap! yes 
ue(x) = ve(P, 5) exp (ipyx") (2p°V “1”? 
uy, (x) = uy,(k, t) exp (—ikyx") (2k°V)—1/? 
Hen = p(k f exp (ik, x?) (Qk V ja! 


(2) 


The calculation proceeds exactly as before up to (2.18, 19), because the 6 function 
does not change when the sign of its argument is inverted. Thus we obtain 


I ee 
d ar 
= = (2r)5 se 
{Als Sp th +k! — p> | M2 | (3) 
2K | 2K PS 
with 
M = [@py"Q — 95) ev, Mave Yu — Ys)vel - (4) 


The only difference compared to js~ decay is in the spinors which enter into the 
transition amplitude M, where all particles are replaced by antiparticle spinors and 
vice versa. yD,  |M |? separates again into two similar contributions for the muonic 
and electronic particles. First we repeat the calculation from (2.20) to (2.30) for 
the muonic part. Here we need the analogous relation to (2.21) (see Appendix B), 


Soak atte = Hop» (5) 
t’ 


and to (2.22), 


1 / 
uo’, snru0'ss r= (@'— my AE], 6) 


TT 


With these expressions we find that 


7 MLL. Perl: Ann. Rev. Nucl. Part. Science 30, 299 (1980). 
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Fig. 2.7. Decay of a yt par- 
ticle’ 
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Exercise 2.10 XM (ph) = De Du(p'» 5 )n Veo! — 5) pa 
t’ 
x Uv, (k', VOCE te Vo(1 Fe lewd < 


= Tr} 7H — 5)H'y"(1 — ys)’ — my) (- a ) } : (7) 


With a cyclical permutation we take the last two factors to the front; we also 
permute }’ with (1 — ys), changing the sign in (1 — ys). We thus obtain 


XY) = STA! — md asf HA 487 — 8) ) 


This result is distinct from (2.26) by the sign of m,, and also by permutation of the 
Lorentz indices ys and v. Hence we can skip all subsequent calculations and write 
down directly the analogue of (2.30): 


X#Y(y) = A [(p’ le ms UKM — (p' a Mise Gee 
+(p! + mys! Vk + ie" (p! + mys Joke]. (9) 


For the electronic part the same relation holds; compared to (2.31) it changes the 
sign of me, and ws and v have to be permuted: 


Xw(©) = D_tre(k, yl — Y5)velp, s\Oe(P, 5)y(1 — Y5)etve (Kt) 
=a [wp spies hj —( 0 ias) elon 
+(p + mes) ky + i€avap(p + mes)°k? |. (10) 


The permutation can be reversed, because by constructing |M|* we sum over the 
indices 4 and v. What remains is just the change of the sign of m, and me in 


(2.32): 
SoM P = x#*U)Xyr(6) 
= 6A(p! + mys!)*kalp + mes kh, (11) 


As the spin vectors s# and s’# enter only in the combination m,,s' or mes, we 
can also easily get the result (11) from (2.32) by inversion of the spin vectors: 
s,s’ > —s,—s', 


(b) Equation (11) follows from (2.32) if we invert the sign of the charge of the 
decaying muon, that is, it follows from the operation of charge conjugation. We 
thus see that the G decay of the muon is not invariant against charge conjugation. 

An interesting point is that (11) could also be obtained by space reflection. On 
being reflected, the momentum vector p’ changes its sign, whereas the axial spin 
vector (in the rest system) s’ does not change: 


p'*=(0",p') > (0, -p’)_, (12) 
sl = (z z anes ft. (p' : s’) p' 
m m(p® + m,) 


Le 

1. gl et 

—= (-2*, 3! -f ee ; (13) 
My m,(p” + m,) 
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and 

ka = (k", —k) > (k°,k) (14) 
With these we obtain the following change to (2.32): 

(p’ = MS)” Key 


—=(p + ,5') ke (15) 
and analogously 
(p — mes)°kg > (P+ mes)Pky (16) 


We can thus conclude that the weak interaction (of the leptons) behaves under 
charge conjugation C in the same way as under space reflection P. Since accord- 
ing to this the simultaneous application of C and P yields the identity, that is, 
everything remains invariant, it means that the weak interaction is invariant under 
the product CP. (We shall see later, in Chap. 8, how the weak interaction among 
quarks can lead to a slight violation of CP invariance). 


2.5 The Michel Parameters 


We now ask how far the muon decay confirms the V—A theory. For this purpose 
we write down the most general form of the coupling matrix element, 


he =e a = jas Se [itv,, (x) O;up(x)| 
x [fe()O"A — A's) (2.74) 


and allow this time every type of coupling O; = (S,V,T, A, P). It is customary to 
use other constants C;,C/ instead of 4;,A;. The two sets of constants are related 
to each other through the transformation (the so-called Fierz transformation, see 
Supplement 2.12): 


ea) C7) yA; (2.75) 
j ] 
| ee 
1 1 —2 O 2 -!l 
| 
| 
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ce] 


a 
S 


Fig. 2.8. The angle of elec- 
tron emission relative to the 
spin s’ of the muon. 


With C; and C’;, we can write the coupling in the form 
a G 7 ; . a 
A= se d [te(x)O;up(x)] [t,,(@)O'(C; — C'iys)ur-(x)| - (2.76) 


One easily checks that pure vector coupling or axial vector coupling in (2.74) 
results also in a vector or axial vector coupling in (2.76) up to the minus sign, 
while the other couplings in (2.74) result in complicated superpositions in (2.76). 
This circumstance may seem to endow the V—A law with particular significance. 
However, four other combinations have comparable properties, as can be found 
by diagonalizing the matrix Aj. The possibility of using the invariance under 
transpositions among the fields as a basis for singling out the correct coupling was 
explored extensively without decisive results.® 

The advantage of the notation (2.76) is that the wave function of the observ- 
able particles — the electron and the muon — are connected in one matrix element, 
whereas the wave functions of the two neutrinos are separated in the second spinor 
matrix element. In the interaction (2.74) or (2.76) only the conservation of elec- 
tron and muon number, and Lorentz invariance, is assumed. Let us introduce the 
abbreviation 


mel eee. 47) 


Since the factor G stands in front of the expression (2.76), the proper coupling 
constants are given by GC; or GC’;, respectively. It is obvious that a variation of 
the value of G can be compensated by a multiplication of all constants C;, C’; 
with a common factor. If we determine G by experiment, the C;, C/ are no longer 
independent, that is, they must satisfy a normalization condition. We choose this 
condition to be 


ag + 4ay + 6a7+4a,g+ap=16 . (2.78) 


It is necessary to calculate the muon decay once more. This time we assume that 
the yz~ is polarized before the decay, but we do not observe the polarizations of 
the three decay products (see Exercise 2.9). With the abbreviation 

p? 2myp° 


fe oS 2.79 
jae my? 1 Me? ( ) 


and the emission angle @ of the electron with respect to the muon spin 
cos = —— ; 2.80 
Ip| oe 
we get the following electron spectrum: 


* See many papers beginning with C. Gitchfield, Phys. Rev. 63, 417 (1943) through to 
E. Caianello, Nuovo Cimento 8, 749 (1952), in which references to earlier work can be 
found. See also E.J. Konopinski: The Theory of Beta Radioactivity (Oxford University 
Press, London 1966). 
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dw CAE c 2 1m? 
a pe 29 =e 0 oa 0 2,0 Me 
dQdp? ~ 124 lp|p {30a P)+ 3P (« Pmax — 3 —_) 
m Pp 
+ TE n(PBax ~ °) — 6 6088 [Pa —P°) 
2 
an 5p — 3D max — mm) } (2.81a) 


If we neglect the mass of the electron and make use of definition (2.79) we get 


dW G*m,,>_» 1 D me 1 — x 
dQde 19208” ) 1+ 4q%= [ac Mg re or ae 
my B 
2 
—Ecosé G —x)+ 3 O(4x _ 2) \ : (2.81b) 
In this formula p, 7, €, and 6 are the so-called Michel parameters 
1 —1 
p= 76 Gav +6ap+3aa) , €= TH +3a'’—14c’) , 
Ser Sat 2a uP) pe area 2.82 
GS les Vv =a) a — Tee! 0 ).e (2.82) 
where 
a’ =2 Re{CsC’p" + C’sC3} 
b’ =2 Re{CyC’," + C’yCh} (2.83) 


G =? Ree,C’-} 


The parameters are chosen in such a way that if one integrates over x from 0 to 
1 then p and 6 disappear. Therefore the lifetime of the muon is independent of 
p and 6. For a pure V—A coupling, which was assumed during the discussion in 


Sects. 2.2, 2.3, and 2.4, we get 
Cie 6 eo), 
TES en (2.84) 


Considering Supplement 2.12, (23), one gets 
M = [ie uty] [Bvp7"(1 — Y5)Hve] + [Hes Yuta] [Mew SC — 15) 
= [He Yul — 75)Hy] [Hy — Ise] - (2.85) 


By inserting this value into (2.82) we obtain the prediction of the V—A theory for 
the Michel parameters: 


= eee f= 0 , 0°: (2.86a) 


The experimental values are derived from a careful measurement of the electron 
spectrum (or the positron spectrum in the case of the pt decay) and of the angular 
distribution. Equation (2.81) tells us that p must be fitted to the whole spectrum, 
whereas 7) is mainly sensitive to low energies (x — 0). It is not surprising, therefore, 
that 7 is the most uncertain of the parameters. € can be obtained by integrating the 


aS 
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en oe ee 


Fig. 2.9. Experimental deter- 
mination of the Michel pa- 
rameter g since 1950. The 
curve shows the improve- 
ment of the experiments, but 
perhaps also the prejudice of 
the experimentalists 


angular distribution over the energy, whereas 6 can be determined by measuring 
the energy dependence of this distribution. The best experimental values are 


p = 0.7517 + 0.0026, 
7=—-0.12+0.21 , 
€=0.972£0.013_, 
6 = 0.7551 + 0.0085 


(2.86b) 


These values are in very good agreement with the predictions (2.85) of the V-A 
theory. 
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2.11 Muon Decay and the Michel Parameters 


Problem. Calculate the muon decay with the general interaction (2.76) in the same 
manner as in Sect. 2.2 and derive (2.81) by summing over the polarizations of the 
outgoing particles. 


Solution. To derive (2.81) we repeat the steps which lead us from (2.10) to (2.18). 
The normalization and the phase-space factor are obtained in the same manner. 
The only difference occurs in the matrix element M. With (2.76) this is given by 


M= De [7 Oj, | [i O'(C; = Ci 75)ttve | ; (1) 


I 


First we calculate the part of |M|? which stems from the neutrinos. We sum over 
the unobservable neutrino spins and get 
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XV) = D> [ak O'(C — C/7s)u.(k, 0] 


Ag? 
x [ity (k’, t')O"(Ce — Cys)uv,(k, 8)] 
= 0 [it CR 10'(C: — C/7s)un(k, 0] 
et : (2) 
x [a (k, dolce — COD" r0m,(0', 1] 


=O [itu (A190 Ci = C5) (F, 1) 


yi! 


[itv CE + C115) Oy, (B's) 


where we have inserted 7" = 1 in front of (O*)t and used Supplement 2.12, (3), 
which yields 


yoyo = —I5 - (3) 


With (2.21) we get 


X(v) = THO'MCG; — Clys)H(Cf + Ces) OTH} (4) 
Because 
NS Bes ©) 


and the trace is invariant under cyclic permutations, this form may be transcribed 
to 


X(V) = TH(Ci + C/sNCf + C'775)O*H'O'H} 
Bee ele (Go, Hee, 10) OF, 
= Tr{(An + Bieys)O*H'O'H} 
=Tr{(4n +Buys)O'WO'H'S , 1S, 


where we have + for O = See and — for O = V,A, and the following 
abbreviations have been introduced: 


Ap, i OHe To CO 
Be = GC, +C.C, « (7) 


Notice that X(v) is non-zero only if both QO! and OF contain either an even or an 
odd number of y matrices. Otherwise the trace in (6) vanishes. This property will 
be useful for the evaluation of X(j1,e), since we can then restrict our considera- 
tion to the corresponding combinations of O! and O*. In determining X(y, e) we 
assume that the electron spin is not observed, and we therefore sum over the spin 
orientations. Furthermore we make the approximation of neglecting the electron 
mass. 
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Exercise 2.1] We then find 
X(u,e) = >~ [ae(p, s)Oiuy(p', s’)| [He(p, 8) Oxup(p', s’)| 


Ss 


fi 
= Yo lee. s)Orun(D',s')) [au (P'ss’)Onuel, 5)] 
= Tr lau’ ar m,) A Og . (8) 


If both O; and O; contain an even or an odd number of + matrices, X(t, e) reduces 
to 


X(yy0) = ST {Org Ou} + sme (Orrsh! Oud} (9) 


All other terms in (8) do not contribute, since a trace consisting of an uneven 
number of y matrices vanishes. 

Let us now consider the particular combinations of OF and Oy in detail. For 
this purpose we again employ the formulas listed in Appendix B, especially 


(ys)? =1 and 5% = — Ys 


Ae A 


OF Ol = 8 
1 
X(H,€) = 5 Tr{pp"} = 20 -p') 0) 
X(v) = Tr{(Ass — Bssys)H#’} = 4Ass(k - k’) 
(oy = iYs ; OF = |° 
X (4.0) = my Trfirsrs$'9} = 2im,@-s!) 
X(v) = Tr{(Aps — Bpsys)iyshH'} “ 


= —AiBps(k - k’) 


OT ee Oo ae 


X (4,0) = my Te{rsf" isp} = —2im,(p-s") 


X(v) = Tr{(Asp — Bspys)Hiysh’} 7 
= +4iBsp(k : k’) 


As 


O = een On iar 


X(y 0) = 5TeHinsp ined} = 20"), 


X(v) = Tr{(App — Bepys)iysHiysh’ } oo) 
= 4App(k " k’) 


Collecting together (10-13), we obtain 
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| S X(p,€)X(v) = 8(k - k)[(Ass + App)(p - p’) 
ik=S,P + Bes + Bsr)my(p +s’), Cy) 


or, adopting the abbreviations (2.77) and (2.83), 


dE XIX) = 8K) [Gs + ae)(p +p!) ta'my@-s’)| (15) 


i,k=S,P 


(Note that according to the convention (23) of Supplement 2.12 it holds that Bps + 
Bsp = —a'.) 


Olay | Okay: 


1 1 
UG) = 3 tue wi} oF smu Tryst Iw} 


= Uppy + PuP) — GuvP -p')+ 2impEsvrps’ Pp", (16) 
XV) = Tr{(Avy + Boys) yh’ HS 
= dAyy [kk + YR — gt (k ky] + 4iByyet*’Fhigks (17) 


Evaluating the products leads to 


X (i, e)X(v) = 8Ayv[(P' - KY(p - k') +p" BV «kD 

—(p-p'\k-k) + -kK)yQ' +k’) 

+(p-k'\p'-k)—(p phe Kk’) 

— (p-p')(k-k') —(p pk -k’) 

+ 4(p -p')(k + k’)] 

= 8m Byveour pen os” p kakg 

= 16Ayy[(p' -k)p kV) +! RVD -*)] 
= RpBycopme mom ak, = (18) 


The last term does not contribute, since, in the course of the further evaluation, 
kak yields the symmetric tensor Jag which is contracted with «4@”8; thus there 
is no need to evaluate this term further. The next three cases may be treated in just 
the same way. 


OVS 


X(u,e) = srs ae!) 4 smalelas ust WB) 
a —2i€povrp DP” = 2my[s Pv + S,Pp — Iurls” 2) ae 
X(v) = Te{(Aay + Bavys)sv 48'S 
= —4iA yet” Pky + Bay [KEK + RYRE — gh RD] 
X(u,e)X(v) = —16m,,Bayl(k « p(k’ +s’) + ke -sVk" + p)] 
— 8AavEpovr ete” p'pkakg (19) 
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Exercise 2,1] 
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O! ge nO ay 
1 1 
X (pu, e) = ee ae +: Mul Ish Is WB} 
= DB yegpge as 2m,[s),Pv +S) Pu = aS =7) eee 
X(v) =Tr{(Ava + Byays)y*Hysy’ Ht 
= —4iAyye PMO kg + 4Bya(kek” + YR — gt’ (kek), 
X(u, e)X(V) = —16m,Byal(k - p)(k’ +s’) + (ks'\(k' - pd] 
MeSAVACouret PP Kak (20) 


OF ic ORO age: 


1 1 
X (use) = STH Is Wh Is wh} + muTr {ys IW Ish Is WP} 
= Me ae Fb ees — Juv (p -p’)] as 2Zimeetes | ’ 
X(v) = Tr{(Aaa + Baaysyysy’ hsv’ H’} 
= 4A ga (hbk + kYK'# — gt (kk) —4iBaye’PUOk aks, 
X(u, e)X(V) = 16A aal(k p(k’ - p") + (k's pk -p’)] 
= 8 Baneneyre | 95 10 ee a (21) 
Combining the last four results, we find that 
~~ XHexe) 
i,k=V,A 
= 16(Awy + Aaa)[(k - pk’: p’) + (k- p'\k' - pd] 
~ 16my(Bav + Bya)(k p(k! s’) + (kh -s")(k! py + XP hacks 
= 16(ay + ag)[(k  p)(k’ - p') + (k -p’)(k’ - p)] 
+ L6myb'[(k p(k’ «s') + (ksh! py + XP hake. (22) 


Here X° contains all terms which are antisymmetric in the indices a and £. In 
the course of further evaluation Kak yields the symmetric tensor /,g and therefore 


the term containing X°* will vanish. Again, with respect to the convention (23) of 
Supplement 2.12, we have b’ = —(Bya + Bay). 


Oi =o” | Ok agi: 
This case requires the evaluation of 

Too G2 (23) 
For this purpose we first consider 

Tr{iqey’ytighy’ 7?) (24) 
We use 


pus 
PGi 9) 2) (25) 
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and antisymmetrize (24) with respect to the indices y and v (that is, exchange ps Exercise 2.11 
and v, subtract the result from the original term, and finally divide by 2) and then 

with respect to the indices fi and v. Finally, by repeated application of (B.24), we 

obtain 


ea iguemamninay 
SHOR OP ae Me 
eae ara |) omleinaaeay hag Wa Wag. 4/7) 
= Al Or =a” eee) 
SGI” ik aoa) 
a5 gig 7g’? = gor! fi Grogs) 
— gil (gh ghP — giBgeF 4 g¥B gai) 
Nga gas ag (eg2" -\g2"g7!2)| ae (26) 
Owing to the procedure of antisymmetrization with respect to ys and v, as well as 
to ji and 7, all terms proportional to g#” and g#” vanish, so that we are left with 
micro. y } 
= 4[(gtig’? — gt? g’B)ge? — gt(ghag?® + g?% gt?) 
+ git? (g?%gh® + gag’) + giv (gttg?? + gag?) 
= 9 OP eae (27) 
For later purposes it is worth mentioning that this term is simply the antisym- 
metrized form of 
Sg GO = Le a (28) 
This is easily checked by multiplying (27) or (28) by a term which itself is antisym- 
metric with respect to p, v and ji, 7; the two corresponding results are identical. 
In order to evaluate the quantity X (ju, e)X(v) we need to consider 
Trot’ yah? y? }Tr{ op Vern Ye} 
— 8ghF (Gag me Digu? Gee ae ea) 
x 4[(Quague — IurGvia)9oc 
al Gp p(Gvedia ate 9509ve) ate Gp (GveGie = 9i09ve) 
+ Qiv(Quogve + 9709uc) — Gov GueGae + Ine9uc)| 
= 29 (ag? nd Dg a eg | 
x [vemine —A(guegie + 9209vc) 
+ QvoJia + Jregua + gueJia + 9re9ve — 29.79oc| 
= 3) (ages = Digheges = We) Ghee = 29v0Gie me Again) 
= 32(4g~ 8990 — 29°? goo — 29° Gea — 29°" Gee 
+ 45258 4 46268 — 29°? goq + 46555 + 45555) 
= 128 (92 %gre £26282 4 2665) (29) 


The evaluation of (6), or of (9), furthermore contains terms of the form 
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Exercise 2.1] Tr{ysore tote yP) (30) 
However, these can be reduced to (27) by employing the relation 
ee sete an ' (31) 
so that we obtain 
Te(qse! omar 
= sete Tel agr yoy} 
Q 
+ (57 9"? + 629) + S(Gg"" + 669°) 
— 62 (62 g%° + 6B ghey) 
= fife ee" ee = euuee a a Bea uar ay nee is aig eC NNS Gb) G2) 


= seliver x 4[(SR6% — 6257) 9°° — 52 (62979 + 62g?) 


Another typical term that occurs in X(z, e)X(v) is 
Tr{ysoe? yah? ATH oyu oo a0Yo} , (33) 


However, it is easily verified that this contribution vanishes. The first factor is 
again antisymmetric with respect to 4 and vy and also to fi and v. Thus, for the 
second trace we may substitute the expression (28), which leads to 


Tr{ sot! 2a? 8} Tr Opv Vo p70} 
= 4i(eh¥B? go? a payne Be = euv ne gue a eee ae gee [es 


x OG nl GueGaa as 29v09ia = 29ue Gio) 
= apie ae SF eae Gyeg ee a PNG Sipe ae 29ve Geo) =O | (34) 


Using (28) and the relation 
St (636% — 20a ae (35) 
we finally evaluate the following expression 
Tr{YsOpv Vo n7 Yo }Tr{ ysot"y% ah? y?} 
1 oc ee 
= ~ en we : Tr{o Ypop0 Yo} Tr{oyry% or" 77} 
l ANP AST yw a po, 8 
= 7 (6450 rs 6,64) Ir{o VoC nw Yo }Tr{oyr7 nae | } 
= TG qeaaoga i Itasan Glas 
= Tr{ Oy YoF n'a }Tr{ a8” yah” 4? } : (36) 


This result exactly coincides with the one we previously obtained in (29). Now we 
have all the ingredients necessary to consider the contribution of tensor coupling: 
O! = ot”, OF = og!” With respect to (6) we obtain 


X(v) = Apr Tr{ ot” yo hak — Brvit(ysot qegeey Weak. 
= atTr{at’ yah bkaks — eT yso yo Tia, (37) 
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where we have again adopted the abbreviations (2.77) and (2.83). The contribution 
of the massive leptons is given by 


1 1 
X(t, €) = 5 INO uy Yoo 7 Yo Wo So” <5 maT Iso ww Vo% He Yo }s'°p? . (38) 


All other terms vanish, since they contain an uneven number of y matrices. We 
recall that the expression (33) does not contribute, so that we obtain 


it oe 
SOXMX(u, e) = 4 [ parkakgp’’p*Tr{ot’y%o" }Tr{ ou Yeoav Vo} 
: 
1 ae 
_ auc’ koakgs'p° Trl ysoh” yor” } 
x TrfysouYernoro}| (39) 


Here we have introduced a factor 4 in order to avoid double counting of a4”, or 


a” | since the sum includes o#” as well as 0”# = —o¥"! 
Equation (39) may be further reduced by using (29) and (36): 


DXOX (4, 2) 
a 


= l6arkakgp'°p? (-9°" Goo + 26°62 + 25°52) 
— L6myc! kek hsp? (—9°? goa + 26558 + 26356) 
= l6az [—(k + k’)(p - p') + 2(k « py(k! - p') + 2k pK’ - p)| 
— 16m,c’ [-(k k'\(s' - p') + 2k s\(R' +p) + 2k -py(k'-s')| . (40) 
With the following argument we can conclude that all other combinations of oO} 
and O* do not contribute: if for example we identify O' with V or A, then OF 
can neither be S nor P nor T, since otherwise X(v) in (6) would contain an uneven 
number of y matrices. On the other hand, all remaining combinations lead to an 


X(v) which is antisymmetric with respect to the exchange of k and k’, for example, 
for the combination “ST”, 


Tr {(Asr — Bsrys)-1- Hot” #"} 
= diAg (KUKY — RVR) + 4Bgre PF Raky (41) 
As we have already mentioned in connection with (18), such terms do not contribute 
to the decay rate. 


Combining the previous results (15,22,40) as well as the terms of (41), we find 
that 


XOX, ©) 


i,k 
= {89% {(as + ap)(p - p') — a'my(p :s')| 
4 16(ay + aa) [p*p’? + p'*p?| + 16m,b' pos aes | 
+ 16ar [—g@ « p’) + 2p%p'? + 2p"*v" ] 
— 16m,c! [-g°"(s' - p) + UE! Syke | 
a kaka oe (42) 
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Exercise 2.1] where Y° is an antisymmetric tensor which contains terms like X¥°° of (22) as 
well as the contribution corresponding to (41). 
In (2.18) we now replace 


dime 
gil 
by X(, e)X(v) of (42) thereby abbreviating the last term by Z°° Kykg:. This results 
in 
G2 Gk aided | 
dW = Opt kt kl —p\ZP kak), 43 
om — we, 20 loa apne Ut ae”) ees 
Now, utilizing (2.51-53), we employ (2.49), according to which it holds that 
soak a A 
1 
= 5 (4°9a8 + 24098) O (Pmax—P°) - (44) 
The quantity 
C- dp 
= ae yg 27 
2(2m)5 (2p2p) ©) 
is now easily evaluated. Neglecting the electron rest mass, the rest frame of the 
muon is again characterized by 


pam ’ p =0 ’ 


(D-p')=mp* , @'-s)=0 , (46) 
(p-s') = —p-s' = —|p|cos0 = —p° cosé 


Introducing q = p’ — p, from these relations we obtain 


‘9 “9 
74 (97 Gap = 29098) ae Te 240" (my — 2p°) ’ 
T a 18 
34 (1908 + 24agp) p*p” = = ~ (3m3p° —4m2(p%)?) (47) 
T ‘a 
an (47 gaa dh. 2gaqp) pos!” = ~5q™u (mp — 4p a (p°) cos 8 
and finally 
Go ln pe 
W = ———~.—*— 9 (p? — p?..) 


2 (27)5 2p/2p0 24 
x {[48(as + ap) + 96ar + 96(ay + a4)\m}p° 
— [96(as + ap) + 64ar + 128(ay + ag)\mi(p°y 
+ (48a’ — 32b’ — 32c')m3 p° cos 0 
—(96a' — 1286' + 64c')m2(p°)? cosO} (48) 
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Neglecting the electron mass implies that 


m 
Prax = (49) 
so that 
m 
o =p. = er (50) 
and 
3 2 mi 
6 ppl apie — (Pp) and? — yds Be ( 
We collect all these expressions and substitute them into (48). The final result is 
Gri 5 l 
dW = Ex de d2—{ [3(as Eee Gare eo) 
— [3(as + ap) + 2ar + 4(ay +. aa)]-x + [Ba’ — 2b’ — 2c'] cos 6 
— [Ba! — 4b! + 2c']x cos gel oe). (52) 


This agrees with (2.81b), as is easily verified by inserting the Michel parameters 
and using (2.78). 


MATHEMATICAL SUPPLEMENT SS 


2.12 The Fierz Transformation 


Within the framework of the Fermi theory there are two different but equivalent 
ways of describing a reaction # + 2 — 3 + W4, namely 


(DsPdcbaltr) and CbalnbsPdr) - (1) 
The properties of the Clifford algebra’ allow us to form 16 matrices 

JL appt ete Ss) =:{0j,..., O16} ‘ (2a) 

{1,7 0% sys iys} ={O", ON} - (2b) 


which form a basis for any 4 x 4 matrix. Furthermore it holds that 
yO} =O; (3) 


Hence we may expand Fin terms of the O'. The requirement for Lorentz invariance 
demands that 


C> =.= Cs . Ce = Ci — Ch ; Cho = Cis ; (4a) 


9 See W. Greiner: Relativistic Quantum Mechanics — Wave Equations (Springer, Berlin, 
Heidelberg 1995). 
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16 

S> CihsOiipsO'y or 

i=l 

16 

So CfhOrbrpsOn (4b) 

i=l 
Since the two representations are equivalent, these expressions must be identical 
for arbitrary values of 7), 72 ,1/3, and 4. In terms of the particular components 
this implies that 


16 16 
DOV O13 IS Od One (5) 


i=] ll 


In the following steps we will solve this equation for C;, which requires the deter- 
mination of the transformation matrix Aj; connecting the two representations, that 
iS, 


= Se (6) 
; 


The transformation from the C} to the C; (or vice versa) is called the Fierz trans- 
formation. 


Multiplying (5) by (O)%7(0,)?* and summing over a,G,y, and 6 yields 


16 16 
>> GTr{O;6'}Tr{ O' O;} = S~ Tr{O,0'O/0;}C/ (7) 


i=l j=l 


We employ the following formulas (see Appendix A): 


TH i= 4 
UG hips) = U9) = ete 
= Tr{y>yw} =O 


Tr{Yy} =49u" 
Tr(y"ouv} = Te{yiys} = Te{y*yrw} =O , 
Tic: C= —aTehy, why? — be, why} 
= —{guvg? + 9u2g.* — gu gv" 
= Quv G9? ~ Gu°Qu® + gu Gu® 
= guvg? — gu Gv? + gu° gu 
gud: toy ge ays g, } 
= 4{ 9, G12 = gv 94° } ) 
Tr{oyv7°y*} = Itoi} — 0% 
Teliysypisy f= Wig | = 4g, = 40 
Wao ss) 
Tr{ys7s} = 4 
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All these relations may be combined to give 


a 41 for! =1..11 
Tr{O0'O;} = 46! =i 
rO' Oi} ee elect) = 1216 


Inserting (8) into (7), we then have 


16 
1 ee 
a=% S| C/Tr{0,0' 0! Oy} 
j=l 
There remains the evaluation of 
= 1 ee ER es = 
= 76 {Aj0'0’ 01} =e, 


In order to solve for An we consider the particular cases separately. 
j=l: 


~ 


according to (8). 
ae = 2 ee 


. 1 Dc, 1 
Aj = 76 yz Ceo) — 4 126i Sli 4 


41 | 
7 -1 +1 -1 -1 
CL 7) oa ee 


-1 -1 -1 +l 
where the index j labels the rows and / the columns. 


1 el Cee re Ol 


Cy sites (OD) 
O6=inn » O7=inn , 


Og =i"73 » A=iInnv ; 
Oo=inyw » On=iny ; 


~ 


1 Roe 

Ay = -72THy avr as 
i 
=o 


I os 1 eee 
= 58 2Te (yt) + Bhat (we) 


| a = 
BY Tr (yh avn) + eT (Vy 21 ww) 


1 = 
— Ww (GPa oh pey ele) 


1 


1 a 1 y 
= 3 6}aTr (Py) + ghia (VY wr) — Gg (Vw) 


16 


(8) 
(9) 


(10) 


(11) 


(12) 


(13) 
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For the first term we get 


- ou. seme 
~goj-aTr (Y Bar) = — 3-2 ¢ 46) — a 


To evaluate the last two terms we take into consideration that p # v and therefore 
Ve = We ins yielding 


i : . 
go (Vy) = BGT (VY a) 


1 ; 
=a i) dp) 


l — 

= ~goj-21t (v7) 
1 . 

= = oo 
l 


— bu 
= Se 


in which we have used the fact that the trace is constant under cyclic permutation. 


For the third term we then obtain 


1 I 
a acai) ebay hal si 


I I 
= J) a 
he ee 


and, in summary, we finally have 


ae. 
Ap = | (1 = 26)-27 — 28)-2,)— 


=! 1) -l Ot 1 


7, _ 17-1 +1 +1 -1 -1 41 
Se on a ee || OS) 
ay oh ee 
f= ees 


is | ar 6 
Ay = Tee ee te a aS 
+] -1 —-1 —-1 


(iyaij-) Ht -1 1 (15) 
1S 4 | See | 

=) FSi 
i= 16> 


~ 


l 1 1 
Ay = ~ Tg Iwy-2757 a re (16) 
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7=6,...,11;1=6,...,11: 


Ca ie 
OF 17,7, with A> ep, 


1 
Ay = eT rey yy yer} 
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1 
7h 28 a Ty yy vera} + 26°, T Hyer’ yyeras 


» 
So mene yeyay 25. yey yoya) — I y°y ye T} 


1 
76 lt oue -4(26, — 1) + 26, - 42649 — 1) — 889 — 86. + 4] 


1 
= gil se 269 ae Ou Neate One ar On) ar 46y 06 ur te 46,540] ’ 


ei 
= 4 ail = 
= 1) =i =) Sei 


ay ST ei ees 

Speeds =] =] 

ic oe | 
toe .. 15-: 


= 
alt 
=| 
—] 
Fl 
=| 


= 
—1 
=. 
=| 
=! 
sel! 


i 1 : 
Ay = — eT wrsy Py" ys11-12} 


Together with (14) it follows that 


ect 11 
ee el 1 


i oe +1 -1 -1 +1 
eee all =e nie | 1 
ee aes 
Seer 2 

T= N6 


From (8) it follows that 

s 1 Beet 1 
Ay 16 => pe NACE) = A 
a Nel ale eee, LS 


~~ 


1 
= 4 teen a 1} ’ 


cee | le — 1 
yp ah Eile sl 
4{-1 -1 +1 -1 
TU Sha 


1 2 j- 
Ay = sear 12/12 _ io} 


(17) 


(18) 


(19) 


(20) 


70 


Math. Suppl. 2.12 


2. Leptonic Interactions 


i= 16: 
A ! pa : Z| 
Aj,16 = — 76 PS Y-125 157 ‘sh = =A (21) 
7 — 167) — 16% 
Ai6,16 = zy = 2 : (22) 
i 16 4 
According to (4a) we may combine the C; , C; as follows: 
Cs = C\ ’ 
W=Q=GO=G4=C; , 
C= Co ee — Cs, (23) 
Cp=—-Cig , 


where the negative signs correspond to the convention. Similarly (6) now reads as 
follows: 


C= DC Ay 
J 
i 15 


5) 
= Anci +) AyCj + > AG) +S Ay) + Air6Cfe 


5 11 
=A Ce a So Ay Cy + S— Ay Cr 
j=2 j=6 


15 
— S AVE Gn — ah gles 
j=2 


Thus it follows that 


Ay = S0 ee’ Ay withiind , (24) 
jing 
where 
_ {+1 for S,V,T 
a= se for A,P Ce, 


From (11~22) it follows that 
1 4 6 4 1 


r{t =250 2 =1 

Meal l 0 8 Oi (26) 
1a ine =| 
(ae GG 


This is the standard representation of the Fierz transformation and the one most 
commonly used. It is easily checked that A? = 1, and therefore A = A-!, ie. A is 
its own inverse. 


2.6 The Tau Lepton 


An alternative form is obtained from (22) and (23) by introducing 
S(3, 1,4, 2) — (31d) (ha 1 yr) ’ 
V3, 154, 2) := Gy bay'r)  , 
ies = 
TG, 2) = 5 sow Piao" Vo) : (27) 


AGB, 154, 2) = Waysypdi(day' yr vr) 
P(3, 134,2) = dsysbiddarstr) , 


and replacing (5) by 


eee me Re G32) (28) 


1=S,V,T,A,P J=8,V,T,A,P 


The transformation of the matrices 7 and J is then given by 


TO d 2) — SO rh) 1a, 2) ’ 
J 


and because A is self-inversive it also follows that 


J(4, 1332) = S> AyI(3, 1542) 


2.6 The Tau Lepton 


In the year 1975 a further lepton was discovered at Stanford (SLAC) by Perl, 
which has been named the 7 lepton.!° With a mass of 1784 + 3 MeV it is almost 
20 times heavier than the muon. Its lifetime is 


T, =3.4+£0.5)x107Rs . (2.87) 


The scheme of 7 lepton decay is completely analogous to muon decay, which we 
have discussed in detail. Since both the electron and the muon have smaller masses 
than the 7 lepton, both decay processes are possible: 


tT Sp +t, , (2.88a) 


7, —-e +he+y . (2.88b) 


In addition, the + lepton may also decay into strongly interacting particles, espe- 
cially into three or more pions together with a 7 neutrino. These hadronic processes 
contribute about 65% to the total decay probability of the 7 lepton (see Table 2.2); 


10MLL. Perl et al.: Phys. Rev. Lett. 35, 148 (1975); M.L. Perl: Ann. Rev. Nucl. Part. Science 
30, 299 (1980); G.S. Abrams, MLL. Perl et al.: Phys. Rev. Lett 43, 1555 (1979). 
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Fig. 2.10. Electron spectrum 
of the 7 decay 


Table 2.2. Decay probabilities of the 7 lepton 


T 7 e By, 16.4+ 1.8 
(ype 1o.0 2 17 
(Se 1035 1.2 


a Be 22 ae 2 4 

K-py, eee 055 

Tap ue 5.4 sadly 
further hadronic 20.04= 13 
decays 


however, we will not consider them here but will rather focus on the leptonic 
processes. 

Besides the properties that result from its rather large mass, the 7 lepton behaves 
just like an electron or muon. This fact is sometimes termed e——r universality. 
For example, the 7 lepton is observed with large accuracy to be point-like. Its 
internal extension amounts to less than 0.004 fm. Furthermore the electron and 
muon spectra observed in the decay processes (2.88) may be analyzed in terms of 


Michel parameters, in analogy to the case of muon decay, which we have already 
treated. The result is!! 


pr = 0.742 0.035 40.020, (2.89) 


which is a strong argument for V—A coupling (p = 0.75) and unambiguously ex- 
cludes V+A coupling (p = 0), as well as pure V or A coupling (p = 0.375). This 


0. .0:2"0.4. 06 20:8) 0/R 


ax 


Z=E aE. 


lH. Albrecht et al. [ARGUS Collaboration], preprint DESY 90-059, 


2.6 The Tau Lepton 


73 


behaviour also becomes obvious from Fig. 2.10, which compares the observed elec- 
tron spectrum with the predictions of the V-A and V+A theory. 

From a detailed analysis of the shape of the high-energy end of the muon spec- 
trum, an upper limit for the mass of the 7 neutrino can be inferred (see Fig. 2.11). 
The most accurate value today is 


my, < 70 MeV (2.90) 


However, it is not unlikely that its rest mass vanishes. If we assume that the weak 
current of the 7 particles is of the familiar form 


TG) = U(x)yp,(1 — Ys)ur,@) 


we immediately obtain the decay rates into the leptonic channels (2.88) by simply 
adopting the formula (2.57) for the muonic decay. Again, we set m, = 0, but do 
not neglect the muon mass: 


(2.91) 


G*m> m,\° 
| Ze nen | eee a . 
Te” Vey 19273 fb eT Vey, (=) ’ @ 92a) 
2 
We Spe Uy. oats Li aE 
9273 We 
he 2 
= a Lid 
SS ay = (: = “4 (2.92b) 
Inserting the value m,/m,, = 16.86, we obtain 
We = 0.620 x 107257! (2.93a) 
i SOE (2.93b) 
The ratio of these quantities is 
ie 
Wrou _ [1 _9™# | 0972 (2.94) 
Wee m2 : 


On the other hand, the experimental determination of the relative probability for 


these two decay processes, compared with the total decay rate, yields the following 


values:!? 


pare) i = 04) 


Bee = 


(2.95) 
Bae ae ee, — (ll 8 0-4) 
These values yield the experimental ratio 
ets 2.96 
—- =0.9+0.1 , (2.96) 


Te 


12M.L. Perl: Ann. Rev. Nucl. Part. Science 30, 299 (1980). 
'3 Review of particle properties in M. Aguilar-Benitez et al.: Phys. Rev. D45, Part II (June 
1992) 


05 On iO 
P-P. 
Pmax "Pe 
Fig. 2.11. The number of 


the observed electrons and 
muons is depicted as a func- 
tion of the momentum.” 
Here p, = 0.65 GeV is the 
lower limit of the momen- 
tum observed in the experi- 
ment. Each curve stands for 
one value of the mass of 
the 7 neutrino. The dashed 
curve is for V+A coupling 
and my, = 0 


74 


Fig. 2.12. Schematic picture 
of the storage ring facility 
SPEAR at SLAC 


2. Leptonic Interactions 


which agrees with the theoretical prediction (2.94) within the accuracy of the 
experiment. By inserting (2.95) in (2.92a) we can give a theoretical prediction for 
the lifetime of the 7 lepton: 


T, = eS (2.6+0.2) x 1078s, (2.97) 
We 
which at least does not contradict the experimental value (2.87). From this it follows 
that the coupling constant G occurring in (2.92a) cannot differ significantly from 
the coupling constant G of muon decay. 

To summarize, we conclude that according to the actual data the 7 lepton fits 
perfectly into the family of leptons (e, 4, 7). The only differences between these 
leptons are their masses and a quantum number that guarantees the separate con- 
servation of the electronic, muonic, and r-leptonic particle numbers. In particular, 
the leptons exhibit a completely universal behaviour in electromagnetic and weak 
interactions. 


EXAM Ea aaa 


2.13 The Discovery of the Tau Lepton 


The 7 lepton was discovered at the SPEAR storage ring by the magnetic detector 
of the SLAC-LBL collaboration (Stanford Linear Accelerator Center — Lawrence 
Berkeley Laboratory).'* The principle of a storage ring is that particle and antipar- 
ticle beams circulate within the ring in opposite directions and are forced to overlap 
in the region of the detector (see Fig. 2.12). The detector was constructed in such 
a way that electrons, muons, and photons, as well as hadrons, could be detected 
and identified within a large solid angle. In addition, the trajectories of the charged 
particles in the magnetic field allowed for a determination of their momentum. 


D 


D 
storage ring 


Through investigations of electron—positron collisions a number of events of 
the form 


+. = 
et es { a oe } + at least 2 unobserved particles 


were observed — until 1975 a total number of 105 events. These processes could 


not be understood in terms of a conventional interpretation, especially since the 
possible uncertainty in particle identification by the detector had already been taken 


'4G.J. Feldman and MLL. Perl: Phys. Rep. 19, 233 (1975). 


2.6 The Tau Lepton 


into account, that is to say, the most unfavourable assumption was made, namely 
that all processes with three observed charged particles implied the production of 
hadrons only. Thus every “electron” or “muon” was claimed to be a misinter- 
pretation of the detector. This allowed an estimate to be made of how reliable 
particle identification was. It was therefore possible to evaluate, from the number 
of observed events in which a lepton and a hadron, or two hadrons, occurred, the 
number of misinterpreted e—y events. It followed that of the 139 events originally 
observed, 34 were spurious and had to be subtracted. The immediate conclusion 
was that the uncertainty in particle identification could not explain all these events. 
One might argue that at least one of the observed particles was a charged particle, 
a photon, or a neutral pion decaying into two photons, but one not reaching the 
effective region of the detector. On the other hand, such processes would imply 
the occurrence of corresponding events in which the particle is actually detected. 
However, this was not the case. 

The sole remaining explanation was the interpretation of the e—y events in terms 
of the production of hardly detectable particles such as neutrons, K? (see Chap. 8), 
or neutrinos. However, the K? is ruled out by the reasonable assumption that the 
production rates for K? and K% are equal. The latter could easily be identified by 
its decay products 7+ and 7~. However, up until 1976 only a single event had 
been observed. 


m,~1.8 GeV 


ass <6 
Eree(Gev) 


A characteristic feature of the e—-j events is their threshold energy of about 
3.6-4 GeV, that is, they do not occur at lower energies (see Fig 2.13). Another 
significant property is that with increasing energy the electron and muon are pref- 
erentially emitted collinearly in opposite directions. This strongly suggests the 
production of a particle—antiparticle pair, 


ett+e7 orttr 


Owing to momentum conservation, the two particles should be emitted in exactly 
opposite directions. Hence, a higher energy implies that the particles have a larger 
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Example 2.13 


Fig. 2.13. Cross section for 
electron—muon events in stor- 
age ring experiments 
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Example 2.13 


Fig. 2.14. Production and de- 
cay of the + lepton 


momentum. Subsequently, the two particles decay into an electron (positron) or 
a muon which is emitted isotropically with respect to the rest frame of the cor- 
responding 7 particle. However, the larger the velocity of the 7 particle, the less 
the direction of emission with respect to the 7 particle’s rest frame contributes to 
the emission actually observed within the lab system, whereby the latter is then 
essentially determined by the direction of emission of the 7 particle. 

The observed threshold energy leads to the conclusion that the mass of the 
T particle lies in the range 1.6—-2 GeV. In order to characterize the nature of the 
T particle, there were in practice two options: either it is a lepton that decays 
according to 


(i Se) SI ENE ae 


and similarly for the antiparticle r*, or it is a boson with the following decay 
channels: 


F = C6 ab Tee tate, ; 


as are observed for example, in the decay of negatively charged pions. The latter 
interpretation, however, could certainly be ruled out by the analysis of the momen- 
tum distribution of produced electrons (positrons) and muons (the specific form of 
this distribution also contradicts the interpretation of the observed particle in terms 
of a neutron). 

Therefore the sole explanation that remained was the classification of the 7 
particle as a new, heavy lepton. Figure 2.14 illustrates how the total process results 
in the observed e— events. Since 1975 the properties of the 7 lepton have been 
extensively studied, its mass has been accurately determined to be 1784 +3 MeV. 
and the V—A coupling of its decay has been verified in detail. 


2.7 Bibliograpical Notes 
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3. Limitations of Fermi Theory 


The Fermi theory of weak interactions is patterned according to the well-known 
current—current coupling of quantum electrodynamics. All observations could — up 
to now — be classified and understood within this scheme. Nevertheless, as we shall 
see, the Fermi theory contains severe difficulties and is therefore unsatisfactory. 
In order to reveal these difficulties we shall discuss first another phenomenon of 
weak interactions, i.e. the neutral currents. 


3.1 Neutral Currents 


We have noted that there are no scattering processes of the form v,e~ — v,e~ or 
v,,e- — D,e~ in the framework of Fermi’s theory with V—A coupling. One there- 
fore has to carefully investigate experimentally whether such scattering occurs in 
nature. These experiments are extremely difficult, because the expected cross sec- 
tions (if any) lie in the range 10~41— 10-4 cm? (107!7 —10~”° barn). Only with the 
high neutrino currents in modern accelerators (Fermilab near Chicago, CERN-SPS) 
and high neutrino energies (several hundred GeV) did such experiments become 
practical at all. 

In fact many such processes were observed; the best experimental values for 
the cross sections are: 


a olrne ae cual 45-20 26) 10m pom /Gcy (3.1a) 
Vu : 

- Oca =o ce") —(lae= 1.0) < 105 sem? /Gey © (3.1b) 
Dy, 


The existence of such so-called “neutral” currents can therefore be regarded as 
being firmly established. Here the name “neutral current” has the following origin. 
If one starts from the conservation of electron and muon numbers separately, the 
only possible interpretation of the scattering process v,e~ — v,e~ is that at the 
interaction point the incoming electron turns into the outgoing electron and the 
incoming jz neutrino turns into the outgoing 4 neutrino. The obvious method to 
imp!ement this process in our theory is therefore to supplement the leptonic current 
J® by expressions of the form 


Uv, Voll Ys )Ury, ’ (3.2a) 


eVo( gv — gaysjue - (3.2b) 


Fig.3.1. Neutrino—electron 
scattering is not possible in 
the context of V—A theory, 
as developed so far 
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e- 


Fig. 3.2. Momenta and spins 
for neutrino—electron scatter- 


ing 


Here we have made use of the fact that in any event neutrinos must have negative 
helicity. The current (3.2a) does not contain a charged particle at all, that is it is 
really “neutral”, while in (3.2b) the charge of the particle is conserved, which one 
also somewhat sloppily refers to as “neutral” (in this sense the electromagnetic 
current uy“u is “neutral” for all particles!). Important is the fact that the incoming 
particle changes its charge in the charged transition currents as occurs in (2.1) and 
(2.4). This is not the case with neutral currents. 


3.2 Scattering of a Muon Neutrino by an Electron! 


We now calculate the cross section for v,e7 — v,,e~, starting from the currents 
(3.2). The relevant interaction term is: 


ie = G / “ 
Fin(uye” > vye~) = —= CE, Al —Ys)Uvy teYalgr ~ 94 Y5)Ue] .(3.3) 
V2 


Because the cross section is incredibly small, it is impossible to observe the helicity 
of the electrons before or after the scattering process. Hence it is sufficient to 
calculate the averaged cross section, where one averages or sums over all helicities. 
In addition, it is convenient to integrate over all momenta of the outgoing particles, 
since these are also not measurable in practice (the momentum p’ of the electron 
could in principle be measured, but the statistics of such a differential experiment 
would be completely insufficient). 

We then obtain the following result (the details of the calculation are the subject 
of Exercise 3.1): 


= Ge 1 ie d*p' 47 it t I 2 
5, 


tt! 


where 


M = [ity (RY — 5), (RK, OMe", 8" Walgr — 947s)ue(p,s)] . (3.5) 


The individual parts of the matrix elements are now evaluated exactly as in the 
case of muon decay (cf. Chap. 2). We start with that of the neutrino: 


cl Ys)Uv, CK, Div, (k, y= y5)uv,,(k", t’) 
fp! 
= Tr{y"(1 — ys)#°(1 — 75)#"} = 2Tr{y°#PC1 — 75)#"} 
= Qk ky Te{y*y"y7-y"(1 + ¥s)} 
= 8[k°K'8 — gk k) + KOKO — esi yy) (3.6) 


Analogously we find that for the electronic part 


' F.J. Hasert et al.: Phys. Lett. 46B, 121 (1973). 


3.2 Scattering of a Muon Neutrino by an Electron 


S tte(p', 8 elgy — 94s)Ue(P, 8 ite(P, 8)¥a(Gv — G4/s)Ue(D', 5’) 


i 
= Tr{Yalgrv — 94s)\(P + me)Ya(gv — gasp’ + me)} 
= Tr{yoP yap (gv + 949s) + Ya¥eme(gv + 94Is\(Gv — 94s)} 
= Tr{ yap yar’ (97 + 93 + 299vs)} + mT Yara }(GF — 94) 
= 4[ (97 +94) (Pap + PaPy — GaePuP') + 2igagveapavP"P” 
+migi —94)9ap) (3.7) 


where we have made use of the fact that the trace of an odd number of y matrices 
vanishes. 


The product of both results yields (we again write (p -k) instead of pgk® etc.) 


1 
5 LIM) = 32) + DIP HO") +0 HO -k 


+ 64gagv [(p - kp’ -k') — (p' - kp - k’) 
— 32(gp — ga)me(k - k’) 
= 32(gy + gy (p - kp": k’) + 32(gv — ga’ - HD -k’) 
— 32(g7 — ga)me(k-k’) (3.8) 


Now we again need the integral (2.33), which is found in Exercise 2.6, (17): 


djk! d>p' 
is -({& / HOE oe =e =m) 
z 2k, 2pp 6 


us m2 Z 
~ 24 f (k aad 
Im? 
. {es (& +p — me) + 2K +p)alk + P)s f + ae 
Ca 3.9) 


If we set a = (@ and sum over a, we get 


Ba Biol mg : 
[5 eee (k! p(k! +p! —k —p) = Tk +P/Y ji : | 


2ki 2p) (k +p)? 
T 2\ 2 
=-s{1—-— 3.10 
ts (1-@) , Guo 
where s = (k +p)’. Furthermore, we need the integral 
ack! d>p' : 
iS i = O(p' +k'—-p—kyk-k’) . (3.11) 
[eee +# PEK) 


In the centre-of-mass frame of the incoming particles k + p = 0 and kg + po = E. 
Also for neutrinos k’” = (k”,k’) with |k’| = 4, similarly |k| = ko. For k’ we 
introduce polar coordinates with respect to k, with 


k-k’ =Kkpkjcos@ . Gal2) 
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Then it follows that 


py (Vi? + m8 +E) 
c= / ee 
S 6 (ke + m2 + kj —E) 
= hy f anc —cos6) [ ae (3.13) 
0 4,/ki2 + m2 


To evaluate the integral over kj we need the root of the argument of the 6 function: 


g(ko) = 4/ ke? + m2 + kj —E =0 


koko(1 — cos 8) 


E? —m2 
ee 3.14 
= ky y5 (3.14) 
Using the chain rule for the 6 function (assuming that g(x) has only a single root), 
f@) 
dif (x)6(g(x)) = (3.15) 
/ lg’(x)| g(x)=0 
we obtain the following result: 
1 vio time + m2 
ri =7h [ ana — cos #2) ——=—— A 
: = m2 ki + a ee = ete 
(E2 — m2)? 
=7h [and SCS sa 
eres 222 
maul koE (E* —m 2) as mA E (E? — m2) (3.16) 


4 E2 4E2 "E242 
This result, which is up to now only valid in the centre-of-mass frame, can be 
written in a Lorentz invariant fashion if we consider that (Since 0) 


kop? = Kalk + py® 3" fo(k + p®) = kok (3.17) 
and 

f= ep) “2 Gene eE: . (3.18) 
Thus the variable s is the square of the centre-of-mass energy, it fulfils the relation 

sa(k+ py = +p? + 2kop* = 2kap*+ m2. (3.19) 
Hence in the rest frame of the electron before the collision, it holds that 

s = 2kop® + m? = 2E,,,m. + m2 = me(2Ey, + me). (3.20) 
With the relations (3.17-18), (3.16) takes the form 

s—m2y 
Lae pygmy : 621) 


which is valid in all frames of reference. 


3.3 »,, —e” Scattering 


The step function in (3.9) is obviously irrelevant, since we trivially have 
(kk+pyYy=s>m>0. (3.22) 


We therefore drop it. Inserting the averaged transition probability (3.8) into (3.4) 
and using (3.9, 10,21, 22), we get 


= G? 2 m: : TN m? : 
a= a3 {Gv + ga) ms (1 = | + (gv =e (1 = 7 | 


2I(k +p): pI +p): k] (1+) 


x (s —m2)+ a 


ms — m2) 
— (9% — 4) me | 


m2 : 1 m2 m4 
=—s{1-— 24 _(q, — qyy¥ EE dpe 
73 ( = lor +90 + kr — a) (1+ : +7) 
me 
(gy — ayn | wx) 


In the last step we have applied relation (3.18) several times, as well as the relations 
k*? = 0 and p? = m2. Ordering terms yields the result 


m2\* 2 iz 2 2,Me 
a 1 5 4 més 
oO aS ( 2 ) { + gagv + 94) — (OF gagy — 594) 85 


4 5(av Z ae } (3.24) 


For large scattering energies, m. can be neglected compared to the centre-of-mass 
energy E = 4/s: 


: - eo G?s 
GU dee” =o nse p= sy or + 9094 ga) i (3223) 


3.3 by, —e” Scattering 


For v,, — e~ scattering one simply has to exchange k,, and la (the incoming 
antineutrino corresponds to an outgoing neutrino of negative energy). Then (7, + 
e~ + v, +7) follows in analogy to (3.8): 


ESD IMP = 32007 + 90) BPH) 


G5/ t,t! 
4 32(9v — gap’ - k/ Np +k) — 32097 — game(k - k’) . G.26) 


We would have obtained the same expression if we had replaced g4 by —ga in the 
final results of the previous section. This procedure yields, for example, 


G’s 
G(Dy +e” 4 Hy +e) = ZG — 94gv + 94) (3.27) 


for large scattering energies. 
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Now, according to (3.20), s + 2m.E,,, or 2m.E;,,, if E,, or Ey, respectively, 
denotes the scattering energy of the (anti)neutrino in the laboratory frame. The 
experiment therefore has to be compared with the theoretical prediction 

oO 2G*me 


i a ae (9 £g4gv +94) - (3.28) 


With the value of G from muon decay we have Gm, = 2.707 x 10~*!cm?/GeV, 
and hence comparison with the experiment (3.1) yields 


g +9v94+ 92 =0.252 40.045 , 


97 —9vgat+ G9, =0.22640.174 . (3.29) 


Both expressions are of the same order in the limits of experimental errors. This 
tells us that gy g4 has to be small compared to (g3 + g?,), that is either g4 or gv is 
small compared to one. We therefore obtain two possible solutions: 


oy 20° G22 205 (3.30a) 


Which of the two coupling types, (mainly) pure A or pure V coupling, is realized in 
nature we cannot decide on the basis of experiments concerning electron-neutrino 
scattering alone. For this we need further experiments which are sensitive to neutral 
weak currents (see examples for further explanation). At present the best data values 
are” 


gv = 0.0434 0.063 , g,=—0.545+40.056 . (3.31) 


Hence the experiments give evidence of a nearly pure axial vector coupling for the 
neutral weak current of the electron. 


ERC ee 


3.1 Muon Neutrino—Electron Scattering Cross Section 


Problem. Derive (3.4) for the neutrino—electron scattering cross section. 


Solution. The coordinate-dependent spinor wave functions in the incoming and 
outgoing channel read: 


; _ _ f He(x) = (2p°V)—!/2u.(p, s) exp (~ippx") 
pera es ees =(2k° VAST (k, thexp (—ik,x#) G2) 
. Ue(x) = (2p” Vere os!) exp (ela ie”) 
t = be 
ee { Uy, (x) = ke Vali (k t’) exp (—ik/x") : a» 


* TE. Kim, P. Langacker, M. Levine, H.H. Williams: Rev. Mod. Phys. 53, 211 (1981). 


3.3 ¥, —e” Scattering 


With these wave functions we obtain the following expression for the scattering 
matrix element 


Ne BS) nif dt xHgloye = Vaca) 


i OG er 


= ye 167 4k pp 
x (ty (R't yal — uv, (k, 8) 
x (de(p’, s'\y*(gv — ga )ue(p';s')) (2) 


Here we have used (3.3) for the interaction Hamiltonian and performed the space- 
time integration over the plane waves, yielding the 6 function. 

According to the standard rules for Feynman graphs (see Appendix C) we get 
the scattering cross section by first calculating the transition rate per unit volume, 


l 
As Se pps Cue” = vye)|? : (3) 


and then normalizing on unit flux of incoming neutrinos, as well as dividing by 
the density of target electrons. The neutrino flux in the laboratory system is given 
by (Appendix B) 


, Map P = mbme kup" 


k°p®V a k°p°V : (4) 


The normalization of the spinors (1) is chosen such that one particle is present in 
volume V: 


a=5 (5) 


To obtain a physical cross section we still have to sum over all observed final 
states. Since one has to sum over all scattered particles the formula for the total 
cross section is given by 


ope 3yn7 W => a 
Os(Vye > Uye) = al a’p ail dk Sn aie a) mG) 
st gt! 


(27)? (27)? te 
Here the indices s,t denote that this is the cross section for certain polarizations of 
electron and neutrino before scattering. When averaging over initial spin states we 


have to pay attention to the fact that electrons can assume two spin states, while 
neutrinos appear in only one state of negative helicity: 


a Se OV Se” |) (7) 


If we combine (2-7) and furthermore make use of the relation (cf. (2.15, 16)) 
(Qn)'54(p! +k! —p —B) > VIQny8Q' +k’ —p—k , (8) 


we obtain 
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Exercise 3.1 


Fig.3.3. Neutrino-electron 
scattering in Fermi theory. 
Each scattered particle changes 
its charge 


— 


G2 1 d°k' d?p' 1 
ee O(n a Spey S Vile. 9 
2m? 16k -p) | 2k i/ apt) Ok eee A ©) 


got ff? 
where M is given by (3.5). 
SS EEE OO ea 


3.4 High-Energy Behaviour of Neutrino—Electron Scattering 


The first problem of Fermi’s theory of beta decay is the existence of weak neutral 
currents, which it did not predict. Nevertheless, we have observed that these can 
be easily introduced into the theory. The generalization, however, appears to be 
quite crude and not very elegant. The second problem of Fermi’s theory lies in the 
fact that the cross section for neutrino-lepton scattering in general increases with 
the square of the centre-of-mass energy, that is with s (see (3.17, 25, 27)). This 
holds also for the “normal” processes with charged currents, like the two displayed 
in Fig: 3.3: 


7” e V, ie 
e- Vv, e V, 


In these two cases one finds the following expressions for the averaged cross 
sections (cf. Exercises 3.2 and 3.3): 


Pitee oe G2 a oA 

a(Ree eh) = 3° (1 — = (1 — 7 | , (G32) 
SR SOR ae 

CONS 1 aS (1 = =) a oe (233) 


When calculating the cross section for v; +e~ > i; +v one furthermore observes 
that it is completely isotropic (this is not valid for 7 +e — e- -— 7e)) ence 
only the partial wave with angular momentum zero (s wave) contributes to the 
scattering! This can be intuitively understood: the current—current coupling of the 
Fermi interaction allows scattering only if both particles are located at the same 
point. Thus neutrino and electron have to come very close together during the 
scattering process; the collision must be central. This demands a vanishing relative 
angular momentum. 

The general partial wave analysis is explicitly treated in a later section. Here 
we only use the result, that is (3.80) and (3.81). The differential cross section in 
the centre-of-mass system is 


J J 
Sit DVO vryal > (3.34) 
df 


( da ) tome 
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3.4 High-Energy Behaviour of Neutrino—Electron Scattering 


if the two particles have helicities \;A2 before and Aj A} after the collision. Here p 
is the absolute value of the momentum of the particles in the centre-of-mass frame 
(cf. Exercise 3.4) 


p? = 5 ((s — mt ~ m3)? — Amp m3) =P . (3.35) 
and A = Ay — Az, ’ = Ai — Aj. T denotes the matrix elements of the transition 
operator T, which is defined in (3.67). 

As we already know, an important consequence of the V—A coupling is that 
massless particles experience an interaction only if they have negative helicity. For 
particles with non-vanishing mass, the operator (1 — ys) projects approximately on 
negative helicity if the particles move relativistically, that is p >> m, as was shown 
in (1.21). It therefore holds that 


i SOO J 
PYM —* TH y_1,-1-16 1 194-164-199 -1 . (3.36) 


In the following we therefore simply write T without indices. 
Hence, after averaging over initial helicities, we see that the scattering cross 
section in the limit of high energies is given by 
2 
do s—00 it 
= 
aQqcemM 4p? 


S [QI + Idjo(T? 
J 


2 


(3.37) 


1 
al ’ 
Sy) 


S [QJ + I)Ps(cos 8)T” 
J 


where (3.35) was used. The unitarity of the scattering operator, St§ = 1, means that 
the scattering probability in each single partial wave reaches at most the value 1. 
The contribution of the s wave (J = 0) to the total cross section is therefore limited: 
4m ye An 
6 = 44——(J = 0) = oalena —.: (3.38) 
This value is called the unitarity bound. ; 
Since the calculated averaged cross section of the reaction yje~ — 1; Ve is 
exactly isotropic, the sole contribution to the scattering comes from the s wave 
according to (3.37). We therefore have the physical constraint (s > m?) 


Gs 4n 


o(v;e. > lve) = — < — 
(VY; iVe) 1 ie ? 


yielding the condition 


s< = = (734 GeVy . (3.39) 


The critical value is reached when every particle in the centre-of-mass frame obtains 
an energy of about 367 GeV. We are, however, still far from reaching this value 
experimentally; because of (3.20), s * 2m,E*», the critical neutrino energy in the 
laboratory system is 
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Fig.3.4. Contributions of 
the higher order to neutrino— 
electron scattering 


Est — 5.27 10°GeV (3.40) 


The fact that the cross section ¢ « G*s/m can formally exceed the unitarity bound 
does not imply that unitarity is actually violated, since ¢ was calculated from 
perturbation theory. Hence it only implies that one has to consider higher-order 
terms of the perturbation series (multiple scattering) or, in other words, that one 
cannot simply use plane waves for the scattering particles. Typical processes are 
depicted in Fig. 3.4. To study the high-energy behaviour of the theory, one therefore 
has to calculate higher-order processes. This will lead us to another difficulty of 
the Fermi theory, as we shall see in a moment. 


Ve e Ye Ce Ye 5 Ve 
en Y% e Ye e- Vs e- 


+ neutral currents 


EXERCISE 


3.2 The Spin-Averaged Cross Section for Antineutrino—Electron Scattering 


Problem. Calculate the spin-averaged cross section for antineutrino—electron scat- 
tering according to Fig.3.3a and the angular distribution in the centre-of-mass 
frame. 


Solution. We use the same notation as in the first section of this chapter. The 
spinors for the incoming and outgoing particles are then as follows 


acoming = J Ue) = 2p°V)-/?ue(p, s) exp (—ip,,x") 
ae el) = (2K°V)“"/2v,,(k, ft) exp (Fikyx!) oy 
. Ue(x) = (2p"V)-'/2ue(p', s’) exp (—ip/.x") 
t = 7 
gates { Ho,.(x) = (2kV)—"/2y,, (ke! t") exp (+ik,x") ; lp) 


Writing down the interaction Hamiltonian, one has to pay attention to the fact that 
in the spirit of the Feynman rules the antineutrino with (K#" t’) is an “incoming” 
particle of negative energy, while the incoming antineutrino with Gee 1) isean 
“outgoing” particle. Here the only possibility is 


Hin(Dee” — iee~) = 7 / Axor (XV G(x) (2) 
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V (k*,t) (oes) 


(p* ,s) Ct) 


with the scattering matrix element 


we G Oe ee pate 
Sip = ae) Se ee 
a oe - 16V 4kopokips 
where 
M = |ii,,(K, t)Yo(1 — ys)ue(p,5)] [te(p', s’}y" 0 — ys), (kD). (4) 


Here we have already performed the space-time integration. We can literally copy 
from Exercise 3.1 all steps which lead from (3) to the averaged cross section. If 
we want to get the angular distribution of the scattering, we must not, however, 
integrate over the scattering angle of the antineutrino and therefore have to separate 
the integral over dk’ into an integral over d|k’| and the angular part d2 (here we 
work in the centre-of-mass frame): 


da 
7a ee — Dee) 
dp! d|k'ly, K's ‘S |S |2°p°V 
Qn’ (27)? Ta TE ant) 
feces! ap ic 
~ 2n216(k-p) J 2p) 2k! 
4 2 
x op + —p- 5 D> IM (5) 


Bat fet! 


with the matrix element M from (4). The result (5) corresponds exactly to Exercise 
3.1, (3). The matrix element splits into parts, containing physically incoming and 
outgoing particles. For the first we find, analogously to (3.6) 


3 a.(k, yal — 1s)ue(P, S)iie(D, 87a — 75)%v4(K, 1) 


Syt 


= Tr{Ya(l — ys)(9 + me)ya(1 — ys)#} 

= 2Tr{Yo(p + me)ya(l — Y5)#} 

On Mea eel 45)} 

= 8[Pakg amt Jap (P -k) + poke a anes | ’ (6) 


where we have dropped the term proportional to m, since it contains an odd number 
of y matrices. The second term of M yields 


Fig. 3.5. Notation for the cal- 
culation of antineutrino-elec- 
tron scattering 
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Yelp’, 5/71 — 95)¥re(, )8,,(8' t)7P (1 — Y5)ue(P", 5”) 
gt 
= Tr{y*(1 — 75)#"77C — 5)(p" + me)} 
= 2Tr{y*H'7°A — 95)" + me)} 
= 2k, py Tr{y*y4y?y"(1 + 5)} 
= SRP ge Sp kp ere (7) 
A comparison shows that (6) emerges from (3.6) by substituting k — p, k’ > k. 


Analogously, (7) follows from (3.7) by substituting p — k’, with gy = g4 = 1. 
With these substitutions we obtain, in analogy to (3.8), 


i 
5 DL IMP = 1280": p)p'-k) (8) 
Sas niet! 


Since the scattering angle @ is to be measured in the centre-of-mass system, we 
continue the calculation in this reference system: 


ptk=p'+k'=0 , (9) 
S=(P+khY =@thY=aQHt+h)y . (10) 


The identity of both expressions before and after scattering is guaranteed by the 6 
function in (5). For the same reason, and because k? = k’? = 0, it follows that 


(k'-p) = [k'-@! +k' — bk) =p) -(-k) (11a) 
(p'-k) = [o+k—-k’)-k] =@-k)-('-k) (1 1b) 
By taking the squares, we find that the definition of s (10) yields 
1 
@-K=56—m)= Kp) . (12) 


Finally, because ko = |k|, kj = |k’|, we have 


(k-k') = kokg —k-k' = kokg(1 —cos6) (13) 
With the help of (11-13) we obtain: 
1 2 
(k’ - p\(p' +k) = Fo — m2) — koki(1 — cos 0) : (14) 


3 


To express ky and kg in terms of s we combine (9) and (10) 


ky = V/s — \/p? + m2 


= v5 — kg + me (15) 
and solve for ko, giving 


ko = (2s) "(8 — m= hy. (16) 
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The last equality holds, since (15) is also valid for kj. Then we have 
(k’- p)(p' - k) 


1 2\2 we Mee , 
=e ae f+ + (1-72) cos) ; (17) 


The differential cross section is therefore given, according to (5) and (8), by 


do G? > m2 m2 q 
mie oa [i+ 7+ (1-2) coso| 
dp! [ee) r 
x | mn / kodkg Op +k'-p—k) . (18) 
0 


Here we have again made use of (12) and the relation kj = |k’|. The remaining 
integrals are easily performed by splitting the space-time 6 function into time-like 
and the three-dimensional spatial parts: 


5(p9 + ky — po — ko) = Sa + ko - Vs), (19a) 
Sip +k'-p-—kh)=&(p' +k) , (19b) 
where we have exploited (9) and (10). Now, because |k’| = kj, the momentum 


integral yields 
[oe @) 
je dk poe’ (p? + m2)? 6 (« + 4/p? + m2 — vi) &(p' +k’) 
0 
oO 1 
= [rats (ky + m2) *6 (Xs + ko) + m2 — vs) 


0 


2s 


WW 


Bf a ay OS) (20) 
2x? 


where x = kj + ,/kj + m2 has been substituted. The differential cross section is 
then 


da G m2\* m2 m2 : 
qe =r Vee. ) = ae (1 aa [ ap 7 SF (1 = 7 cos 7 0 (21) 


In the limit s >> m2 we have 


da G?s da 


— x — — 0a (22 
AG eee, ie GAG ) 


6=7 


This is easily understood if we consider that the antineutrino has positive helicity, 
and in the limit of high energies only the negative helicity state of the electron 
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oe 


Exercise 3.2 
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before 9, ——_——>—s— xs S — 


CS s—_—_- —-— > . _ “0=0, permitted 
after 
*7. SSF Ee 


Fig. 3.6. Allowed and forbidden antineutrino—electron scattering. Note that spins cannot flip, 
because the projection of the angular momentum on the scattering axis is conserved. In the 
case of vy, — e” scattering this argument is not applicable, since the total helicity in the 
initial and final state vanishes 


participates in the interaction. The situation is depicted in the Fig. 3.6 as seen for 
the centre-of-mass frame. The total cross section is obtained via the formula 


[axa + bcos 6)’ 


4) 
= an | d(cos 6)(a + b cos 6) 
-1 


2 Sell 
= Dar (« cos 6 + ab cos” 6 + a) 
cos Gy 
b2 
=4q («? + 5) ; (23) 


as 


S RY 
Ge me mé 
== (1 _ “| (1 4h * (24) 


Thus (3.32) has been derived. 


TS TOU i Ra 


3.3 The Spin-Averaged Cross Section of Muon Neutrino—Electron Scattering 


Problem. Calculate the spin-averaged cross section for muon neutrino—electron 
scattering according to Fig.3.3b. Show that the cross section is isotropic in the 
centre-of-mass frame. 


Solution. In this case we deal exclusively with particles; the spinors are therefore 
given by 


3.4 High-Energy Behaviour of Neutrino-Electron Scattering 


(k#t) Gis S) 


ea (p" ,s) Ca) Ve 
ue(x) = (2po.V)~"/?ue(p,s) exp (—ippx") 
ty, (6) = (2koV)—/*u,, (hk, t) exp (—ikux") 
1 
u(x) = (2p6V)~'?u,(p',s')exp (—ip),x") i 
Men 2kGV =! 7u,.(K ,t)exp (—ik' x") 
Scattering according to the Hamiltonian 
= z G 
Halve + Wve) = [@xs2*ouiyen (2) 


yields the scattering matrix element 


G 4! i 
(ye WW) = ~i Gen) EM 6) 
where 
M= [iiL.(R’, Pel — 5 )ue(P, S)| [a,.(p', s‘y* (1 < Ys)uUv,(k, t)| : (4) 


The computation proceeds completely analogously to that in Exercise 3.2; hence 
we obtain (|k’| = kj) 


fe 
sate > pb ~ Ve) 
G d°p d tod / I 2 
= FP 1G aa! [aK 0 ep 1) Sir © 


i i 
s,s’ t,t 


Since the neutrino is massless, the calculation for the electronic part of > |M|? is 
similar to (6) of Exercise 3.2. We only have to replace k by k’: 


Sti (k’ st’ ¥a(1 — Ys)uelD, sHe(P’, t’ya(L — Ys)uve(k’£') 


Sy! 
= 8 [Paks — gasp -k’) + Paka + i€aypphk”) (6) 
For the muonic part we are able to use Exercise 3.2, if we substitute k for k’ and 


m,, by me. This yields 
S Hu(p’,s’Yy° (1 = 75)tv, (R, iin, Ck, YPC — Ys) p(P's 8’) 


s/t 
Se? =a) to ea eae (7) 
als (6) and (7), it follows as in Exercise 3.2 that 


= 73 |My? = 128 x (K-p)(p’-k’) (8) 


2a 
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Fig. 3.7. Notations for muon 
neutrino—electron scattering 
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Exercise 3.3 


As in Exercise 3.2, (12), we have (p’ - k’) = 3(s — m2); thus we obtain, this time 
without lengthy intermediate calculation, 


Gi G71 dp! 
(Use > p%) = als — mp [2 fargo Te ipl). (O) 


To compute the momentum integral we refer to Exercise 3.2, and consider the fact 
that the muon mass m,, in the final state enters instead of me: 


[e-@) 
fon {2 5 (kj + 2+ m2 — Js) &(p! +k’) 
0% ; 0 Dp L 
\/ Daim 


0 
2 
8 Shs 1 
= . (10) 
As a final result we therefore obtain in the centre-of-mass frame 
2 

do ~ 7 G*s m2 
qn ue —> [L Ve) = AD. ( = = ; (11) 


that is, the cross section does not depend on the scattering angle 0. Integrating over 
all angles yields a factor 477; hence we have 


G m2\* 
o(Vy,ze — pb ve) = —s ( — 72) (12) 
7 


in agreement with (3.33) for i = yu. 
For neutrinos of other leptonic families (e, 7) the calculation proceeds identi- 
cally, but the Hamiltonian (2) is in general given by 


G 
Hae > hi) = ef PaO imeur (13) 


For the final result one simply has to replace the muon mass everywhere by the 
mass m; of the charged lepton /,. 

One more remark: In the case i = e, that is for Vee — Vee, the above equation 
describes only the scattering by the charged weak current. In principle one has 
to add the scattering by the neutral weak current, which cannot be experimentally 
distinguished from the former. A similar scattering process was studied in Exercise 
3.1. Since the final states cannot be distinguished, both scattering matrix elements 
have to be added coherently! 
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EXERCISE 


3.4 High-Energy Scattering 


Problem. Derive (3.35). 


Solution. The variable s is defined as the square of the total energy in the centre- 
of-mass frame (cf. (3.18)); hence it holds that 


2 
eee (s/mP +p? + y/md +p?) (1) 


since |p,| = |p.| = p in the centre-of-mass frame. This relation must now be 
solved for p. By performing the multiplication on the right-hand side, we first of 
all obtain 


$= mp + mz + 2p? + 2/my + pr/mz +p? , (2) 


and from this 
(s — m? — m3 — 2p”)? = 4(m{ + p?)(mg + p’) 
= (5 = mj — mz)’ — 4p*(s — mp — mz)? + 4p" 


= 4m?m2 + 4(mj} + mZ)p? + 4p". (3) 


Here some terms cancel, leaving 


(s — mj — mz — 2p?) — 4p*s = 4mi my (4) 
and hence 
1 
p? =z [6 —m? = m3)? — Amini] 6) 


In the limit s — oo one can neglect the masses of the particles, and (3.35) follows 
from (5): 


p= (soo) . - (6) 


SS SSS SSS 
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The description of the scattering of spin-4 particles is more complicated than that of 
spinless particles owing to the possibility of spin flips. In a relativistic description 
we have the further complication that a Lorentz transformation in general changes 
the direction of the spin vector. When considering the polarization of the electron 
in the muon decay we took this into account by defining the spin direction in the 


rest frame and then properly transforming to the laboratory frame (2.23) 


OS 
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EEE EE eee a eee 


st = (0,8) > ed rt ed (3.41) 


Defining the spin vector in the rest frame of the particle has the disadvantage that 
in a scattering process between two particles four different spins appear (two before 
and two after the collision), which are defined in four different reference frames 
and first have to be transformed to a common reference frame, for example the 
centre-of-mass frame. To define the spin vector in the respective rest frame has 
the additional disadvantage of failing for neutrinos, since one cannot define a rest 
frame for massless particles. 

For these reasons it is convenient in relativistic particle physics to classify states 
of a particle by means of the helicity instead of its spin vector. We have already 
encountered the helicity operator 


fee! a on a5 (3.42) 
Ip| 

in Chap. 1 when we discussed the neutrino states. The helicity specifies the com- 
ponent of the spin-4 2' in the direction of the particle momentum p. Note that 
J= 1S), which implies that the eigenvalues of the helicity operator are +1. It is 
true that the helicity is not a Lorentz invariant quantity, but being a scalar product 
of two 3-vectors it is at least rotationally invariant, and it also has the advantage 
of being properly defined for massless particles. The trick is simply to use the 
direction of motion of the particle in the observer’s frame as a reference axis to 
fix the direction of the spin vector. 

For massive particles one can use both types of description. To this end we 
start from the rest frame of the particle. We assume that the particle has rest mass 
m and spin s. Then the particle states are described by the projection jy: of the spin 
onto the z axis; we denote it in the form 


=U) 5 = Ses . (3.43) 


For Dirac particles, in the coordinate representation, these states are given by 


lp = 0, 1) = (2mV)~2 ca ? X44 = (4) ) X=} = . (3.44) 


In the standard treatment one obtains the corresponding state, where the particle 
moves with non-vanishing momentum p, by a Lorentz transformation L(p). Ac- 
cording to Appendix D, for Dirac particles this transformation is accomplished by 
a unitary transformation 


U(L(p)) = exp(ién - K) = exp len (v 4p ae = 5) | (3.45) 


where € = artanh (p/po) is the rapidity and n = p/p is the unit vector in the 
direction of motion (p = |p|). Therefore we have 
Ip, 1) = U(L(p))|p =0,u) (3.46) 


We now look for a transformation that transforms eigenstates of the z component of 
the spin into helicity eigenstates. We proceed in several steps. At first we consider 
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the special case where the particle moves in the z direction as seen from the ob- 
server’s frame. The helicity eigenstates in this system are just the eigenstates of the 
spin projection onto the z axis. One obtains them from the corresponding states in 
the rest frame by applying the transformation U(L(pe-)), since this transformation 
commutes with the operator J,. We therefore have 


pee —U ie.) \p—0,0—\) (3.47) 


From this state one can generate the helicity eigenstate of a particle moving in an 
arbitrary direction by applying a convenient rotation operator. Let 


n= ; = (sin 0 cos ¢, sin sin ¢, cos @) (3.48) 
be the corresponding direction vector. Then one can define the desired helicity state 

Ip, A) = RY, 8, -d)U(L@ez))|p = 0, n=), (3.49) 
where according to Appendix C the rotation is described by 

R(¢, 0, —¢) = exp (~5¢% exp (-568) exp (+58) é (3.50) 


The Euler angles of the so-defined rotation are chosen in such a way that e, 
transforms into the unit vector n. The third angle which describes the first rotation 
around the z axis can be arbitrarily chosen and is fixed here by demanding that 
R(¢,0,—¢) = 1 for all ¢. Now we still have to construct the spin eigenstate 
corresponding to the rest frame, which has to be inserted into (3.49). This state is 
found by inverting (3.46). Combining everything one gets 


Ip, A) = R@, 0, -H)U (Lee, ))U(L"(p)) |p, uw =), (3.51) 


where, of course, L~!(p) = L(—p). Since R(¢, 9, —¢) exactly transforms the vector 
pe, into the vector p, we have 


R(b, 6, —)U (L(pez))R'(¢, 9, -¢) = UL). (3.52) 
Hence we can also write (3.51) in the form : 
Ip, A) = U(L(p)) RG, 9, -A)U(L(p))|p, w= A) - (753) 


The interpretation of this formula is obvious: one obtains the helicity eigenstate 
from the corresponding spin state (in the observer’s frame) by first transforming 
into the rest frame, then rotating in the direction of motion, and finally returning 
to the original reference frame. 

The next step consists in constructing states of good helicity for two particles. 
Here we are interested in the centre-of-mass representation, where p, + p2 = 0. 
Since both momenta point in opposite directions and have equal absolute values, 
this state is uniquely determined by the quantities 


p=\|pl=l|pl ; 
(9, ’) = (71, $1) = (1 = 02, 2 = T) ’ (3.54) 
3 Eee 


Dy 


Fig. 3.8. Two-body helicity 
states for spin-4 particles. 
A = 0 if the spin points 
along the direction of mo- 
tion. The second case shows 
A= Il 
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For this state the following relation holds: 

IP 9, b, 1,2) = [py A1) [P25 2) = [Pas A1)| =P), ‘ome (3.55) 
As the total helicity of the two-particle state one defines 

A=X-2A2 . (3.56) 


Note that A changes sign when the two particles are exchanged. Our Dirac wave 
functions (see Appendix B) are normalized in such a way that for one-particle 
states the relation 


3 
(P', tp.) = 59@ — pony 3.57) 


is fulfilled. Accordingly the two-particle states satisfy 
(P1, Ai |P1, A1){P), AZ|P2, A2) 


(27)? 3 1y\ 3 , 
= 2) (P| — P\)o (p2 — P2)6y11Or94 P (3.58) 


Transforming to new coordinates P® = (p? + p%) and k® = (pe — p>), we have 
O(p, — DI)O(, — pi) = O(P — PYP(k—k’) (3.59) 


since 6, and 6’, ¢’ are just the polar angles of the relative momenta of the two 
particles. This transformation holds, since for a coordinate transformation from the 
set of N variables x; to the set y,, from the normalization condition 


/ 5(va)d%y = i 5(x;)d" x 


one can derive the relation 


We 
det & ) 


Hence the centre-of-mass systems of the incoming and outgoing particles coincide. 
In the common centre-of-mass system it then holds that \k| = p (cf. G.54)), 
|k’| =p’, and therefore 


=! 


6Va(%i)) = 6(xi) 


ae) 
6(|k| — |k’|) = 6(P° — p” aim (3.60) 
with 
dP® d ( pP® _ pys 
—— = — [ \/M?2 +p? + Mj +p) = 2 = Pv 3.61 
d|k| dp : P\P) Pi oo 


where s = P? as usual. 

Inserting this into (3.59), we obtain a four-dimensional 6 function for the centre- 
of-mass momentum. It is therefore convenient to separate the plane-wave part of 
the centre-of-mass motion: 
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_ 2m (_vi \? 
OOM a) = V an |9, 2, A1, A2) |P) ’ (3.62) 


with the orthogonality relations 


(0, ¢’, x ’ 319; ?, Ai ’ 2) = 6(cos 8 — cos Odo ae 6,» Bron ’ (3.63a) 


(PP) =8(@ -P’) . (3.63b) 


Thus the norm of the state (3.62) agrees with the right-hand side of (3.58), as one 
may readily prove by calculation. 

According to our general rules, the differential cross section is given by the 
square of the transition amplitude integrated over all final states and divided by 
the space-time volume VT, as well as by the flux of incoming particles J, and the 
density of target particles. In the centre-of-mass frame (p, = —p, = —p) 


ei CO ea! Pi eP> 
oa aca) 


Pp € zs =) ee (3.64) 


yep DB) V2p?po 


Hence in the centre-of-mass frame we obtain 


[oe] 
do _ V'pip? y [ 4 Pi v | d|p5||p5/ 
dQ pJsvT | Qn? Qnp 


eo VOUS SOO ey 


2 
aioe fe da°P' [ove / n 2m)? Js ) 
~ p/s(2n)sVT FE ae 
x [(P’ Pee on cuiolo eien, (3.65) 


Here we have assumed that the particles enter along the z axis 0 = ¢ = 0, and are 
scattered in the direction (6, ¢). S is the scattering operator and is given by, 


t 
5 = jim T lew (-i / a'tt)| , (3.66) 
OO =p 


where T denotes the time-ordered product of operators. Since the centre-of-mass 
energy is conserved during the scattering process if external fields are absent, 
the scattering matrix element differs from zero only if P’ = P. Therefore it is 
convenient to introduce the so-called transition matrix (T matrix) by the following 
definition 


(Feo lena, 210 (P — P')laz|T loi), (3.67) 


where we have abbreviated further quantum numbers of the initial and final state 
by a; and a, respectively. If we insert the definition in (25) and again make use of 
the symbolic relation (27)154(0) = VT, we obtain 


oN) 
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1 
do ef a i. 112 64 / 
eee eee ee dp'p?6(P — P') 
dQ ppp} 0 


aC ORME CPA RP CDC) ae (3.68) 


Because of (3.60,61) we have 


0,0 
JE 
O(P =P) 6 (P= Pp (3.69) 
ps 
so that we get the differential cross section in the centre-of-mass system after 
performing the momentum-space integrals: 

do (4m) roy 2 

dn Soe WxeasecF vane : (3.70) 
We have therefore found the general expression for the relativistic two particle 
scattering cross section. 

The dependence of the transition matrix element in (3.70) on the scattering 
angle becomes clearer, if one performs a partial-wave decomposition. This is done 
by transforming the functions |6,¢,1,A2), while specifying a certain direction 
of the relative momentum, into a superposition of functions with good angular 
momentum, or, in other words, by projecting on good angular momentum. The 
functions which accomplish this are the Wigner D functions, 


21 
YsM, 1,22) = Ef ao 
4n 0 
+1 


x / d cos 6 Diy\(¢, 8, —4) |0, —4, Ax, A2) 
=i 


(3.71) 


where again AX = A, — Ap. 
The inversion is given by 


pel 
19,8, A1,A2) = J D, Pisalbs 9-9) HM, 1,22) : (3.72) 


The new functions fulfil the eigenvalue equations 


INEM) SG DV,M,Ay,A2) , (3.73a) 
Jn ,M, Ai, A2) = M\J,M, Ay, A2) ’ (3.73b) 


and their orthogonality relation is given by 
(J',M’, 1 Agl7,M, Ai, Az) = 811 8ntntby, 1 5px G (3.74) 


Since angular momentum is conserved in a scattering process of two particles, 
only terms with J = J’ and M = M’ contribute to the T matrix. Furthermore the 
value of the matrix element has to be independent of M, otherwise a certain spatial 
distribution would be preferred. Hence we can write 


> See E.M. Rose: Elementary Theory of Angular Momentum (Wiley, New York 1957). 
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7 2'+1)(2/ +1 
(8,6, IF 10,0, 1,2) = > Se QJ + 1)( ) 
J',M' JM 
x Dyy\i(G, 8, -G)Dix (0, 0, OM‘, 1, ABITV,M, A122) 


as al : 
ae \p De Cnge= Dy (00,0) J NON ITU Ve NG) 


(3.75) 
With 

DY GO ae cee (3.76) 
and 

Fintm (9) = Om'm (3.77) 
this can be further simplified to yield 
241) _~_y ‘ 
a ne z AON dL (YT A MANTA Mts Aa) (3.78) 


As already mentioned, the matrix element cannot depend on the value of M; hence 
we can write it symbolically in the form 


(J,A4, ANTI, Ar, A2) (3.79) 


and choose the most convenient value of M, for example M = X as in (3.78), 
to evaluate it. In the centre-of-mass frame the differential cross section therefore 
assumes the simple form 


sd = |f(6, ¢)|" (centre-of-mass frame) (3.80) 
with 
£G, ¢) = —e Ot DIQL + Da a(DY,%, API An 2) 2 3) 


The unitarity of the scattering operator (3.66), StS = 1, leads to the following 
formal equation for the operator of the T matrix, which is defined by (3.67): 


eae eee 21 (3.82) 
The matrix elements of the scattering operator satisfy the unitary constraint 
[ales (3.83) 


This can be readily shown by calculating the matrix elements of the unitary relation 
StS = 1, given explicitly by >, S, VS = dy, and estimating the following 


noon 
G1 =F; 
Oi = ye Sul? = (Sul? = (1+ 27s? =14+41Ta? , (3.84) 


n 
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Fig.3.9. Neutrino-electron 
scattering in second order 


which implies 1 > 1 + 47|T7;;|* and, therefore, |7j;| = 0. 
(its: 
l 
t= D7 lsu? 2 Sel = 41 — [el <5 <1 (3.85) 


Of course, one has to assume orthonormality and the closure relation for the func- 
tions which form the basis of the representation of S. 


3.6 Divergences in Higher-Order Processes 


We concluded in one of the previous sections of this chapter that the high-energy 
behaviour of Fermi’s theory is determined by higher-order processes. However, if 
one tries to calculate such processes a new difficulty arises. Let us for instance 
consider the contribution of the diagram in Fig. 3.9 to neutrino—electron scattering. 
The interaction Hamiltonian at both vertices is 


G 
Hin (Vee — €7 Ve) = Fi / Ox INTs ole: (3.86) 


Chant) 


According to standard Feynman rules (see Appendix C), inner fermion lines are 
represented by Dirac propagators; the contribution to the scattering matrix element 
is therefore 


4! ! as 
S Cen Se “w= -i Fe ny ens Se) guineas) 


dg its 1 
x [SS rtp, syra( oa Wr pl — rout, )| 
« Fall — Gh ae) 
(een) 


As required, we have integrated over the 4-momentum ee exchanged 1 in the first 
scattering. One observes that this integral over q diverges, since only two powers 
of q appear in the denominator 


d*q ad es 
5 xg? [A z ae | Se ei | qdq. (3.88) 
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Such divergences in Feynman graphs of higher order in the Fermi coupling constant 
G are in principle nothing new; they also appear in quantum electrodynamics.* A 
typical divergent graph is the self-energy of the photon in lowest order (“vacuum 
polarization”), where a quadratically divergent integral over the exchanged mo- 
mentum q also arises (Fig.3.10). In this case, however, the quadratic divergence 
can be eliminated by demanding gauge invariance for the photon propagator. What 
remains is a logarithmic divergence of the form [ dq/q which can be absorbed by 
renormalizing the electric charge (‘charge renormalization”). This procedure is not 
applicable to the divergence (3.88), since there is no gauge principle in Fermi’s 
theory which could reduce the order of divergence. In higher-order processes even 
worse divergences appear. One says that Fermi’s theory is not renormalizable.> The 
reason for the divergence of the integral in (3.87) lies in the nature of the interaction 
vertex between the electron and neutrino, namely that both particles interact only if 
they are at the same place. The sole g dependence therefore arises from the prop- 
agators of the particles in the intermediate state, but the current—current coupling 
does not contribute any gq dependence. However, if electron and neutrino were 
interacting by means of an “intermediate” boson W (as in the electron—electron 
scattering of QED), as illustrated in Fig.3.11, one would have an effective Fermi 
coupling constant which would depend on the momentum transfer: 


Z g gy 
de = ge = | I OO) (3.89) 
; gG-My ¢ 
Here g is a dimensionless coupling constant for the vy, —e — W vertex. The second 
interaction point contributes another g dependence through the momentum transfer 


Oop — a): 
2 2 
g g 
eee (q— ow) . (3.90) 
(7 =p a) Me ge 
Now we would have four additional powers of g in the denominator and the 
diagram would finally behave as: 


dh Ve dq 
SOx ‘fd (5) ag {4 (3.91) 
TP ee q° 


which is no longer divergent at the upper boundary (¢ — oo). Hence with the 
help of an intermediate boson one could construct a consistent theory of weak 
interactions. 


Gen((p' — p — 9)°) = 


4 See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 

5 This statement should be handled with care. Strictly speaking it means only that Fermi’s 
theory is not renormalizable in successive orders of perturbation theory. If one were able 
to sum all orders explicitly, it might eventually happen that the complete theory contains 
no divergences. (As an example of such behaviour we refer to the integral ip exe = il. 
If we expand the function e~* in terms of the power series e"* = 1—x +x7/2! =a ee 
which is convergent for every x, the integral over each single term of the series diverges!) 
In a somewhat different context it was recently conjectured that point-like four-fermion 
interactions may, indeed, be renormalizable under certain conditions. 


Fig. 3.10. Vacuum polariza- 
tion in QED 


& 


Fig. 3.11. Electron—neutrino 
scattering by means of a pos- 
itively charged intermediate 
boson (W*) 
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em e 
Fig.3.12. Neutral current 
coupling by means of a neu- 
tral intermediate boson Z° 


Unfortunately we know from Fermi’s theory that the coupling must have vector 
character (or axial-vector character). The intermediate boson W has to couple to 
the vector currents j,, and hence must be described by a vector field, that is, it must 
be a spin-1 particle similar to the photon in quantum electrodynamics. As shown 
in Example 4.6, the propagator for a spin-1 particle has the form 


_ 4pdu 
Inv My, Qu const 


PM PM MG 
The appearance of the momentum gq in the numerator just destroys the whole effect 
of introducing an intermediate propagator. Such a theory would therefore also 
be non-renormalizable. The renormalizability of quantum electrodynamics derives 
from the fact that the photon has vanishing rest mass; in this case the propagator 
again has a different form (see Example 4.6), namely 


qd. 
uv — =e const 
2 a 2 
q q 


Now we are in a dilemma: the theory would only be renormalizable with massless 
vector bosons, but we require the mass My # 0 for the intermediate bosons to 
regain Fermi’s theory in the limit of small momentum transfer. For g2 — 0 it 
should, of course, hold that 


Ger(q?) = 9 Dug?) -G . (3.94) 


This condition is not fulfilled for the propagator with Mw = 0, whereas for a 
massive boson, with conveniently chosen values of g and Mw, we have 


(q? — oo) . (3.92) 


Dip (q’) = — 


eG = = (q2— 00) . (3.93) 


G 2 g = 3) 
en ae ge 0) (3.95) 
W 


A way out is provided by an ingenious trick called the Higgs—Kibble mechanism.6 
One starts with a massless boson W but couples it to a new spin-0 field ¢, the 
Higgs field, by means of an interaction term g2¢? W,,. If now the scalar field ¢ 
assumes a constant value ¢9 = Mw/g everywhere in space, one obtains in this 
way a term g’$5W,,(x) in the wave equation for the W boson which plays the 
same role as a mass term M¢,W,,(x). 

We also have to remember the existence of the neutral currents. To describe the 
process ¥,€ — ¥,,e€~ one obviously requires a neutral boson Z° (see Fig. 3.12). In 
all we therefore need the charged bosons W+,W7 and the neutral Z°. S. Weinberg 
and A. Salam realized that, since the Z° boson is originally massless and neutral, it 
has nearly the same properties as the photon! One can therefore expect the theory 
really to make sense only if we start from the beginning with the three intermediate 
bosons of the weak interaction Wt, W~, Z° together with the photon y and develop 
a unified theory of “electroweak” interactions from there. 


° This technique was independently “invented” by several theorists: F. Englert and R. Brout: 
Phys. Rev. Lett. 13, 321 (1964); first and in more detail by T.W. Kibble: Phys. Rev. 155, 
1554 (1967). The calculations of P.W. Higgs (Phys. Rev. Lett. 13, 508 (1964) and Phys. 
Rev. 145, 1156 (1966)) were published at the same time. 
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4. The Salam—Weinberg Theory 


4.1 The Higgs Mechanism 


In this chapter we shall reformulate Fermi theory as a quantum field theory involv- 
ing the exchange of massive vector bosons that mediate the weak interactions, and 
incorporating charged and neutral currents in a unified way. First we have to learn 
how to convert a theory involving massless vector bosons into a theory of massive 
particles, without disturbing the favourable high-energy behaviour of a massless 
propagator. We shall proceed by discussing the methodical approach first, before 
performing a detailed calculation. 
The propagator of a massless spin-1 particle, 


2 
vo : ie V 
Whe (GP he 0) = i Gel 254=— @) (4.1) 
Ge ap ue Q-le 
differs from the Feynman propagator of a massive spin-1 particle, 


_; Suv Zz Guqv|/M? 


iD (q°,M) = 4.2 
Fea ) q2 —M? +ie (4.2) 
in that the former contains the operator projecting onto transverse states 

P vq) = Guv — aE ; (4.3) 
since 

q Pig) = demeag =0 ’ (4.4) 
whereas in the case of massive spin-1 particles we get the relation 

gq? Dy, (q2,M) =e. (4.5) 


M2 
That is, the propagator contains longitudinal parts which increase, even for M — 0. 
The longitudinal parts, which increase together with q, yield the disturbing 
property of a theory of massive spin-1 particles, namely that Feynman graphs in- 
cluding closed loops diverge faster than logarithmically. As a result, the divergences 
cannot be absorbed into renormalization constants, that is, the massive spin-1 quan- 
tum field theory is not renormalizable.! Therefore we have to think of a ‘trick’ to 


! A more detailed study reveals that the theory remains renormalizable if the massive vector 
bosons couple only to a conserved fermion current. However, as we have learned in 
Chap. 1, the weak interaction couples to a mixture of vector and axial-vector currents, 
which is not conserved. 
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incorporate boson masses without destroying transversality. To this end we add 
an interaction of the massless spin-! particle with another field (which we will 
specify later on). Therefore we get the following graphical representation of the 
exact propagator G,,, (q”): 


iG iD iD (ill )iD iD (ill )iD Gill )iD 


where II, (q*) denotes the tensor of vacuum polarization. In terms of Feynman 
graphs J7,,, contains all one-particle irreducible graphs, that is, graphs which cannot 
be split up into two separated parts by cutting just a single line. For instance, the 
following graphs are irreducible: 


Ov» OD 


whereas the polarization graph 


is reducible. This can easily be seen by cutting the photon line in the centre of 
the diagram. The contribution from this graph (c) is included in the third term 
iD(GIDiD(GIDiD of the expanded exact propagator G,,, (q’). Taking (4.1) we 
have explicitly 
iGuy (9°) = iDy, (4°) + iDyo (47) iT? (47) iDpy (q?) +... 
Puv(q) eG) een) 
= Se m Sue (q?) yee? oo CS 


In QED it can be shown’ that gauge invariance, that is charge conservation, requires 
that the vacuum polarization tensor JT uv iS purely transverse; the common notation 
is therefore 


Tv (4°) = (Guv9? — Quav) HT (q) = q?Puv (q2) I (q?)_ (4.7) 


When inserting this result into (4.6) we can make use of Puv’s being a projection 
operator, which can therefore be applied several times without changing the result: 


a 
Pi (@) Paw (a) = (af 48 ) (Gav - ‘nde 


— Wd — AA W9" Faqu 


= Guv 


q? qe Gage 
qW4 
= Li = a = Pup Gi (4.8) 


? See W. Greiner and J. Reinhard: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 


New York 1994), 
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We then sum the resulting geometrical series: 
. or Vv aE vy By vy 
iGw (q’) = -i “+ (a) see Dr (7?) -i“= (9) mp (Gale 
q q q 
yagi ayo! 3 —1 
= -8@)) =Dw @)-A@)| . 49) 
This result is important: even the exact propagator remains transverse! This be- 
haviour was caused by the transversality of the polarization tensor JIJ,,,. In fact, 


this property results from the gauge invariance of the theory (in this case QED), 
which directly yields current conservation and consequently the relation? 


(edi Ge) Se al) =o © (4.10) 


Thus we draw the conclusion that we have to formulate the theory of the interme- 
diate boson in a gauge-invariant way. If it were possible to construct the theory in 
a such way that for g* — 0 we had 


OG) SV ae (4.11) 


we would obtain the low-momentum limit g? — 0 of the propagator, 


Pry @) _ _; Pav) (q) 
gee 2 G2) ae Meg. =e 


In effect, for small g* we would have a transverse propagator with mass! In the 
case of q? >> M?, IT (q”) would then have a totally different behaviour, but this 
would not be in contradiction to the experimental data obtained at low energies. 
All we must demand is that in the g* — 0 limit the propagator behaves like a 
propagator of a massive particle. 

The effect just mentioned, of a totally different behaviour for small momenta 
compared to large ones, is well known from the classical electrodynamics of contin- 
uous media. In a conducting liquid (electrolyte) charges are screened; the character- 
istic length (Debye length) corresponds to the inverse of the mass M: Ap = he/M. 
This means that in an electrolyte the longitudinal photons, being massless at the 
beginning, gain mass in the static case (vw — 0). For large frequencies this is no 
longer the case, because the particles of the electrolyte cannot follow the rapidly 
changing fields. 


iGuv (q*) = -i (4.12) 


LCS SESSA 


4.1 The Debye Effect 


Problem. Show that in an electrolyte every charge is screened according to 


—pr 


Hr) x 


3 More rigorously, in QED one demands that the vacuum polarization tensor obey (4.10), 
in order to eliminate quadratic divergences. 


109 


110 


4. The Salam—Weinberg Theory 


Exercise 4.1 


Fig. 4.1. In the electrolyte a 
positive charge attracts the 
negatively charged particles 
and repels the positive ones. 
This yields a screening of the 
central charge 


with 
pe = 8re*ng/(kpT) 


given by the average density mo of the charged particles in the electrolyte and by 
the temperature T of the system. 


Solution. We consider a point charge e in the electrolyte (which could even be one 
of the ions of the electrolyte!) with 


CL) i hn (1) 


being the electrostatic potential in the vicinity of the charge, which has to be 
determined. The density of like-charged particles, n4(r), around the charge is 
given by the Boltzmann distribution 


eg(r 
ni(r) = no exp (- J : (2a) 
whereas the density of the oppositely charged particles is given by 
m0) =noexp (+O) (2b) 


where no denotes the equilibrium density of the charged particles in the electrolyte. 
The term te¢(r) is just the local potential energy of the charged particles. 


A second relation between ¢ and n originates from the Poisson equation, 


Vv’ o(r) = —4Arre (n4(r) — n_(r)) = 4red?(r) ; 3) 
Inserting (2) into (3) and expanding the exponential for small ¢ yields 
V?$(r) = +4meno2 sinh (fe) — 4re63(r) 
kgT 
8rre7no , 
Sr on) —Ameo(r) (4) 
With 
>  8re*ng 


SS Se » 
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we obtain the modified Poisson equation 


(V? = 7) $7) = -47e8%(r)_, 6) 


with the solution 
e 
pr) = es exp(—pr) . (7) 


Thus the medium screens the charge which generates the field. Formally, (6) corre- 
sponds to the equation of a potential due to a massive field, for instance occuring in 
Yukawa theory, where sz denotes the pion mass. The (longitudinal) photons obtain 
a mass through the interaction with the charged particles of the electrolyte. (This 
behaviour is only valid in the static limit. In the case of rapidly changing fields the 
situation changes.) 

The simplest model which is capable of generating massive intermediate bosons 
is the Higgs—Kibble model.’ Before turning to a discussion of this model, we must 
learn how to identify masses of physical particles in a non-linear boson theory. 


LAA yy Ses 


4.2 Creation of Mass in Interacting Fields 


We start with a set of N interacting scalar fields ¢;, for which the Lagrangian reads 


N 
L(x) = D> 5Oudy)O"9F) — U(Gi@)) () 


j= 


The function U is some polynomial of the fields ¢;. Now we shall determine 
the particle spectrum of the theory in the simplest limit of weak excitations. A 
simple mechanical example may serve as an intuitive guide to the solution of this 
problem. We consider a non-relativistic particle moving in a potential V (x). In order 
to determine the lowest quantum-mechanical states, we approximate the potential 
V(x) in the vicinity of its minimum by a harmonic oscillator (see figure) and 
determine the excited states of the oscillator. The potential V(x) of this example 
corresponds to 


i ar Dy svar +U@i)} (2) 
j 
The analogue of the coordinate x of the particle is given by the fields g(r). The 
term (2) has a minimum for fields ¢;@) = po, being constant in space, chosen in 
such a way that U (eo ) attains a minimum. For varying fields, U(¢;(x)) is generally 
larger than U (gb). Furthermore, the first part of (2), denoting the kinetic energy 
of ¢;, yields an additional positive contribution. 


4 PW. Higgs: Phys. Lett. 12, 132 (1964), Phys. Rev. Lett. 13, 508 (1964), and Phys. Rev. 
145, 1156 (1966); T.W. Kibble: Phys. Rev. 155, 1554 (1967); F. Englert and R. Brout: 
Phys. Rev. Lett. 13, 321 (1964). 
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Exercise 4.1 


ile 4. The Salam—Weinberg Theory 
a ee 


Fig. 4.2. Approximation by 
an oscillator potential 


We now expand U(¢@;) around aa in terms of a Taylor series: 


N 
U(di) = UE) + 2, >. Bgab: : i bj — $)) (be - #9) 


rig N 
oe 


Oo: aoa =i ( 


Og ae =40 (4; - g1”) (de — O°) (¢) — 4) 


Sai J=1 
+... (3) 
The term linear in ¢; — gO vanishes, since go determine a minimum of U, and 
hence 
OU 
= — One 4 
09; a @ 
Now we transform the symmetric matrix 
Cu 
M) = 555i | 
( ye 16; Ob% $)=40 (5) 


onto its principal axes by introducing the fields 

Ga= Y kale =O) (6) 
The rotational matrix Raj obeys the relation’ 

ye RojRak = Se, 


> Roi Raj = Sap 
fi 


(7) 


Therefore we can directly derive 
a ~ 
3 [4 - Ivar] = 52 (8 [8% - Vda?) (8) 
i=l a= 


° See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1994), 
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Furthermore, from (7) we can deduce the inverse of (6): 


6 = = Yfabe (9) 
Thus we get 
N 
ys (M’) (9; a a) (bx = Oe) 
ik=l 
a td ~ 
= DF [Dd LO), RaiRer | bade - (10) 

a,B=1 Jk 


By supposition, the transformation R,; diagonalizes the matrix M 2| so we write 


N 
>) OP), RajRor = Mobap - (11) 
jsk=l 


M2 are the eigenvalues of M*. Using (3), (5), (10), and (11) we can denote the 
ahem of the function U for an infinitesimal variation of the fields dq: 


N 
1 7 \2 
=5 DE (on) (12) 
asl 
For a negative eigenvalue M3 of the matrix M?, the special choice 


= 0 otherwise 


would yield a negative 6U. This contradicts the requirements of U attaining a 
minimum at ¢; — p, Thus the eigenvalues M2 have to be greater than or equal 
to zero. The Lagrangian can be written in terms of ¢: 


= L=5 > |# — |Voal? — Ma. +0(#)+U (4) . (14 


The last term is just a negligible constant. By neglecting all terms of third or higher 
order in ¢, the variation of the action with respect to de yields the equations of 
motion: 


$a a Aga + Moba = Oda + Moba =0 . (15) 


Taking no account of higher-order terms, (14) describes a set of N Klein—Gordon 
fields }, yielding N particles with masses M, by quantization. The third-order 
and higher-order terms can then be treated as perturbations generating interactions 
among the N particles. 


oS SS OSS 
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In the Higgs—Kibble model the initially massless vector field is coupled to a com- 
plex (charged) scalar field ¢ called the Higgs field. We choose minimal coupling 
in order to proceed analogously to gauge-invariant electrodynamics. Introducing 
Fuv = 0,A, — OLA, we have for the Lagrangian 

1 : 

L=—FFuF™ + (Oy —igdy)d? — UA?) (4.13) 
U(|d|?) being some convenient polynomial of |¢|? given below. In order to for- 
mulate the quantum theory of the fields A,,,@, we first neglect the electromagnetic 
interaction and consider just the part of the Lagrangian containing the scalar field: 


Ly = |0,6) ~ U (9!) = la? — Vo? — UCI) 
= $6" —Vb- Vd" — U(bo*) (4.14) 


Now we can determine the particle spectrum according to Example 4.2. To this 
end we calculate the classical vacuum by determining the minimum value of the 
function 


U(\d|) = —p? |)? +Aldl* (4.15) 


shown in Fig. 4.3. It is given by 


\bo] = Vu? /2h =A/V2_ (4.16) 


Therefore the general solution is 


oo = ae (4.17) 


We choose a = 0, that is, we consider the solution ¢ = d/V/2. This does not imply 


some limitation, since the general solution (4.17) can be generated by applying a 
phase transformation 


gee . (4.18) 


This does not change the physics, because only real quantities such as ||? are 
measurable. 

Nevertheless, by fixing a = 0 we have chosen a distinct phase. We there- 
fore cannot perform a phase transformation without simultaneously changing the 
vacuum expectation value of the Higgs field. Though the Lagrangian density is in- 
variant with respect to a phase transformation, the vacuum state is not, which breaks 
the symmetry. This effect is commonly called spontaneous symmetry breaking. (It 
has nothing to do with the violation of parity invariance by the weak interaction. 
The latter is explicitly incorporated in the Lagrangian.) 

Now we expand ¢ around the value \//2, setting 


d(x) = (0 + x(x) +i0(x)) (4.19) 


or 
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Re{g(x)} = 7 (A+x@)) , 


(4.20) 
Im{¢(x)} = 5008) 
with two real fields x and 6. Hence we get 
: 1 
Je? = sie ‘PIP = ee 50 (4.21) 
and correspondingly 
1 
Ne =e eal) (4.22) 
Furthermore, 
U(¢) = Alol* — pw’ \o/? 
1 : 1 : 
=z hla +x+i9|* - sh lA + x + i6)? 
1 a 
= Gh [A+x? +]° - 5H [A +x)° + 47] 
1 1 
= Gh [+ 2x +x? + e?|° — Sf (RS Reet 
1 1 1 1 
a =e ay pA fad ee 2 2 
€ sex?) + (GhOA ste (2Ax +x? + 4) 
1 1 1 
+ Ghan?y? + Thdrx (x? +69) + gh (x2 + Cae (4.23) 


Owing to (4.16) the first and second term of the sum vanish. Therefore, the La- 
grangian ate can be written in terms of x and @ in the form 


feel 
Wee see Dies seeks ay). 2 
by = 532 — 5IVxl - 5 (v2 Br) x2 + 56 — 5|V6 
h 
=aelor HOS e Ce Wee (4.24) 
From (4.23), for x = 0 and @ = 0 we get 
@U OU OU 


aoe = a 4.25 
es OP 22) 
By setting 
x=¢ , G=h , (4.26) 


we recognize the matrix 
ou 
OG: OG 


to be already diagonal, because of the second condition (4.25). Thus the fields x 
and 6 describe the physical particles whose masses are given by 


(4.27) 
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U(I¢ |*) 


Fig.4.3. Behaviour of the 
function U(|d|?) (4.23) in 
the complex ¢ plane 
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my =2h* , mi=—0 (4.28) 
according to Example 4.2. 

The intuitive meaning is that for ¢ = / V2 achange of the real part of ¢ effects 
a change of the field x according to (4.20), describing an outward motion in Fig. 4.3. 
However, in this direction the potential changes, with U(|@|) being approximately 
parabolic in the vicinity of the minimum. Thus a field excitation of this kind 
costs potential energy. However, moving perpendicularly to the radial direction by 
changing the field @ in (4.20), the system stays in the ‘bottom of the potential 
valley’. Consequently U(¢) does not change, resulting in the second equation 
of (4.28). This behaviour is related to the fact that the Lagrangian density, and 
therefore also the potential U(¢), is invariant under phase transformations, which 
correspond to rotations around the point ¢ = 0 in Fig.4.3. Although we chose 
a special phase as characterizing the ground state of the field ¢, all other phases 
yield equivalent vacuum states, which are therefore not connected with a change 
of potential energy. So we recognize how massless particles are automatically 
produced by spontaneous symmetry breaking, as can be seen in (4.28). This kind 
of particle is called a Goldstone boson. As we will see in the following there are 
no Goldstone bosons in the complete theory (4.13). 

The Lagrangian density is invariant with respect to gauge transformations given 
by 


Aye) > Al (x) = Aux) + OA), 


} (4.29) 
M(x) > & (x) = (%) expligA(x)) 
We again replace the complex field ¢(x) by two real fields y(x) and A(x), 
Ox) = 7 (A + x(x)) exp (2) 
a 1 : 
& a + EO + i6(x)) for Kae = (4.30) 


similar to (4.19), where A is defined in (4.16). Inserting this expression into the 
Lagrangian density (4.13) and taking all derivatives, we obtain 


L= — oF FM 4 5x? 4 5 (1+ xy" Cee XY" 0404.8) 
ae 5 (1+ XV" PA,AY He win (1+ xy" a = (1 4 x)" (4.31) 


However, the field 6(x) which appears in L is spurious, that is to say, if we perform 
a gauge transformation with A(x) = —0(x)/gA before inserting (4.30), we get 


| : 1 
$= At xe? — gei94 = ge 19/4 = — 
v2 i 7 J/2 


totally eliminating @. Hence the field 6 only contains gauge degrees of freedom and 
therefore does not enter into the physics. The special gauge (4.32) is called the U 
gauge (unitary gauge). The corresponding Lagrangian is given by 


COG ae (4.32) 
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Roos si 1 Ne 
L=— FFF + (Bux) + 5° (1 Ey =) (u2 + 9?A,,A") 
hm ae 
ome) (4.33) 


or, ordered with respect to powers of the fields, 


yz Ad 
z={ 5 = AE) + Qnty = 02x) 


1 jie 3 1 1 
+ (SQ aa aoe AN xX? - rae + 59¥A,A" 
1 h 
+ Ga XA AX — hax? + 59 XAyAM - 7x) (4.34) 


The term linear in y vanishes, owing to the relation AA* = pi? (the system is in 
the minimum of the potential U). The constant term 5? = ih — ihM is of 
no importance and can therefore be neglected. Thus we get® 


1 1 1 
l= =a 4. 59 NAAM + 5 (ux) = foe 


1 1 
te (ax == 3°) g A, AY —hx? (ax + 7*)| : (4.35) 
Referring to the mass terms of the various fields, that is, terms quadratic in the 
fields not containing derivatives, which occur in the above Lagrangian, we can 
state that 


(a) the vector field has the mass (94), 
(b) the scalar field has the mass AV2h, 


(c) the auxiliary field 6 without a mass term in (4.31) is completely eliminated. 


This is the desired result, especially point (a). Point (c) is also important. If we 
started with a non-gauge-invariant theory, there would have been no possibility of 
eliminating the massless field 9. This would have been a severe shortcoming of our 
model, since all presumably massless fields occurring in nature have a spin different 
from zero (neutrinos: spin $3 photons: spin 1; gravitons: spin 2)! A massless scalar 
field has not yet been observed, suggesting no field of that kind exists. 

It is important to reflect on the creation of the mass terms again. We have 
started with a theory describing massless vector particles (4.13) and extended the 
theory by introducing a background field (Higgs field) ¢. This Higgs field tends to 
a minimum value ¢o owing to self-interaction given by |¢|* terms in the ‘potential’ 
U(|d|). Therefore everywhere ¢ should be near to the value ¢ = ¢9 = V/H?/2h. 
The interaction of the vector field A,, with ¢o staying in its ground state induces 
the vector particles to act as if they had mass. Of course, this description is only 


° We emphasize the sign of the vector field, The quantized part (the physical spin-! particles) 
of A" = (4°, A) is given by the transverse 3-vector Ar. By splitting up 4, into 4°, AL 
and Ar the contribution of Ar has the opposite sign, resulting from the Minkowskian 
metric, —4 Liven ee +3 CO 5 AH =A? — 5 (V x Ay —4 gd? A?+ (terms containing 
A). 
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valid if the energy of the system (momentum transfer) is small and the ¢ field does 
not deviate too much from its minimum value. At high energy the ¢ field need 
no longer attain its minimum value. Then the ¢ fields vary above the minimum of 
U (|¢|*) in Fig. 4.1 with a large amplitude, again yielding massless vector particles. 
This behaviour is just what we expected of the behaviour of the vector particles 
as a function of momentum transfer g7 (compare the discussion related to (4.6) 
and (4.11)). The mass-producing mechanism by spontaneous symmetry breaking 
is very similar to the case discussed in Exercise 4.1, where we saw that in an 
electrolyte photons obtain an effective mass owing to the influence of the Debye 
cloud. 


2S SSS =e eae 


4.3 Gauge Invariance of the Lagrangian 
Corresponding to the Kinetic Energy of the Meson Fields 


Problem. Show that the Lagrangian (4.13) is invariant with respect to gauge trans- 
formations (4.29). 


Solution. We prove this by explicit calculation of each term in (4.13). 
(a) 
Ou(Ay + O,A) — 0,(Ay + O,A) 
= OA, — OVAy + 0,0, A — 0,0,A 
=O Ay Op Ae (1) 


because the second derivatives of continuously differentiable fields can be com- 
muted. 


(b) 
[An —ig(Ay + 9,,A)] pei94 
= (Ape! + ig(, Ape" — ig, dei94 — ig(d,, A)pei94 
9.0) = ig4 08 (2) 
Analogously, 
(c) 
[Iu + ig(4y + 9,.A)] d*ei94 = e949, + igs, )g* (3) 


That is, |¢|? and |(0,, — ig4,,)|? remain unchanged. 


Ses, 


4.2 The Yang-Mills Field 


4.2 The Yang—Mills Field 


The vector field A,, considered up to now does not describe the field of an inter- 
mediate boson WT or W-, since A,, is not charged. If the vector field itself is 
charged (even in the sense of the “charged” weak interaction) it should also couple 
to itself, that is, the Lagrangian has to contain at least a third-order term of the 
field. How do we construct a theory of that kind? 

We can start by considering the analogous problem of the triplet of pions 77, 
m°, m+ which can be regarded as the three substates of an isospin-1 multiplet. It 
was introduced in this spirit by Yukawa in order to describe the strong interaction 
within the nucleon isospin doublet (p, n). 


2S = bp 2 = See 
iz ° Yr* 
n —>———> nn —»—1 —_ > p 


The analogy to the diagrams of the weak interaction is obvious. 


In Yukawa theory the nucleon field is given by an isospinor W, while the pion 
field is described in terms of an isovector #: 


f Pat 
Y= ( 2) » Ch 1 weep : (4.36a) 
Yn 
Pq- 
Here Wn are four-spinors and the components ¢,+,0,0 are pseudoscalar func- 


tions. They are the components of the isovector in spherical representation, that 
is, 
bgt = 4 = 
er = Wo) = V2 
P x0 = Po = bz ? 
1 ' 
a = = Te ae ip ) 
w) P+) Jae 'y 


(ox aa idy) ’ 
(4.36b) 


The coupling between nucleons and pions is given by the interaction 


Lint = GanWs(v > PY = Gan ys(T+O-) + TO + TOP RO)Y 
= gqnW5(T+ Ont +7-Om— + Tb 0) 


ne ae 0 20x 
= aevtddairs ( gr 20" | ( 
= dan [6200p 15> + V2b_+ Bp 15 
fe V2b_- Wasp = PO Bursa] : (4.37) 
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In spherical representation the Pauli vector 7 is given by 


0 C0 _ filo 
cL = € 0 ) > Ke = & 5 3 = (i a . (4.38) 


These are connected to the Cartesian components through the well-known relation 


1 : 
TE=—=(RZHt iTy) 
V2 
The interaction (4.37) is invariant with respect to a rotation in isospin space, gen- 
erating a transformation of the nucleonic isospinor and of + - @ by the matrix 


_ exp (52 : r) (4.39) 


according to 
wow=U0W , +-6>U(7r-o)U-'. (4.40) 


The same procedure can be applied to the W bosons and fermion doublets 


(2). 
Pe~ j Pu- 


To this end we consider a triplet of vector mesons, whose fields we denote by 
ZS, (i = 1,2,3). The superscript i labels the field, that is the three isospin com- 
ponents, analogously to ¢; in (4.36). The index ps expresses the fact that every 
isospin component itself is a space-time four-vector (u = Onl 2s): 

We denote the isospherical combinations (4), + id?.)//2 by AZ, and 43, by 
V1 
v2 
nents are Dirac spinors. By close analogy with Yukawa theory, we formulate the 
interaction 


An Furthermore we consider a fermion doublet V = ). where both compo- 


L; 


5 
| 
© 
e 
5 
Bess 
(> 
ma 
i 
Ht 
© 
eS 
aS) 
> 
> 
& 
| 
= 


(4.41) 


The term + - A denotes a scalar product in isospace, whereas y"A,, is a scalar 
product of four-vectors in space-time. Often we write 7? instead of 7 /2, the Ti 
(and of course also the 7“) are the true generators of the isospin group SU(2), since 
they obey the relation 


: een eal 
iy al =e si 
ey = Fa 5 (541) 1 ; (4.42) 


where Il denotes the unit matrix. Furthermore the 7? obey the commutation relations 
of the SU(2) Lie algebra’ 


” See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1994). 
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3 
(Et yee aie (4.43) 
i 


The spherical components of T' are 


A A 


1 
ty =f tih =F tiny=Grn= (5 a : 


It would be convenient to denote the free Lagrangian of the vector fields Zh, by 


| v 
Lie = — GF wk (4.44a) 


with 
B= 0A, = d,A}, (4.44b) 


but this expression violates (local) gauge invariance. In order to see this, we must 
first derive the properties of the vector potentials A, under a local gauge transfor- 
mation (4.39), that is, with a(x) being a function of space and time. In other words, 
if we again transform ¥ > W/ = Uw with U = exp(ia-T), the derivatives of 
the fermionic fields are 


OY =) UG gt? = U5), (08 Dy 8), ib) fee (a 7 
= 0,8' + 0 (8,071) w = (a, + 6 ( hy (4.45) 


As we shall see soon, the additional term U (0,0 —1), occurring for 0,a # 0, 
can be absorbed by gauging the fields 4’, simultaneously. By adding the coupling 
(4.41) to the free Dirac Lagrange function Ly the expression to be cast into gauge- 
invariant form reads 


L=Lp+Lim =iWy"0,0 + g0y"A, TU . (4.46) 


Here we intentionally avoided introducing an explicit electron mass term. The 
gauge symmetry implies that, ab initio, the upper and lower components of the 
leptonic doublet, that is, electron and neutrino, are indistinguishable. This property 
of the theory would be destroyed by attaching different masses to the electron and 
neutrino. As can be seen later on the physical difference between the electron and 
neutrino regarding different charges and masses can be related to the spontaneous 
symmetry breaking through the Higgs field. 

We again stress the following point: it is demanded as a principle that we 
construct the Lagrangian (4.46) in a gauge-invariant way with respect to local 
(a = a(x)) gauge transformations (4.40). Now (4.46) does not incorporate the 
full Lagrangian density of the fields involved. The kinetic-energy term of the 4, 
fields is missing, for example, of the form (4.44). As can be guessed by analogy 
with electrodynamics this term can be separately constructed without difficulty. In 
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electrodynamics F,,, itself is gauge-invariant. Let us begin with the Lagrangian 
(4.46). We know that the W fields can be transformed by (cf. (4.39)) 


ww = W(x) = exp (iacx) Tr) Wx). (4.47) 


However, at the moment we do not know how to transform the A,, fields simulta- 
neously. As we shall show in the following, this can be derived by demanding L 
to be gauge invariant. This implies that the original Lagrangian density 


L=iWy"0,0 + Wy" A,, - TH (4.48a) 
and the gauged density 
L! = ih! y"0,W' + gly" Al, TY (4.48b) 


should be identical in form and value. 

In (4.48b) we know the field Y’ (from (4.40a)), but the dependence of 4 , on A,, 
and on the gauge operator U remains unknown. However, the gauge dependence 
of Y can be exploited by writing 


L=iWy"d,0 + 904A, TY 
=iWU 0 740,000 + gb 0A, TO OW 
=W Uo, 0 we gl Uy A, - TU! 
= iW’ 400,01 + gh’ "U A, -TU-'’ (4.48c) 
= iW'y40,0! +i" [UO (0,071) ] w+ gh’ 40 A, - TO 
= W400! + gh y4 BO. Wass | 28 <o (nC) y' 
Here we made use of the unitarity of U, ie. V+ = o-\ and the fact that U 
commutes with 7", of course. This expression (4.48c) should be identical to L’ in 
(4.48b). Thus it follows that 


A 


A, TS UA TUS = 


SOG) (4.49) 
g 

Consequently we are forced to incorporate the term U (0,0 ~!), which is generated 
by gauging the kinetic energy of the W field into the gauge transformation of the 
A,, fields. It is useful to discuss the significance of this term in electrodynamics. 
In that case U is just U = exp{ia(x)} with the single function a(x). Thus (4.49) 
reads 


A (x) =A @) 4 7 9ua(s) 


Obviously the prescription (4.49) is reduced to the well-known gauge transforma- 
tion of electromagnetic fields. In non-Abelian gauge theories the more complicated 
transformation (4.49) describes the gauge properties of the fields involved. By 
referring to (4.48) we can write L concisely in the form 


4.2 The Yang-Mills Field 


Fe (aang Aerie 


= iy" DW : (4.50a) 
Here we have introduced the gauge-invariant derivative 
Dy 7) Saree (4.50b) 


With its help the gauge-transformation properties of the A,, fields (4.49) can be 
summarized as 


Deo UD, (4.50c) 


Now we are ready to turn to the gauge-invariant construction of the kinetic energy 
of the A,, fields. By analogy with electrodynamics, we expect a term similar to 
(4.44). We will see that this is indeed the case. First we define the gauge-invariant 
field-strength tensor matrix F’ Le — Ey T. We call F uv the operator field strength, 
in contrast to F/,,,, which is just the usual isovector of field strengths. Note the 


operator symbol “* ” on top of F yy on the left-hand but not on the right-hand 
side. We have 


3 
ve ey HT — D(A) Dc, 2 
fll 


Ae i o.(A,- 1) —i¢ A. TA, -7] 
= (Q,Ay)-T —(Ay)-T +9) A AL einT 
ijk 
26. 40= 0 Sea (4.51a) 


We remind the reader again that the (bold) vector notation refers to the isospin 
degrees of freedom. The isovector of field strengths is thus 


Onan =O, An GA; <A (4.51b) 


We obtain a gauge-invariant Lagrangian by performing the trace over the isospin 
indices: 


La — —5 Teh P*} 
l eT 
= 5 t{(Puv Er 24 )} 
1 


= ee Tr{7;T;} 
reer l 7 
Se OR re eT pee (4.52) 


which makes use of the relation Tr{7'7*} = 56x. It is gauge invariant since here 
we make use of the commutation of matrices under the trace, Tr{AB} = Tr{BA}: 


1 e ‘A 
Ly = —5TH{F uy eRe 1)} 
= STH OF ww eT) ime) (Ee ate) a 


= SOO Fw TTP Ts Thy (4.53) 
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A more detailed analysis of this procedure, especially of the property 

: a _f mpl fy fy-l 

i Py OOP TO SO 
can be found in Exercise 4.5. The complete Lagrangian reads 

L=Lp+Lim +l, 

ae A ae I 
= Wy'i0, + gA,:- TY —- YM — qe ae (4.54) 

Here we have introduced an additional constant-mass matrix (/ , which can be 
generated by a coupling to Higgs fields according to Example 4.2. In Sect. 4.5 we 


shall discuss in more detail gauge-invariant mass generation in the frame of the 
Higgs mechanism. Explicitly we have 


Py  —(O,Ap0,A,) (0 A =o A) 
+ 29(0, Ay — 0)A,)-(A” x A”) 
+ 9°(A, x Ay): (A# x AY). (4.55) 


The last term can also be written in the form 


9 (A, AY) — 9° (A, A”)(AY- AL) (4.56) 


EXERC|SE 


4.4 Isospin Rotations 


Problem. Show that the transformation (4.40) 
TOOT: 6 = exp (5a. r)(r: é)exp (—ja-r) 


effects a rotation of the ¢ field in isospin space around the axis n = a/|a| by an 
angle |al. 


Solution. First we calculate 


(a : a= x Q;AKT TK 
=] 


3 


>> Aj AK (TT + TET) 


ic" 


3 
- py a;4,5% =a)’, (1) 
ik=1 
since the Pauli matrices obey the relation 


Ti Te + TT: = Wiz 
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Therefore a Taylor series expansion of the exponential yields Exercise 4.4 
i SL fai . 
exp (252 : | = » es (25 : r) 
co [ee] 
(Ny an (so an+1 
= et ae de ee ee 
d (onyizan (2° 7) » (Qn pig 4°7) 
=e a ai ae sin 2 
= (Gos a ti(n-T) sin 2 : (2) 
By use of the relation 
(a-7T)(b-rT)=a-b+ir-(axb) , (3) 
which is easily proved from the commutation relation (4.43) 
3 
Tes = 21) ere Te (4) 


1=1 
we derive (6 = |a|/2) 
[cos9 + i(n-7)sin6](7 - d)[cos@ —i(n- T) sin] 
= (tr - ) cos’? 6 +isin@cosO[(n-T)(7T- ) —(7- )\(n-7T)] 
+ sin? (n-T)(7-d)(n-7) 
= (r - p) cos’ @ — 2sin@ cos OT -(n x d) 
+ sin? 6[n-@+it- (nx d)](n-7) 
= (tr - @) cos’ 6 — sin2@[r -(n x )] 
+ sin? 6{(n n+ 7) — 7 [om x @) x n]} 
= (cos? 6 —(n x #) sin20 + n(n - $)sin’ 6 — (n x ) x nsin’ 6] 
=7- [n(n- o) —(n x $)sin20+(n x d) x ncos 26] =7-¢' - 


Here we have applied the relation 
nx(nx d=n(n-)-@ . (6) 


In the last line of (5) the expression ¢’ in brackets is just the vector @ rotated by 
an angle |a| = 26 around the n axis. For instance for n = e, we get 

d, = dy, cos20+ gy sin2é , 
d) = —d, sin20 + ¢,cos26 , (7) 
b; = bs 
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4.5 Gauge Covariance of Minimal Coupling and of the Field-Strength Tensor 


Problem. (a) Show that the expression 
wy, + gA, - TY 
is gauge invariant. 
(b) Prove the gauge covariance of the field-strength tensor F',,, that is, show that 


eB ee Ce he 


Solution. We abbreviate 
A, =8 : yA, 1 =A ' (1) 


8 and A are matrices in the space of Dirac spinors and of isospinors. More accu- 
rately, 8 should be denoted Ol, where Il is the 2 x 2 unit matrix in isospace, but 
here we adopt the shorthand notation. Then we get the identity 
Wid + gA WY = VO" 04d + ga) 

= W'U (6 + gA)0 

=p id +i0(a0-) + g0At"] wy! 

=p’ id GU AC ee i0(0-") wy’ 

=W(id+ gw’ , (2) 


Oy (3) 


The prescription (3) concerning the gauged field A’ also expresses the rule for 
gauge transforming the 4 field. 

Since the + matrices are linearly independent and U does not act in spinor 
space, because of (1) this result corresponds to 


Ae Ane Tyo tee 00,07") (4) 


yielding the gauge transformation (4.49) of the potential field. Thus (2) demon- 
strates the gauge invariance of the kinetic part of the Lagrangian. 


(b) In Exercise 4.4 we showed that the isovector ie defined by 


i te Ceo), ee (5) 


results from a rotation of F',,, in isospace. Therefore, if we can prove (5) we will 
have shown that in fact F’,,, acts like a vector in isospace. This is just the mean- 
ing of “covariance” of a gauge transformation (rotation in isospin space). Thus 
covariance means form invariance (in our case with respect to gauge transforma- 
tions). 


4.2 The Yang-Mills Field 


WAY 


Furthermore we mention that in contrast to electrodynamics, where F yw = 
Fi,» here we have Fy, # ae nevertheless the kinetic energy py ae 


(4.53)) is invariant with respect to the gauge transformation U owing to the trace 
operation. 


For the calculation we need a relation between (0, 0) and (hy U-). This can 
be derived by differentiating the relation VU—! = 1: 


ON) Ont Geet Ue (6) 


and therefore 


A 


OO Ue yu», (7a) 


A, = =O On enei” , (7b) 


The relation between A), and A,, in (4) can then be written in the form 
—_ ee ee 
AT (ALT) U gut u he (4’) 


We can simplify the explicit calculation if we write the expression (A,, - T) in the 
short form 


Ay = Ay T= 1V/V2APT_ + APT) + OT 


; B Al id? 


=n : ve ’ (8a) 


ee 
lf Paw ve (8b) 
sae a 2 ia —F3 ; 
2 
that is, we represent the isovector fields A,,, Fy, by 2 x 2 matrix fields Ape F uv 
in isospace. This implies solely a convenient abbreviation. Following (4.51a) and 
adopting this notation, we get 


a a 


wr]. (9) 


Now we check the validity of (5): 


Fy = O,Av — OA, — ig |. 


[By Oh teil » ig [4 man | 
= 4,(UA,U~! ~ 5 Oj) CG le - +, Ey =) 


A im A A. 


—ig G4,0-* - “(9,00 ay — ~(0,0)0-" ea) 


Using (7b) several times, we find that these three terms yield 
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Exercise 4.5 On (a4, US ee 


= UOn ADU eG, ne Ug =U On ee 
- 3G, BOG & 5 (ee ENO MEME (11a) 


a, (a4,0-" zs ms 
= UO (Oe ee Se! EU 
== OU uae 5 (nO a,0)0- ; (11b) 
9 


A, Ue Oreo 5 Oe O)O- (O00 (11c) 
On inserting (11a—c) into (10), we cancel most of the terms. If we also use the fact 
that partial derivatives commute, all that remains is 
fy = U0, Apu =| =o ea! 
—igUA,A,U— + igU ALA, 0! 
api", (12) 


as was to be shown. According to Exercise 4.4, (5), this means that U = exp(ia:T) 
generates a rotation of the isovector components of F’,,,, in isospace: 


: a a a : 
le = a (=, Fy] = G x ‘| sin |a| 
pea JB | Ss aa -cos|a|_. (13) 
la| la| 


Since the isovector F’,,, is rotated in isospace by a gauge transformation, we again 
Beets: in a most simple way that the kinetic energy of the A,, fields, that is, 

—iF wv *F’*” as a scalar product in isospin space, is invariant with régpeet to gauge 
Perstormaniond 

There also exists a more elegant method to prove relation (5). According to 
(4.50c) the operator of the covariant derivative transforms like 

A A A yl 

dD, Di, =UD,U : (14) 
With this we also have 

Lop SOLD IM (15) 


An explicit calculation of the commutator yields 


4.3 The Feynman Rules of Yang—Mills Theory 


[Du Dv] = [Ou —igd, - T, 0, —igdy -T] 
= (Ou, Oy] + Ou(—igAy : T) el T)On 
+ (-igAy - T), — O,(-igAy - T) + (—ig)’ [Ay -T, 4, T] 
= -ig {(O,4v)-T) —(O,4y)-T)—ig [ATA T]} - (16) 
Notice that in the last expression the derivatives act only on the gauge fields. The 


term in the curly brackets is just F uv according to (4.5la), and therefore (15) 
expresses the same as (5) or (12). In other words, the relation 


Fay = Dy, Bul (17) 
holds and (15) then reads 

Po <0 oo | (18) 
which is just the same as (12) or (5). 


4.3 The Feynman Rules of Yang—Mills Theory 


The Lagrangian (4.54) of the coupled Dirac and Yang-Mills fields Y and A, 
contains, apart from the second-order contributions, terms of third and higher order 
in the fields. They arise from the field energy F',,-F'”, as is obvious from (4.55). 
On a closer look we see that all terms of higher than second order contain the 
coupling constant g (see (4.55)). Since we want to construct a theory describing 
the ‘weak’ interaction, we can assume g to be small. Therefore it is convenient to 
split the full Lagrangian for electrons, neutrinos, and the gauge field into a part 
Lo containing the bilinear terms (with no g occurring) and a part L; containing the 
remainder, which is proportional to g: 


Ly = i y"0,.0 — 7 OwAv — 0,A,)-(QXA" — OA") - EME , (4.57) 
Ly =g0y"A, TY - 4 (QuAv — 0,A,)-(A" x A”) 


= secs eA ea A an (4.58) 


with the mass matrix 


a 0 O 1 
= (9 p.) = gd-nm 


giving a mass to the electron. Although the mass matrix violates gauge invariance, 
we anticipate the results of Sect. 4.5, where we shall show how to attribute a mass to 
the electron via the Higgs mechanism without destroying gauge symmetry. Let us 
assume for the moment that the result of this procedure can be effectively described 
in terms of the matrix M. (For other fermions participating in the weak interaction, 
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such as heavier leptons and quarks, the mass term has to be approximately modified 
and this will be discussed later.) 

Lo is called the Lagrangian of the “free fields’. In a strict sense this nomencla- 
ture is physically incorrect, because Lo itself is not gauge invariant and therefore 
defines no physically meaningful theory. The terms of Ly which violate gauge in- 
variance are just compensated by corresponding terms of L;. The coupling constant 
g may be arbitrarily small but it must not be zero, since then gauge invariance is 
lost. This can also be clearly seen by considering the transformation law of the A ie 
field (4.49), which contains a factor 1/g. From Hamilton’s principle, 


6 / dxEg(W,U,A,)=0 , (4.59) 
the linear field equations can be derived: 

i740, V(x) - MY(x) =0, (4.60) 

0,0 A (a) 0 A“), (4.61) 


Formally these are equivalent to the free-field equations of quantum electrodynam- 
ics (QED), with the difference that the Dirac field has two and the vector field 
three isospin indices and M is a 2 x 2 mass matrix. We assume Jf to be diag- 
onal, that is, the two isospin components to be eigenstates of M. Otherwise we 
could diagonalize by a constant unitary transformation Y — VW. This can be 
done because, despite the mass term Lo is gauge invariant with respect to spatially 
constant isospin rotations V’. 

By analogy with QED, the propagation of perturbations of the free fields gener- 
ated by L; are described by Feynman propagators which are defined for a point-like 
perturbation: 


(yO, — M)Se(x — x") = 8 — x’), (4.62) 


OP OnDrav(x — x") — 80° Deyy = —Guy 164% — x"). (4.63) 
In contrast to QED, here Sp is a 2 x 2 matrix in isospin space as well as a 4 x 4 


Dirac matrix. Furthermore, Dr, is not just a second-rank tensor in space-time 
with indices 1, v, but also a 3 x 3 matrix in isospin space, which is denoted by the 
double arrow (+). However, the operators which act on Sp and D,, are diagonal 
in isospin coordinates (which we explicitly demanded for Af ). Therefore Sp and 
Dy, are represented by unit matrices in isospin space. Exploiting translational 
invariance, we go over to momentum space by Fourier transformation, obtaining 
the equations 


(y*Pu — M)Sr(p) =1 (4.62') 


(p90 — P*Pp)Dav(P) a I guy . (4.63’) 


The first of the two equations can be solved by (see Example 4.6 for a detailed 
discussion of propagators): 


yp, +M 


A ={l 
Sep) = (Y"pyp —M tie) = 4 
FP) = ("Pp ) eye 


(4.64) 
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As usual, the ié in the denominator determines the Feynman propagator, propagat- 
ing particles forward in time and antiparticles backward in time.* Equation (4.63’) 
cannot be solved for D,,, without further discussion, because the matrix 


Dif, — 0, ea) (4.65) 


like the projection operator (4.3), has eigenvalue zero and therefore cannot be 
inverted. This means that we must not assume a perturbation with tensorial structure 
of g,,, on the right-hand side, but only one which has the same properties as P,,,(p), 
expressed in (4.4). Since P,,,(p) projects onto transverse vector mesons, the source 
of the vector boson propagator must also be transverse. This can be most simply 
achieved by taking the perturbation itself to be proportional to P,,,(~). Then (4.63’) 
takes the form 


(p* 98 =) Ono = Sep) ; (4.63”) 


or 


aes (Dap =-Il Puv(p) 


Since D,,,, should be proportional to P,,,, (4.1) is one solution of the equation for 
the propagator: 


(4.66) 


Alternative solutions are discussed in Example 4.6. The special choice (4.66) is 
called the Landau gauge. 

In the propagator language, the interaction between free particles is described 
by so-called vertex functions. For instance, in QED the interaction term of the 
Lagrangian is given by 


Lot = —e05'VA, . (4.67) 


It contains field variables which are either described by the wave functions of 
incoming and outgoing particles or by the corresponding propagators in the case 
of virtual particles. Thus, the vertex function is just 


ee Ab=—ey" (4.68) 


In the same manner we can read off from the interaction Lagrange density L; (4.58), 
that the vertex function of the coupling between fermions and the Yang-Mills field 
takes the form 


Care (4.69) 


the index i denoting the isospin component. 

In order to obtain the vertex functions related to the self-couplings of the 
Yang-Mills field, we have to transform the corresponding interaction terms into 
momentum space. The third-order term in A,, is given by 


8 See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 
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a — Fein ~iPugoAl () + iPr Guo Ai (gn) 
i oC 
= —FeinnlPLguo — Pudeollf PMb(arAn() (4.70) 
a 
e because we have to introduce distinct momenta for every field. Here we have 
explicitly written the vector product in isospin space with the summation indices 
ko ae 1,m,n. From (4.70) we read off the form of the triple boson vertex (Fig. 4.4), 
Ao py ig 

nV mu a Ce) = ~ 75 Eimn(Pr 9po — PuGuve) (4.71) 


Fig. 4.4. The triple vertex in 
Yang-Mills theory, with our 
notation of four-momenta 
and indices of vector and 
isospin. The first index (n, m, 
or /) denotes isospin. The 
second (v,, or o) charac- 
terizes the space-time com- 
ponent of the corresponding 
vector meson 


ko 


jv 
Fig.4.5. The quartic ver- 
tex in Yang-Mills theory. 
The first index at each leg 
(i,j, %,1) denotes the isospin 
of the vector boson con- 


cerned; the second index 
(u,,0,7) characterizes the 
space-time components 


This is not yet the final result because the three Yang-Mills fields occurring in 
(4.70) have the same rank. In total there are six possible ways of distributing them 
to the three ‘legs’ of the vertex. By adding to (4.71) all possible expressions derived 
by exchanging the indices and momenta, we see that every term occurs twice. Then 
the final result is (see Exercise 4.7) 


= ko) 9uv] 


The quartic vertex (Fig.4.5) can be determined in the same procedure by trans- 
forming the last term of L; (4.58) into momentum spaces. Explicit notation of the 
isospin indices yields 


TOES = —19EImn[(Pv — qu) Guo + (Ky — Pu)Qvo + Go G72) 


1 Vv 
49° EimEkIn Jno Gur Ak (Q)AT (YAP (KAY (p) (4.73) 
We easily read off that 
Ps 4 OF 
Tig (A ) a og Slim Ekm Guo Gur (4.74) 


However, now there are 24 combinations of the four Yang-Mills fields, and every 
different term occurs four times, i.e the vector meson characterized by Gy) can 
carry the momenta k,p,q or r (4 possibilities), for the vector meson (jv) there are 
then only 3 possibilities left, etc. The final result is 


Din A’) ee G leseun Giegee _ Gur Jue) 


a E ihm Ejlm Guy Gor — Gur Guo) 


se Eitm Ej (Gyo Gur — Juv Gro)] . (4.75) 


We would now have a complete list of the Feynman rules if we could neglect the 
technical problems of Yang—Mills theory connected with gauge invariance. Owing 
to the singularity of the wave operator (O Guv — 9,0), we have to choose a special 
gauge in order to derive a unique expression for the propagator D,,,, of the Yang— 
Mills field, as is done in (4.66) (for a detailed discussion see Example 4.6). In 
order to derive manifestly covariant Feynman rules, it is convenient to choose the 
Lorentz gauge, 

0, A 0 (4.76) 
This gauge yields the propagator (4.66). More generally we could choose the gauge 
condition 
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L,Av=0 , (4.77) 
with an arbitrary linear operator ae The Lorentz gauge corresponds to the choice 

ly =Om @ (4.78) 
To obtain the Coulomb gauge, that is, 

VA 0 (4.79) 


(here the vector notation in A refers to the space components, whereas i denotes 
the components in isospin space!), we would choose 


Ly=(@,V) . (4.80) 


However, a rigorous analysis (which we will not discuss here) shows that Feynman 
graphs including at least one loop diagram of the vector field (like the example in 
Fig. 4.6) are no longer gauge invariant. Different values are obtained even for matrix 
elements related to physical processes, depending on the choice of ie This is, of 
course, not acceptable. As shown by Fadeev and Popov,’ the basic reason for this 
failure is the fact that the Feynman rules describing Yang—Mills theory as obtained 
so far are incomplete. We must take into account the additional contributions of 
so-called ghost fields. These fields are described by the additional Lagrangian 


Leghost — —X;L,(0"S; a Geir Ay Xj ) (4.81) 


the ghost fields are denoted by y;, where i is an isospin (vector) index. The 
corresponding anti-ghost fields are denoted by x;. Taking the Lorentz gauge (4.78) 
we get 


Leghost = — Xi O,(O" 6b; =F Gee AEX; 
= —XjOx; — gey AL XOX) 5 (4.82) 


where we have exploited the fact that the four-divergence of A” vanishes owing to 
(4.76). Despite the ghost fields carrying only an isospin index, and being therefore 
spin-zero fields, they must be attributed FermiDirac statistics in contrast to the 
usual spin-statistic theorem, so that every ghost loop in a Feynman diagram carries 
an additional factor —1. Moreover, ghost propagators may not occur as external 
lines of a Feynman diagram, since they correspond to unphysical modes; therefore 
only closed ghost loops contribute. 

We can split the Lagrangian (4.82) into a free part and one containing the 
interaction between ghosts and vector bosons. The latter is given by 


Lep,a = —9Eijk AR XOX) > (4.83) 


where the index “FP” reminds us of Fadeev and Popov, who derived the extension 
of the Feynman rules in order to cancel unphysical contributions. In the same way 
as above, we derive the vertex function by writing Lrp,a in momentum space 


9 LD. Fadeev, V.N. Popov: Phys. Lett. 25B, 29 (1967). The procedure is discussed ex- 
tensively in W. Greiner and A. Schafer: Quantum Chromodynamics (Springer, Berlin, 
Heidelberg, New York 1994). 
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Fig. 4.6. Loop diagram of the 
vector field 
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Fig. 4.7a—c. The Yang-Mills 
ghost vertex. The propaga- 
tors of the ghosts are de- 
noted by dashed lines. Feyn- 
man diagrams containing a 
ghost loop (b) and a Yang— 
Mills particle loop (c), whose 
unphysical contributions can- 
cel each other 


Higenjquxi(g)xj(P)Ar(k) , (4.84) 
yielding the vertex 
D#EP, A) = —igeipegy (4.85) 


shown in Fig. 4.7a. The vertex shows that ghosts can only be created and annihilated 
in pairs. Without detailed discussion, we mention that the unphysical contributions 
of the graph in Fig. 4.7c is compensated by the graph in Fig. 4.7b, if the ghost loop 
contains a factor —1. If we take into account both Feynman diagrams the total 
result is gauge invariant. 

Finally, the “free” ghost propagator is given by 


[pp = —xX;,Ox; , (4.86) 


according to (4.82). Apart from a pure divergence, it can also be written in the 
form 


Lyp = (OuxiO"Xi) (4.87) 


Thus the ghost field propagates like a massless spin-zero field; its propagator is 
given by 


_ 1 
pe +ie 


A(p) (4.88) 


This completes our set of rules. Including ghost fields, the full Lagrange function 
reads 


L = Lp + Lint +L + Lep + Lepia 
= 2 A = A 1 
= Uy"i0,, + gA, -T)Y — UM ~ qi . py 
+ OnXiO" x1 — genAeXiOux; (4.89) 


the part L, is written out explicitly in (4.55). The Feynman rules are listed in Table 
4.1. There the propagators and vertices are multiplied by the imaginary unit i, as 
required by the Feynman rules. 


LANL =e: 


4.6 Propagators and Gauge Invariance 


Non-relativistic Perturbation Theory. Let us assume that the solutions ¢, of the 
free stationary Schrodinger equation 


Hobn = nPn ; 


with 


| bnbaa®s =6mn (1) 
V 
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Table 4.1. Feynman rules of Yang—Mills theory in the covariant Landau gauge. Every closed Example 4.6 
ghost loop gets an additional factor (—1). The indices i,j,k, / denote isospin space, and the 
indices p1,v,0,7, denote space-time 


i 


Fermion: be iS SS 
Pp FP) y#p, —M + ie 
YP tM 
> p?—M?2 tie 
. P —f : 
Boson: LL —w9Tpe ky i(Dp (P))ik = =P uv(P)Oix 
pv 7 + ie 
iL 
Ie i j : i 
cuee (I)! =igy*T' 


triple vertex: 


(Pe "ix = 19€ yk (Op (k —p)y 
ae Gee Q)is Als Gonl@ —k)v] 


I er ae 19° {EiimEkIm (Gyo Guz = Onecliey)} 
As EjkmEjIm Gur Gor = GurGvo) 
a5 Ejtm Ejtan (Guo Gur = GuvGar)|| 


: —16; 
i k Ap) = us 
Ghost: oda one i (P))ix p> +ie 
it 
Ghost- k (LY (q) ijk = GE ik Ip 
vertex: 
PS 4 
La, 
NN 
j k 


are known. The Hamiltonian Ho should be time independent, and the ¢, are nor- 
malized in a box with volume V. We look for solutions of the Schrodinger equation 


idw(x, t) 


A yt (Ho + V (a, t))p(@, t) (2) 
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for a particle in a time-dependent potential V (a, f). Every solution of (2) can be 
expanded in terms of the stationary states (1): 


Wx ,t) = S° an (t)n(a) exp(—iE,t) (3) 
Inserting (3) into (2) yields 
iy A 5, exp(—if,t) 
- D2 V@, tan(t)on(w) exp(-iE yt). (4) 


After multiplying by $7 (x, t) from the left and subsequently integrating, we get 


ae Dat [41 ond? exp (Ej - By) . (5) 


This system of coupled equations is now solved with the following initial condi- 
tions: the particle should be in the eigenstate ¢; before the time t = —T/2; the 
potential V (a, ¢) should act only after t = —T/2. Mathematically this implies that 
at time ¢ = —T /2 


An (-37) =O. (6) 


For weak potentials we have approximately that 


dar 


= =i | dPxoZv Cw, oi exp (WE; — ED!) U 


Equation (7) is the result of first-order perturbation theory for weak, transient 
potentials. It can be integrated yielding 


t 


ay(t) = -i i at! f dx opto y¥ Cw, tbe) exp (i(Ey —£;)t') . (8) 


1/2 
In particular, at time t = T/2, when the interaction vanishes again, we have 
RY ie 
=ar| = 
fi i 9 
4T 


9) pox x[bp(a) exp(—iEyt)]"V (a, Ni¢i(@)exp(—iEi)] . 9) 


ae F 


Clearly, the transition amplitude 7; can be written in covariant form: 


Si =i [ dteose voice) (10) 
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First-order pertubation theory only makes sense when |ay(t)| < 1, which we as- 
sumed in (5-7). It is tempting to interpret |S,|* as the probability for a particle in 
state ~; to be scattered into state dy. This is true but also implies that the states ¢; 
and ¢- are separated by an infinite time interval. We can understand this remark 
by supposing the potential to be merely space dependent, that is, V = V(x). Then 
(10) reads 


Sp = -iVp / dt exp(i(Ey — E;)t) 


= —2niVp6(Ey — Ei), (11) 


with 


Ve = ik dx b7(a)V (x) d;(x) 
Vv 


In (11), the resulting 6 function expresses energy conservation for the transition 
i — f. The uncertainty relation requires an infinite time interval between ¢; and ¢r. 
For stationary potentials it is therefore more convenient to consider the transition 
probability per unit time, 


el 
W = lim (= | Ss ie 2 (12) 


With (11) we get 


T/2 
W = im EC Yq POE — 8) ff atexp((ey — £0 
—T/2 
T/2 
= Jim, =( Vp |? )oCEy — Ei) / dt 
=i 
=e | Ge | Oy (13) 


This equation is only physically applicable if we sum (or integrate) over a number 
of final states. In fact, often in physics, especially in particle physics, the system 
starts in a discrete state but is then scattered into a whole continuum of final states. 
With o(E,)dEy denoting the density of final states, the transition probability per 
unit time into these states is given by 


We 27, / dE, (Ey) | Vi |? 6(Ey — Ei) 
=2n|V_? oF) - (14) 


This relation is well known as Fermi’s golden rule. 
In second order we can improve our calculation by inserting a,(¢), as given by 
(8), into (5). This yields 
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=i [ dx0p7 6; expe — Bi 
t 
+ (=i? So Vai / dt’ exp(i(E, — E;)t’) 
nzl ip) 
x Vi, exp (i(Ey — Ent), (15) 
where we have added the first- and second-order amplitudes in the usual manner 
of perturbation expansion. Now, according to (9) the transition amplitudes Sq are 
given by 
1/2 
Se Zim, -i / dt exp(i(Ey — E;)t) Vet 
=i 
T/2 t 
+ (-i/ Vin V ni i dt exp(i(Ey — E,,)t) / dt’ exp(i(E, — E;)t’) 
n#i Lip =F) 


co 


=-i|V%; / exp(i(Ey — E;)t) dt 
—oo 
loc} 


=i VV ni / dt exp(i(Ey — E,)t) 
n#i ee 


t 


x | exp(i(E, — E; —ie)t’) dt]. (16) 


—0o 
In the last integral we have inserted a convergence factor 
exp(€t) = exp (i(—ie)t) 


in order to “switch off the integrand adiabatically” in the limit t > —oo. Later we 
let € tend to zero. We get 


t 


, .exp (i(E, — E; — ie)t) 
at’ E = te eee : 
[at exp ices — B: ~ icy’) = 1 ERE Fi — (17) 
—oo 
Hence (17) results in the form 
: Vin Vint 
Sg =—-1/V, SS Se || OS oe 
= i SOE ema m5(Ey — E;) (18) 


This equation has the same structure as (11), and we can now guess at the rule 
for determining higher-order transition amplitudes in the perturbation series. The 
transition amplitude always has the structure 


Si = —i[ Vj 20 6(Ey — E;) (19) 
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with 


ale ni 
ahs etn re pega (20) 
n#i 


The form of Fermi’s golden rule remains unchanged, only V; is replaced by Vi. 


The Electron Propagator. The transition amplitude (18) can also be written in the 
form 


Sq = 2n(Ey — Ef | (iV) 


CNA as are se ell (21) 


Here we have used the completeness relation 
Sees (22) 
n 


of the eigenstates of Hy. The prescription of adding a “+ie” term is extensively 
discussed elsewhere.!° Obviously it is convenient to take —iV as the scattering 
potential (perturbational parameter) instead of V. The factor —i stems from the 
Schrédinger equation 


ip /Ot = (Ay + VOW 
being written in the form 

Oy /Ot =(-ifyp —iV) . (23) 
In the interaction representation 

B(x, t) = et YG, f) 
this is especially apparent. There the Schrodinger equation (23) reads 

Oy’ /dt =(-iV wv’ 7" (24) 
yielding the time dependence 

w’ x exp(—iVt) . (25) 
The operator 

ee (26) 
E; — Hy + ie 


in (21) is the non-relativistic electron propagator with the vertex function (—iV). 
In fact, from the Schrédinger equation (2), 


Ev =(Ho+ Vy , 


10W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 
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we get 
—i(E; — Hob = (—iV (27) 
and therefore by computing the inverse operator, 


p = [-i(E; — Ay) (-iV)b 
=i[E; -— Ay] '(-iV)v (28) 


formally confirming our interpretation. For real values of E the inverse operator 
(E — Ho)! is mathematically not well defined, because the Hermitian operator Ho 
has real eigenvalues. Adding an infinitesimal imaginary part ic cures this problem. 
From a mathematical point of view there are many alternative ways of defining this 
operator uniquely. Thus physical reasons (adiabatically switching on the potential) 
are required for us to be able to decide here. 


The Relativistic Propagator of a Spin-0 Particle. A spinless massive particle 
obeys the Klein—Gordon equation 


al (29) 
which, by analogy with (27), can be written as 
i(Q+m’)¢=(-iV)¢ . (30) 


The propagator is the inverse of the differential operator on the left-hand side of 
the equation, 


fi(otm |, (31) 


which in momentum space, that is, taking a basis of plane waves @ = N exp(ipx), 
is given by 


=]l 1 


rs p?—m? + ie ee) 


i (—p? + m? + ie) | 


The Relativistic Electron Propagator. The electron in an electromagnetic field 
A,, satisfies the Dirac equation, 


G—m)p=—eyAyp . (33) 
Again we multiply by —i and get 
=i(p — mp =iey"Awh , (34) 
yielding the propagator 
1 i ig +m) 


[-ig — my] =m) (p? —m?) 


i 3S sls 
si eat) (35) 


and the related vertex function 
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lev a. (36) 


Note that we have defined e as the positive elementary charge, that is, the charge 
of the electron is given by 


—e ., (37) 


The Photon Propagator. The wave equation of the photon is the Maxwell equa- 
tion, 


@O-CO Var | (38) 


The operator on the left-hand side has no inverse, even if we apply the ie pre- 
scription. This becomes clear in momentum space, where the left-hand side of (38) 
reads 


eee WD oN 2 vr q’qn = 2pvr 
SS OE ae OP A vl = (ae (39) 


Let us assume that an inverse operator exists. It should have the structure 


AQ?)9xu.+ BG )ar4Qu (40) 


because there are only two second-rank tensors that can be formed: namely the 
metric tensor g),, and the direct product q,q,. The functions A(q*) and B(q’) can 
be determined from the relation 


(—9¥q? + 9’q*) (AQ) 9an + B@7)G049u) = 5% - (41) 
Expanding the equations yields 

~A(q?)q76 + A(q?)q" au — B(Q?)97 4" au + BG’)4° a" Gn = On (42) 
The terms proportional to B(q*) cancel, and the remaining equation for A(q’) is 

AO, S| = 0, (43) 


This has no solution, while B(q2) is completely undetermined. The basic reason 
for this is that the operator P”> in (39), 


pr =g_—q’qr/q? , (44) 


is a projection operator with eigenvalue zero and therefore cannot be inverted 
(compare the discussion of (4.3,4)). 

How then can a photon propagator be found which provides an effective in- 
version of (38)? We can solve this problem rigorously by coupling the massless 
vector field A” to a so-called Higgs field, a complex scalar field with a real-valued 
constant part, 


a= =o cis eamerroreayy (45) 
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Example 4.6 The coupling is performed through the gauge-invariant Klein—Gordon current!! 
OA" — 0"(0,A") = ie(¢*0"b — (0 $*)b) — 2e7A”|9/? (46) 
yielding 


(O + M’)AY — "(8,A") 
= MO e020 mi ae) — 4 0 (47) 


with M = ef. Here e is the charge of the ¢ field. Now the photon has acquired a 
mass M. Thus the gauge invariance of the theory seems to be broken, but actually 
it is just hidden, as we shall see. 

The problem related to the photon propagator can now be solved by taking a 
special choice of gauge, that is, 


Oya” = Mx 0 (48) 


Here ¢ is an arbitrary parameter. The gauge (48), which was first proposed by 
t’Hooft'* in 1971 is manifestly covariant. Through the gauge the number of degrees 
of freedom of the A” field is reduced by one. Using this gauge in (47), we can 
express the term linear in y2 by 


1 
pees bb 
1 
—M 0" x = Bees : (49) 


Therefore (47) results in the form 
1 
(Q+M”*)A” — 0"(0,A") (1 — :) 
= e(X20" x1 — X10" x2) — 7A” (x9 + 2fxr $33). (50) 


The terms on the right-hand side are interactions between photon and Higgs-field 
x1 as well as self-interactions. The operator on the left-hand side of (50) can be 
easily inverted with the same technique which we tried to apply to (40) without 
success. In momentum space the left-hand side of (50) reads 


g”* (-q? + M?) +.4%q? (: — :)] Ae (51) 


Using the ansatz (40) for the propagator, that is, for the inverse operator of the 
bracket on the left-hand side of (51), we find that the equation determining the 
functions A (q”) and B (q?) is given by 


'' See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994), Eq. (8.11). 


G. t’Hooft: Nucl. Phys. B35, 167 (1971). 
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lo” (—9? + M*) +4"q* (: = *)| [4 (9”) gan +B (4°) anu Le 
saalcrenserie-) 


+B (q*) a4 (—q° + M*) +47q" Qu (1 = -)| 
=O, (52) 
Thus we get for the terms proportional to g¥ 
AUG ar eS) = ae 


and for those proportional to g’q” 


A(@) {a’ax(1-2)| 
+B (q°) a4 (—q? +. M?) + 4?q’aq, (1 a :)| as 


Hence, 


A(@)=-(¢-M’) , (53) 


B (q?) = (q2 -M?)~ (1 2 7 (a +M?) +4? (1 s al 4) 
and the propagator results in the form 
A (q?) ge +B (q?) goa” 
_ 2 eee 
gq? — M? (q2 —M?) — q? Cee) 
l - me, PGA=O 


- gt? —M? q? — CM? 


(55) 


This propagator has interesting features. In the limit ¢ — oo it takes the usual form 
of the propagator of massive vector bosons, namely 

: 0 FETT 

iD?Y = r 56 

ae ee M2 (56) 

As we learned in Sect. 3.6, this propagator produces all the high-energy problems 
which complicate the renormalization of the theory. However, even for this gauge 
a consistent set of Feynman rules can be formulated, so that all the cancellations of 
divergent terms occur which are required for renormalizability. We can understand 
this point without extensive calculations in the following manner. For a finite ¢ the 
t’Hooft propagator (55), 


= gt” + @gt(l — O(g2 — 6M?) 


IDE (G) —=1 aM? (57) 
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Fig. 4.8. Loop diagrams 


tends to 1/q* in the high-energy limit g? — oo. Therefore no problems occur, 
since then the propagator (57) behaves like the propagator of the renormalizable 
theory of QED in the Lorentz gauge. So, if no problems occur for any finite ¢, it 
seems plausible that this also holds in the limit ¢ — oo. 

We must-also discuss the second pole of the propagator (57) at g? = ¢M?. 
This pole has to be unphysical because it depends on the arbitrary parameter ¢. In 
fact, in his cited publication, t’Hooft showed that the contributions of this pole are 
exactly cancelled by the contributions of a similar pole of the propagator of the 
Higgs field. 

In the literature the gauge ¢ — oo is described as the unitary gauge or U gauge, 
because only physical poles occur in this gauge. The propagators (57) given by 
the ¢ gauge are also called R gauge propagators, since renormalizability can easily 
be shown in that gauge. As mentioned before, the latter contain unphysical Higgs 
fields such as x2. 

In order to calculate Feynman diagrams without closed loops (so-called tree 
diagrams) it is most convenient to use the graphical rules of the U gauge. Technical 
problems within this gauge only occur in the calculations of Joop diagrams as 
shown in Fig. 4.8, which are easier to calculate in the R gauge. 

We mention that our general formula (57) for the propagator also contains the 
propagator of a massless vector boson, that is, a photon, in the limit 4 — 0 for 
an arbitrary gauge: 


iD — a —§2 (1 oye 2) 


q 


The well-known photon propagator in the Feynman gauge is obtained by choosing 
=a) 


pees 59 


photon 
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4.7 Self-Interaction of Gauge Fields 


Problem. Derive the expression for the triple self-interaction vertex of the gauge 
field (4.72). 


Solution. In Feynman’s propagator formalism the interaction vertex can be con- 
structed by variational derivation of the corresponding term in the action with 
respect to the fields, which is performed in momentum space. According to (4.58) 
the part of the Lagrangian density containing three gauge fields is given by 


1 
iy = — 7900045 = OAS )EabeAX AS 
= — JE abc OA G(x)AP(x)AP(x) j (1) 


Introducing the Fourier representation 
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d‘p 
Aye) = f SEA” Q 


and further exploiting the rule that the product of two functions in space corresponds 
to a convolution in momentum space we obtain 


s® = / dx E(x) 


da’ 474 
= fats pd" kd"q 


(27)! t (—gé ane (ipa) A4(p»AR(qg) AB (eta) 


d‘ pd*kd* 
=e fl ET Pa PAR DALES + +4) 3) 


By renaming the three variables of integration p, g, k we can write the integrand 
in six different forms. Hence variation with respect to 


5A, (p) - 6A (Gq) - 64D (K) (4) 


yields altogether six terms. To clarify this point we write the integrand in its six 
representations explicitly (without the momentum-conserving 6 function): 


BP)AR(@)AL(K) 
BP)AS (AAPG) 
BARK ALD) , 
BQ)AR (PAL (kK) 
ko ABMAR(DIAR(G) 
aA (kA (QAO (P) 
Variation yields 
5AS(P) _ 
5AL(p) 
and so on. We therefore get the following terms: 
ig€ave [Pa995al 9?" Sbm ge” ben + PaG Gal go" bemg~” Son 
+ dag?” 6e19'35am9°” 56n + Jag?” 6019'35am 9” ben 
+ kag * 54197" Sem gg5an + kag? 619°" S5m 9 45an | 
= ig(€immp" ge” + Emmp’ 9°" + Emuq’ 9°" + Eming? gh” 
+ Enimk? gh” + Enmik’ 9°”) 
= igéimn(p' 9?” — p’g?* +g’ 97" — gq? gh’ + ke gh — kh), (7) 


where we have exploited the antisymmetry of i, in the last step. By collecting 
terms with identical indices of the metric tensor, we derive expression (4.2) of the 
three-gluon vertex, 


~igeinn ((p” —@”)g°" + (KH — pho?” + (G7 — kg]. (8) 


(5) 
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4.4 The Glashow-Salam—Weinberg Model of Leptons 


We now have sufficient knowledge to formulate the Glashow—Salam—Weinberg 
theory of weak and electromagnetic interactions among leptons and to study its 
properties. Let us first state the starting point and the aim of our study: 


1. There exist charged and neutral weak currents. 

2. The charged currents contain only couplings between left-handed leptons. 

3. The bosons Wt, W-, and Z° mediating the weak interaction must be very 
massive. 

4. Nevertheless we shall begin with massless bosons which receive masses through 
the Higgs mechanism. At that point we want to simultaneously include the 
photon field. 


In order to fulfil these conditions we introduce two vector fields, one isospin triplet 
Ge = 1,2,3) and one singlet B, which should finally result as fields of the physi- 
cal particles Wt, W—, Z°, and the photon through the symmetry breaking induced 
by the Higgs mechanism. The leptonic fields have to be distinguished accord- 
ing to their helicity. Every fermion generation (e, 4,7) contains two related left- 
handed leptons. These form an “isospin” doublet of left-handed leptons, denoted by 
L; (i = €, i, T): 


me lS Gus, Bese, See ie 
t= 15% (Ye) ty SE (Ye) 1 = (Ye) 90 


There are also right-handed components of the charged massive leptons. A right- 
handed neutrino does not exist (at least in the framework of weak and electromag- 
netic interactions), therefore right-handed leptons can be represented by singlets: 


1+ ee ! 
2, = ( ee B= Pa tee | ye. aon 


Now we consider the various currents successively (charged, neutral, and electro- 
magnetic currents) by adopting the new notation. Here we rewrite solely the terms 
including e and 1; the two remaining generations can be treated in the same man- 
ner. In our calculation we have used the property of Ys anticommuting with every 
y, and we further utilize the property that (ys)? = 1. This yields, for example, 


(1 ~ 5)? = 2(1 — 9) 


and 


il 1 il + = 
VU = 95) = 591 = 95 = 51 + 95)79Cl = 9s) = 2 ye 


2 2 2 
Finally we apply relation (1.24), which implies that 
. ~ = 14+ 
L. = (Ye, We) 9) ie ) (4.92) 


and so on. The charged weak currents have the form (See Sect, 201) 


4.4 The Glashow—Salam—Weinberg Model of Leptons 


147 


7 a let l= 
OF = Pe = 75g = We oy, 


_ 0 0 ees 
Sine ( ; a jigs DIA (4.93a) 
ged eh 
Ie = (ey Si alae (4.93b) 


with Tz = 7, +iT> and (T_)t = es . The electromagnetic current exists only for 
the electron (as well as for the muon and 7 lepton) since it is charged. It is given 


au = i hee 
Le Se = giver Ul — ¥5)e + 5 be (1 + 75)te 
1 


a2 po 8 as eta Loe ys 
2 Y 2 We + We 5) y 2 We 


= 1.7% (5 = is) eee Ri Ree (4.94) 


This electromagnetic current splits up into a part —L,7y"T3L, belonging to an 
isotriplet like (4.93a,b) and a further part pL Vip + Rey*Re representing an iso- 
singlet current. The relative weighting of the left-handed parts of the isosinglet by 
a factor S enters through the electromagnetic current (4.94). We may expect the 
neutral weak current ee to have a similar form, unknown to us at the moment. 
We rearrange the currents into an isotriplet by analogy with the isovector gauge 
field A,,, 


eyo Ls es (4.95a) 


and an isosinglet to be associated with the gauge field B,,, 
Il es x 
zbeVate +ReVaRe . (4.95b) 
These currents are minimally coupled to the correponding gauge fields: 
= ine = 
L® = g(Ley°TL.)- Aa — 9 5 Ley Le) + (Re7*Re)| Ba - (4.96) 


This equation characterizes the structure of interaction as demanded by our gen- 
eral group-theoretical considerations concerning the two gauge fields Aq and Bq. 
Here we have introduced two undetermined coupling constants g and g’ whose 
significance will become clear in the following (see (4.101)). 

The real (physical) photon does not couple to the singlet current (4.95b) but to 
J&1, (4.94). Therefore it has to be represented by a mixture of B,, and Ai fields. 
We write the photon field in the following form: 


A, = cos OB, + sin@Ay, (4.97a) 


It is characterized solely by the index y of a four-vector and can thereby be 
discerned from the isovector gauge field A,,. The combination orthogonal to 4,,, 
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Z, = —sin OB, + cos 64}, (4.97b) 


must describe the (physical) neutral intermediate boson of weak interactions. The 
inverses of (4.97a,b) are 


By, =cos@A, —sin@Z,  , (4.98a) 
Aj, = sin@A, +cosOZ, (4.98b) 


The mixing angle @ is called the Weinberg angle. Finally we write (pay attention 
to the signs!)!° 


1 
w — — 
a 2 


The field W,, describes an incoming negative or an outgoing positive W boson, We 
describes an incoming positive or an outgoing negative W boson. Sometimes in 
the literature the notation W“) = W* is also used. We shall also sometimes adopt 
this in the following. By inserting (4.98,99) into the Lagrange density ne (4.96) 
we obtain 


(Ae (4.99) 


19 = Li (?wO+hwL, 


in = 75 
+ lg cos OLey°T3Le + g! sind Gzee a fey*Re) |2a 
+ — g' cos@ (Gler*t. + Rer*Re) + gsinOLey* Pyle] Aa 
= We ( WO 4 O°) 4 ez) ee (4.100) 
with 


DI ieee OO? I eN agi 


» 
/ 


= Aa 5 1 — D 
yee = 2/2 eos OLey°T3Le + = sin @ Gare ar Ry) | ’ 


e)a T 1 = = 
—e J =—-e iev* (5 — is) ie + ReyR,| 


= ‘cos@ ee: = 
=— iv" (2 hae g sin 67s L. +’ cos OBR 


Comparing the latter result, which is the correct expression of the electromagnetic 
current, we find that (4.94) yields directly the relations 


C= Shit = G/ GeSe (4.101) 
and 
sind’ 
tan? = == 
and = at (4.102) 


' This is completely analogous to the definition of charged pions (4.36b). 
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Separately, the angle 6 can be expressed in terms of the original coupling constants 
959": 
g' 9 
———>=— C0 
[92 + g? : [G2 +g? 
Thus we can connect the elementary electric charge of the electron with the two 
coupling constants g, 9’: 


sin9 = (4.103) 


p 


oo 


oe: — (4.104) 
or 

1 oe eas | 

eg gt 


Equation (4.100) contains the explicit form of the neutral weak current in the 
framework of the Glashow—Salam—Weinberg theory. Using (4.101) we can write 


a 7 7 o LF R 
JO* = 2/2 eos OLey"T3Le + = sin (Glerte an Rey"Rs)) 


2A¢2, \|s n le. : = 
= v2 lier? (7s cos? 6 + 5 sin’ a) peecine ORe7Re 


cos 0 
215 1 0 ae 
a ~ Z " fe =1608 is L, + 2sin’ ORey*Re| : (4.105) 


Written in terms of neutrino and electron fields separately, the neutral weak current 
becomes 


= ll 1— 
Joe = v2 ih. aa ry te, — (1 —2sin? 0) we 


cos @ 
2 sin? ie el — ——7* —— a ve| 

= (V2c0s6)"! fice — 5), — (1 — 2sin? 4) Pey%(1 — 75). 
+2 sin? Oey" + 5)e| | 


= (V3.cos 4) |De79Cl — 78). — Tey — grs)ve] (4-106) 


dene ett 


5 
5 5 We 


where 
gf) ; gy = 1—4sin’ 6 ; (4.107) 


Comparing this result with the former ansatz of the neutral current, which we 
introduced in order to describe neutrino—electron scattering (3.2), we recognize 
that the two agree with each other. In fact, the neutrino part of the neutral current 
has the same form as in (3.2a), that is, pure V-A coupling. This is hardly surprising, 
since the theory contains only left-handed components of the neutrino field; hence 
the neutrino coupling must have this form. On inspecting the electronic part we see 
that in (4.106) the relations (4.107) hold, apart from a normalizing factor fixing the 


149 


150 


4. The Salam—Weinberg Theory 


total coupling strength. The investigation of the experimental data in Sects. 3.1, 3.2, 
and 3.3 showed that either gy or g4 must be very small (see (3.30)). Now relation 
(4.107) states that the Glashow—Salam—Weinberg theory excludes the possibility of 
a vanishing g4. Therefore we must have 


sin? 60.25, (4.108) 


yielding a very small vector contribution to the electronic neutral weak current. 
The value of the Weinberg angle, given by (4.108), yields cos @ = 1. Therefore, in 
(4.105) there is roughly a prefactor 1/ 2 for the total neutral current compared to 
the charged currents. 

The effective Hamiltonian (3.3) describes the neutrino and electron contribution 
to I Compared with the interaction strength between the charged currents, the 
total coupling strength has to be smaller by a factor = (1/ V2 = 1/2. Thus 
g, = 1 in (4.107) yields the effective value g, ~ 1/2, which is in excellent 
agreement with the experimental data. Thus the Glashow—Salam—Weinberg theory 
passes a first important test. 


ARLE rs 


4.8 The Gauge-Covariant Formulation of the GSW Theory: 
Weak Isospin and Weak Hypercharge 


Let us summarize the main points of our discussion from a slightly different point 
of view. In the theory of weak interactions, the leptons are divided into left-handed 
isodoublets (T = 5 = +3), 


v = v 
= (%), 352 (%)_ 0 


and right-handed isosinglets T = 0, 


Re= (Wn = Buy, Q) 


where é runs over the “generations” e, j1, 7. Starting from (1) and (2) we demand 
the invariance of the theory with respect to gauge transformations, that is, 


Wy aa vy = : WJ Wy 
(3), > Cie), <2 (ae f) ca) 
=lexp (ia(a)- 5] OF) =e (3) 
L 


(dor > Wee = explia(x)V\(Wor = OR 


Here ¥ = Y is the generator (a constant) of the U(1) group. By making the simple 
ansatz 


Ley" id, Le + Rey"id,,Re 5 (4) 
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for the kinetic-energy term of the Lagrange density, we find that the latter is only 
gauge invariant with respect to (3) if we replace the derivative 0, by the covariant 
derivative 


i 
Dea. igh A= iP, (5) 


T = (1, 7, T3) are the three generators of the SU(2) group, Y is the generator of 
the U(1) group. The former fulfil the commutation relations 


gy) See (6) 
whereas Y is just a number. Obviously 
[7,7] =0 (7) 


holds, because the generators belong to different groups. 

In the following we shall see that it is convenient to denote the coupling constant 
to the B,, field by ; g’ (instead of g’), because the interaction will then have the 
form (4.96). In (5) we were forced to introduce the gauge fields A,, (isovector, 
four-vector in space-time) and B,, (isoscalar, four-vector in space-time) with gauge 
transformations 


Ax : T — A, : T = (A, ° Tee ar SUG) ’ 
g (8) 

ji 21 =I 

a ie Siete 100.1) ) 


in order to ensure gauge invariance. Here U; and U2 are U(1) and SU(2) transfor- 
mations, respectively. The new degrees of freedom connected to the gauge fields 
A,, and B, now have to be supplemented by gauge-invariant “kinetic-energy” 
terms in the Lagrange density. This can be done as in electrodynamics by using 
field-strength tensors 


eet D(A, 1) (ALT) 
=(GA,,- 0A, GA, x AL) Tr . 
Pay = 0,Ay — 0, A, + gAp X Ay (9) 


and 
Buy = O, By — OBy (10) 


with gauge-transformation properties 


le = ie = Looee ae S Oy(Fuv tf Yael 
and 
Buv a, Be = Bay ’ (1 1) 


respectively. The gauge-invariant kinetic energies of the gauge fields A, and B, 
are given by 
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1 fas tat ] A a 
Ly = —yTt{ Puy POY} = —5 Tel Puy PEO -T)} 
eS a a (12) 
4 
and 
1 
Ly =—7By BY . (13) 


Summarizing our result we get 
Line = Ley*iD,Le ae Rey"iD Re 


1 1 
= ia (14) 


or explicitly 
/ 
L! = iLyy" a, —igT - A, — iS 7, iby 
= oe oe . 1 v 1 v 
+ikey" 10, —igT - Ay — iTV By Re- qe uw BO qPuv B® . (15) 


With the help of Table 4.2 we can easily verify that, by taking the appropriate 
quantum numbers T and Y for L, and R,, respectively, the interaction contained 
in (15) agrees with Le (4.96). In particular, TR, = 0, because Ry is an isosinglet. 

Now we also understand the choice taken in (4.96) when we wrote the term 
proportional to g’ (that is, the interaction with the field B,,) with a negative sign. 
In that way the terms correspond directly to the general scheme (15) using gauge- 
covariant derivates. 

At this stage the gauge fields are still massless. However, some of them acquire 
a mass, since we know the vector bosons must be massive. We shall achieve this 
in the next section by applying the Higgs mechanism. But let us first discuss the 
physical meaning of “weak isospin” T and “weak hypercharge” Y. Glashow'4 
proposed that the Gell-Mann—Nishijima relation for the electric charge Q should 
also be valid in the case of the weak interaction, that is, 


e0=e( +57) : (16) 


Table 4.2. Quantum numbers of weak isospin and hypercharge of leptons and quarks 


Fermion 

Vo 
CL, UL, TL 
ER, UR, TR 


UL, CL 
(de)t, (Sc) 
UR, CR 


(de)r, (Sc)r 


'4S.L. Glashow: Nucl. Phys. 22, 579 (1961). 


4.5 Spontaneous Symmetry Breaking: The Higgs Sector 


Since 73; and Y commute, both can be diagonal simultaneously. Therefore we 
replace 7; and Y by their eigenvalues in (16). From the known charge of the 
neutrino (Q = 0) and leptons (Q = —1) and from their classification with respect 
to isodoublets and isosinglets we can directly determine the 7; and Y values of 
the various particles, as shown in Table 4.2. In addition to the quantum numbers 
of the leptons we also include the quarks, although their “weak properties” will 
be discussed later in Chap. 6. In particular some of the quarks carry the index “e” 
referring to Cabibbo mixing of the quarks (see Sect. 6.4). 


4.5 Spontaneous Symmetry Breaking: The Higgs Sector 


So far, the vector mesons dane ,W,,, and Z,, have been treated as if they were 
massless. In order to give them mass we apply the Higgs mechanism discussed in 
Sect. 4.1. As the left-handed leptons form an isodoublet and the gauge fields A,, 


an isovector, we now need an isodoublet of Higgs fields, 


°= (40 ) , P= PF +O? eo) 


consisting of a positively charged and a neutral spin-zero particle. With the help 
of the weak Gell-Mann-Nishijima relation discussed in Example 4.8, (16), we find 
that the isospin 7 and hypercharge Y of the Higgs field must be given by 


ey = (4.110) 


In order to obtain a non-vanishing vacuum expectation value of the Higgs field, 
we add a potential term with the “wrong” sign of the mass term to the Higgs 
Lagrangian, 


U(®) = —p7 |G? +All? . (4.111) 
In addition there is a gradient term for the kinetic energy of the Higgs field, where 


it is minimally coupled to the gauge fields A, and B,, in the same way as the 
leptonic doublet in (4.96): 


2 2 
(4.112) 


/ 
= | (a, ig? A, — iB, | ® 


/ 
(ia, A GaP eh, a 5,9) & 


(Example 4.8, (5,15)). We recognize that the relative sign of the coupling to the 
electrically neutral fields At and B,, differs for the two components of the Higgs 
field. Therefore the electromagnetic field 4,, does not couple to the lower compo- 
nent of the Higgs field, as we shall see in the following. The hypercharge of the 
Higgs doublet, fixed by the special choice (4.110), is the origin of this change of 
sign. We can say that the special choice of the Higgs doublet (4.109), which seems 
to be unmotivated at first glance, just yields the effect that the A — B,, mixture 
representing the photon field 4,, does not couple to the neutral component ¢°. This 
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must be so since the photon must remain massless. With the help of (4.98) we can 
easily prove that 


/ 3 / 
aa a ak +94,,+ 9B, 0 
14) + FB, = 5 ( 0 ae tk oh), 
“il ema. 0 ) 
2 0 A,,(—g sin 6 + g' cos 6) — Z,,(g cos 6 + g’ sin 0) 
eAy + 958257, 0 
={ Base cea ) (4.113) 
0 Fes 9 Zu 


This result shows that the lower component of the Higgs field does not couple to the 
photon field, that is, it carries no electric charge. Formally, the upper component has 
the opposite charge of the electron so that it is positively charged corresponding 
to (4.109). We are always able to set the upper component 4+) to zero by an 
appropriate gauge (rotation in isospin space). Therefore we write 


' 
Os wee + x(x)) exp (56) r) i (4.114) 


with the isovector 9 = (©), @2,03). The four-fields Ox) and x(x) are real- 
valued. \ = ,/p*/h describes the vacuum expectation value of the Higgs field, 
known from Sect. 4.1, and x(x) denotes the local deviation of the Higgs field from 
that value. 

With regard to SU(2) gauge invariance of the Yang-Mills theory, we are now 
able to eliminate the exponential, because ® can be written in the form 


I - n A 
P= FO+xe)te (7) = G(4+x00) (?) =0,8 , (4.115) 


U> being the SU(2) gauge transformation 

- i 

Ob = Oyo (+560) . r) : (4.116) 
Now gauge invariance permits us to replace Dp by &, because po represents a 


general state of the Higgs field just as well as the & field, that is to say, we may 
set 


1 0 
P= (+26) (1) , (4.117) 


The vacuum expectation value of the Higgs field is fixed by the condition that U(#) 
attains a minimum. To this end we set x(x) = 0 and, using the gauge (4.117), we 
get the vacuum expectation value of the Higgs field & 


a DY 3 2 
(0|$|0) = FZ (7) ,  |(0[S}0)|* = ~ (4.118) 


The Higgs potential results in the form 
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U ((0|S|0)) = — Hy a qx = LO. (4.119) 


Demanding dV /dA = 0 we get 


= = (4.120) 
yielding the vacuum expectation value of the Higgs field 
A pb 0) 
0|2/0) = —— 4.121 
(odio) = (9) (4.120 


Again we mention that the lower component of the Higgs field does not couple to 
the electromagnetic field according to (4.113). Therefore the non-vanishing vacuum 
expectation value does not influence the photon field, in other words, in spite of 
the symmetry breaking the photon remains massless. 

Now we collect all parts of the Lagrangian density, that is, the contributions of 
the free fields (leptons, Yang—Mills field and neutral vector field B,,), writing 


Bete earn el = 0, A; 0) Ag AeA, a) 4.122) 


and also the interaction terms (4.100) and the contributions of the Higgs field 
(4.111, 112). Finally we add a term (@ = e, 11,7) 


—~V2fe(ReP' Le + Le®Re) = fol + xberbe (4.123) 


for each lepton generation, in order to give the charged leptons the mass me = fe. 
A detailed discussion of these terms can be found in Exercise 4.9. Here 6! = 
(@" , 6") denotes the Hermitian conjugate of the isodoublet vector. Obviously 
the combinations 


®'L, and Lp (4.124) 


are isoscalars and spinors or adjoint spinors, respectively, in space- -time and can 
be combined with the isoscalar spinors Ry and adjoint isoscalar spinors Rp, respec- 
tively, forming the invariants 


RpO'Lp and LOR, (4.125) 
which are related to each other by 
(RO'L)' = (LOR) . (4.126) 


Hence the form of the interaction chosen in (4.123) is Hermitian. Each of the terms 
in (4.123) is also invariant with respect to gauge transformations. This can be seen 
by using the notation of gauge transformations U = U; U> = = OU introduced 
in Example 4.8 (3). U; is the U(1) gauge transformation, whereas U> denotes the 
SU(2) transformation. Obviously both commute. We can then write 


[ent wel ANG Owe: 
= RO 10,80, 0, UU Le 
=RG'L, , (4.127) 
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with 
Re=URe , Lo=Oithke , =H H607'=H . (4.128) 


We denote the neutrino components by w,, (€ = e, 4,7) and the massive leptons 
by ve. If we start with Example 4.8, (15), and (4.96), (4.100), and (4.105), the 
Lagrangian of the weak interactions is given by 


1 el , 2 
eI AG (= feats) Ap 
£ 


+O (Gr (1— 99) Guth, + ber" Ousbe ~ febeve + 0) 


Li 
a ae X [bey (1 — Yb WO + dy (1 -— YP) ve] 


ee dX [Puey" (1 — 9°) due — Ber" (9h — 75) He] Zp 


AM 1 2 ee 2 a 
ae Oe —hir ~—hx (x + 5x ) 
2 B 
T (oy opyou 4 42") 9 1 4.129 
- 8 (2m; di es cos? 6 Oe lee) 


Here we have used (4.120) in order to eliminate the term linear in y. The fourth 
and fifth terms describe the kinetic energies of the (left-handed) neutrinos and 
massive leptons. The last term represents the coupling of the W and Z bosons to 
the Higgs fields, which generates the W and Z boson masses. We evaluate this 
term in Exercise 4.10. The constants fp are given by the lepton masses mp = Mfe - 
Furthermore, we see that the masses of the W and Z boson result in the form 
gx Mw 
= Oe, 4.130 
2 ~~ cos 8 ( ) 
Finally, according to our discussion in Sect. 3.4 (see (3.86)) we can identify the 
Fermi coupling constant 


My 


G Gn e? a 


V2 8Me-8M2sin2 2M 


(4.131) 


The first equation originates from the vertex coupling strength 9 = g/2/2 of the 
charged weak current in (4.129), compared to the vertex coupling G/ V2 in (3.86). 
Furthermore, we have used the asymptotic (low-energy) behaviour for the Boson 
propagator 


(-ig)’  g-0 Ot 
Fre ave (4.132) 
This is expressed graphically in Fig. 4.9. 


In (4.131) we have used the experimental value (4.108) of the Weinberg angle. 


Thus we obtain the following estimate of the masses of the intermediate bosons W 
and Z: 
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Vv Vv 
a) 
= 

e e 

# 1/2 2 
My = | —=-——- = | —_ | 275 GeV , 4.133a 
: Gee. (=) ( ) 
Mz = 86 GeV (4.133b) 


Here we have used the value 2.63 for G. ( Owing to higher-order radiative cor- 
rections the effective value of G is renormalized at high energies. The value in 
the 80 — 90 GeV mass range is somewhat lower than 2.63 and therefore the pre- 
cise predictions of the theory for My and Mz are about 6 percent higher; see 
also Exercises 5.2,3.) The masses of the intermediate bosons as predicted by the 
Salam—Weinberg theory (75 and 86 MeV, respectively), are very high, making their 
production difficult.!> For example, the electron—positron storage ring PETRA at 
Hamburg had a maximum available energy of 45 GeV. There the influence of 
the Z° boson on the scattering could only be seen indirectly, since the conversion 
of an electron—positron pair into a muon pair (or 7 pair) can occur with either a 
virtual photon or a virtual Z° boson in the intermediate state (see Fig. 4.10). Both 
processes are in principle indistinguishable, since they yield the same final state, 
and their amplitudes have to be added coherently. However, as the neutral weak 
current of the charged leptons has different parity properties (nearly pure axial 
vector current — cf. (4.106, 107)) to the electromagnetic one (pure vector current), 
the superposition of the two processes yields a characteristic shape of the angular 
distributions of the particles produced, which allows for a crude determination of 
the mass of the Z boson. (Further details can be found in Sect. 5.2.) Today (1993), 
the latest generation of electron—positron colliders, with centre-of mass energies of 
around 100 GeV, allows for copious production of Z bosons, making a detailed 
investigation of their properties possible (see Example 5.3). 

Finally we have to rewrite the free-field parts F',,-F"” and B,,B*” in terms 
of the physical fields 4, Z,, and Wize We find that 


Pup pera S (Ai ee OA, ar ge AXA!) (ana — vA + gewA'"al”) 


t 


on = : =) 3 =) 43 
= 26.4. ona ta(¥.04, — 43)] 
x [a woe _ 9v wore zie ig(W HAY a weg) 
+ [3,43 - 0,43 + ig WOW — WO wi?)| 


Y jana — YB" + ig(WOuW OY — Wor wire) 


'SThe discovery of the intermediate bosons at the proton—antiproton collider of CERN in 
Geneva, with two colliding beams of 270 GeV each, will be discussed in Example 5.2. 


Fig. 4.9. Interaction of weak 
currents (a) in the Fermi 
theory, (b) in the standard 
model 
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Fig. 4.10. Muon and 7 lepton 
pair production, with a pho- 
ton or the neutral boson Z° 
as intermediate state 
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=2 9, WS — WO —igcos@(W\Z, — WZ,) —ie(WOA, - a 
‘ jan — a WO" + igcoso(WOHZY — Wt ZH) 
+ie(W HAY — 7) 
+ | 00s 0(2,2. — OZ,) + sin 6(8,A, — By) + ig(WOW - Ta 
x | cos 0(94Z” — 8°Z#) + sin6(a"AY — a”4") 
+ ig (WOW HY _ you | (4.134) 
where we have used (4.101), setting 
e=gsinO=g'cosé . (4.135) 
The free part of the isosinglet field is 
ByyB™ = (4B, — 0,B,) (O¥BY — 0” BY) 
= cos” 6(0,Ay — hen) (Ee — av A") 
esta (p42 hau! aaa) 
— 2sin 6 cos 6(8,4, ~ O,A,)(O"Z” —A’Z#) (4.136) 


By adding both contributions (4.134,136), we find that those terms which mix the 
photon A, and the neutral intermediate boson Z, disappear. 

Now we have determined all terms of the Glashow—Salam—Weinberg La- 
grangian describing the electromagnetic and weak (“electroweak”) interaction of 
the leptons. We write the total expression in a closed form, omitting the constant 
term in the Higgs sector, that is, 1h*: 

Lsw = Eg) + > ESP, + 182 + 182) 4 1) (4.137) 

e 
Here oe describes the part of the free boson and lepton fields, Lae represents 
the coupling between the leptons of the generation / = (e, 41,7) and the interme- 
diate bosons, jee and Lee) are the third- and fourth-order terms of the bosonic 


fields describing their self-coupling, and lastly Le contains all terms of the Higgs 
field which are not contained in the mass terms. In detail, the complete Lagrangian 
consists of the following parts: 


(a) free fields (massive vector bosons, photons, leptons): 
1 
2 + ate — = 
bee = ~-(0,W5 ) — Oy wi 2 (a+ w( w = QV Ww ) aL Mews py Mu 


— 7 (8nZ, BO 20 Ze es 5Mjz,2" 


- 5 (nd — 0,Ay,) (O¥A” — a” AY) 


a SS Pacino, es Yu, ae De (i7"O,, = me) We ; (4.138) 


2 
ee, 11,7 
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(b) the lepton—boson interaction: 


GL) 


LW = aga a) + Deer (1 — 75) ber? 


tos 5 Buy! (1 —s)d, — vey" (1 — 4 sin? @—ys) He] Zi 
—epey bay , (4.139) 
(c) third-order interactions of vector bosons: 
LSP = igcos4| (3,79 — WO) WOHZ” — (8, WP — WO) WOHZ”) 
—ie(O,WS? — a, WO) WOHd” + ie (O,WY — a,WP) WOH’ 
+ ig cos FO, Ze — OZ) wey ow 
—ie(O,4, — A,) WOW”, (4.140) 
(d) fourth-order interactions of vector bosons: 
LY = —g? cos? o(WOW UZ, ZY — WOW! ZZ") 
Uwowe v = y 
ig (W' yw 4g AY — wows YAH A ) 
+egcos0(2WO WZ, AY — WOW OIZHAY — WOW OZ AY) 
ae GM ON WoOwow _ ie woe Ww wow (4.141) 
(e) the Higgs sector: 
1 
ibe = 5 (ux) (d4x) —Ad?x? 
1 = = 1 
+ ao [Ww O# + (2cos6)1Z,Z4] (AX + x7) — hx? (ox a ix) 


— So febebex (4.142) 
£ 


Remember that sometimes in the literature W* = W and W = W“), as we have 
earlier remarked before (4.100). The following relations are valid for the masses: 


= _ Mw 


My » Mz= ; S11) 3 (4.143) 
VGV2.-2sin END onaing cos 6 
and for the coupling constants 
G 1 : 
a a is (4.144) 


Vi ee SVE 


Thus the Lagrange density contains a fairly large number of terms; its concep- 
tual simplicity, however, originates from the underlying gauge principle of the 
SU(2)xU(1) group. 
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4.9 Lepton Masses 


Problem. Evaluate relation (4.123) explicitly. 
Solution. Omitting the index 2 in Example 4.8, (1), and with (4.118), we obtain 


E a = (by = :) 
= as 
RO'L + LOR = pp (0, (Yi), + Gone & Wr 
= F(ab + diva) © 


Since 


ee ee) 


(2) 


2 2 ; 
(see (1.23)) and also 
= 235 a lees 
YR = 2 w ’ Vr=y 2 ’ 
2 2 
Les eee Panag a Pa a (3) 
2 = ; 2 2 , 
we find the result 
r -1—~+5 jy AOS 
eats 4 = — 4 
ma yew) = be (4) 


for each generation, where we have used the identities (3). In the standard model, 
one combines the initially independent components 7g and wr, belonging to dif- 
ferent SU(2) multiplets to a single fermion field w. Expressing the Lagrangian in 
terms of this combined field , we obtain a mass term for . That is, the uy, and 
Wr behave like the left-handed and right-handed components of a fermion field 
owing to their coupling to the Higgs field. The intermingling of terms belonging to 
different SU(2) multiplets is an expression of the spontaneous breaking of SU(2) 
symmetry by the Higgs field. 


SSS eee 


4.10 Masses of the Vector Bosons 


Problem. Determine the eigenvalues of the mass matrix of the vector bosons in the 


Salam—Weinberg theory without fixing the vacuum expection value of the Higgs 
field. 


Solution. The kinetic energy of the Higgs field, including the minimally coupled 
vector fields, is given by (4.112), 


4.5 Spontaneous Symmetry Breaking: The Higgs Sector 


2, 


(1) 


A 1 
(id. + 97 Ay + 7 g'YB,) 


with Y = +1 being the weak hypercharge of the Higgs field. Constant Higgs fields 
imply that (1) takes the form 
2 


gt ri 


A 1 
gh Awe 59 YBu 


: a 2 . a 1 
= Al Ab? (®'T;T,D) + gg'AiBYY (G'T,6) + 7 Ga, 

The potential term of the Higgs field (4.111) 

V(¢) = —p’|O/° + hol" (3) 
is minimized by 

a 2 1 We 
0|2|0) |" = =» Va, 
(0[G|0)[ ==” , 7 (4) 


We now rewrite the first term in (2) with the help of the commutation relations of 
the isospin matrices. 


A A ] i A 
Ti Te = 7 oR + emt (5) 
obtaining 
a 1 i « 
DATS = 764i? + seu (HP) 6) 


Since the factor 4/,A¢ is symmetric with respect to the indices i, k, the second 
term in (6) does not contribute to (2), which yields the mass matrix 


1 1 : 
5 PA, AM +5 TP ae) DP? + gg'A,B“Y -(G'TS) (7) 


Owing to (4) the vacuum expectation values of the Higgs terms in (7) are given 
by 


1 na af 1 
[oP = 5% , (O/STSl0)=5NT re, (8) 


where we have defined an isospin vector of the Higgs vacuum by 


(0|t P40) 


1 
A ’ (eeael = 
|(0|2|0) |? 


; 0) 


we = 


The norm of Ty, will be explicitly calculated in Exercise 4.11. 
Now we split up the isovector field A,, into an isospin component All parallel 
to Tyac and a component 47; perpendicular to Tyac, 


Ay =2A!lTvac t+ Ay; (10) 


with the relations 
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Exercise 4.10 


AWS 2A,°T pe A tee (11) 


Clearly 27a: is a unit vector in isospin space. This result is already contained in 
the second part of (9). Obviously 
ul 
A, A" = AIAG +Az,-At , (12) 


is valid. Thus we can separate components with respect to T'yac in the mass term 


(7): 
5 9 Ay Al + @llat + 2gq'VAlLBH 4 9B,B*Y?| 


1 g 
= ge ai AG a (4h 7 “yp, 


1 12 
= gray ai -A 42,24 (1 + ) | (13) 


By choosing 2T,,, as a unit vector in the 3-direction in isospin space we get 


Anata} (14) 
With 
Ae ae ie 
jy ees Se BE eae 15 
i V2 ¢>) 


it follows that 
pl ak 22 Dy (- 
A A, Ai OT) (16) 
Substituting the last expression in (13) we obtain 
12 


! z: g 
gro” 2WoOwOer + ZZ" (1 + all (17) 


which corresponds to the last term of (4.129). In (13) we have inserted the linear 
combination 


I ! 
Ay, + g' YB 
a8 7a —z ; (18) 


where the denominator is needed for correct normalization. Again as in (4.101), 
we use 


a 


e=gsin@ =g'cosé , (19) 
yielding 


a 
laces 1+ tan? @ = 


cos? 8 (20) 


Hence the masses of the W,,, and Z,, fields are 
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Mw 
cos @ 


1 
My = 549 » Mz= (21) 


whereas the field orthogonal to Z,,, 
os g'Al, — 9B, 


, aD 
/ g? +g” ( ) 


remains massless. Note that we did not fix the direction of the vacuum expectation 
value in isospin space. The distinction between the fields W* = (W{', W®) and 
Z* is fixed relative to the Higgs vacuum by (10) and (11)! 


Ay 


RRM] ——————— SESS SS 


4.11 The Norm of Tyac 


Problem. Show that the vector 
Tac = (©'TH)(H'G)—! 
has length 1/2. 


Solution. By representing © in the unitary gauge (4.117) we obviously have 


&'T,h = (0,0) es a 8) = 50 (1) 


with = J;(A + x) and tT,6 = OT, = 0. Furthermore, 416 = 67, yielding 


1 
enc = eo > (2) 


e3 being the unit vector in the 3-direction in isospin space. In order to calculate 
Tac in the general case we introduce the 2 x 2 matrix @h1 whose isospin indices 
qa and @ are given by 


(PB')43 =FyPe . CG) 
For every matrix F we have 

DEO = GF 36g = FopPaP%, =T{FOS'} . (4) 
In particular the special choice of F as the unit matrix yields 

\o? = SO =Tr{SS"} . (5) 
Moreover, 

(691)? = SotGot = GGID)G' =|G7 Go! . (6) 


66' is a Hermitian matrix because (661)! = S41. Now every Hermitian 2 x 2 
matrix can be represented as a linear combination of the unit matrix and the Pauli 
matrices, that is, the matrices 7;, 
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BD! =a + b;T; (7) 
with a and 5; real valued. Since the 7; are traceless we get 

|S? = TrH{SS} = 2a , (8) 
because the trace of the 2 x 2 unit matrix is just 2. In addition, 

(@B'Y = (a +b;7,° =a? + 2ab;7, + (8:7; . (9) 
Using Exercise 4.10 (5), we get 


4 tiers 1 1 
(6:7; = T;Tyb;by = (4éu + seu) b; by, 


=e (10) 


since b;b, is symmetric, and therefore the term proportional to €,; vanishes. Thus 
it remains that 


1 2 ? 
(OGY = g? + 5 S >? + 2ab; Ty = |S/?(a +b 7;) (11) 


as a result of (6). On comparing the coefficients we again find that ||? = 2a in 
accordance with (8), and furthermore that 


1 
a’ +7) |b? = alo? ; (12) 
i 
Combining (8) and (12) leads to 
1 1 
= esa. 
By choosing F = 7; in (4) we obtain 
GT; D = Tr{T; O19} = Tr{Ti(a + BT} 
1 1 
(14) 


ee CSU al ie 
because Tr{7;} = 0 and Tr{7;7;} = (1/2)6,, according to Excercise 4.10, (5). We 
can therefore derive 


. . 1 1 
(B'TOY =) @'NS) = 70 = lor (15) 
i i 
yielding 
BTo\ | 
I 
(Dine) = (Se = 4 => |Z vac! = 2 : (16) 


Thus we have proved the norm of Ty,. to be 1 /2, independent of the gauge. 
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In this section we shall consider the Higgs—-Kibble mechanism of symmetry break- 
ing in the standard model (GSW model) of weak interactions from a different point 
of view. In Sect. 4.1 we discussed the basic idea of the Higgs—Kibble mechanism 
for generating masses in a gauge-invariant way in the context of an Abelian gauge 
theory. In the previous section we studied spontaneous symmetry breaking within 
the GSW model in some detail. 

Let us repeat the main aspects of spontaneous symmetry breaking of a U(1) 
gauge theory. We started with a massless vector field A,, with two degrees of 
freedom and then introduced a complex scalar Higgs field @ with two additional 
degrees of freedom. One of the two degrees of freedom of the Higgs field was 
“eaten” by the massless A,, field, in order to transform the latter to a massive field 
ae The second component, y, remained as a massive scalar field (see (4.35)). 


In the case of the standard model we initially have a massless isotriplet gauge 
field 


Ay = {Atu} (4.145) 


coupled to the neutral and charged weak transition currents (see (4.96), or Example 
4.8, (15)). The gauge field A,, was derived by demanding gauge invariance with 
respect to SU(2) gauge transformations. It must be massive (induced by appropri- 
ate spontaneous symmetry breaking) in order to ensure the short range of weak 
interactions. In addition, there has to exist a U(1) symmetry and a related vector 
field B,, which stays massless, describing the photon in the framework of a unified 
theory. 

In order to satisfy all these requirements the best approach is to generalize the 
scalar Higgs field introduced in Sect. 4.1 to a complex scalar isodoublet field &. 
This was the the idea in the thinking of Weinberg and Salam. We denote the Higgs 
doublet by 


1 (1+ id2 1 1 
a ee 4.146 
V2 C “a a mn alto) 


with the four real functions ¢),...,¢4. The weak isospin T is already fixed here, 
but the weak hypercharge remains unknown. We shall fix it later. 

The mechanism that generates the masses of the three initially massless gauge 
bosons through a non-vanishing vacuum expectation value of the @ field is com- 
pletely analogous to the case of U(1) symmetry. One wants to obtain a vacuum- 
induced current (j,,)o that has a part proportional to A,,, in order to transform the 
wave equation of the massless vector field, 


oA” = OVA, AY = (j")o ’ (4.147) 
together with the relation 
(j4)\o =—-M7AP , (4.148) 


which expresses the vacuum screening, into an equation of a massive vector field, 
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(Q+M*)A*—d4a, A” =0 . (4.149) 


The bold notation of A,, denotes the isovector character of that gauge field. It was 
the special choice of phase of the scalar field ©, that is, 6) = r/V2 exp (ioe) (")) : 
which seemed to violate the gauge symmetry. Actually, the gauge invariance is 
naturally not broken, it is just hidden. This can be seen from the fact that the masses 
of the gauge fields are directly connected to the equilibrium value (expectation value 
of the ground state) of the field ©. A relation of this kind (for example M? = g?2, 
g being the coupling constant) does not otherwise exist! 

Without loss of generality we write our actual Higgs field (4.146) in the form 


@ = exp (ia) : tr) Ea (4.150) 


with a) = {a1 (x), a2(x), a3(x)} being three real phase fields and H(x) an ad- 
ditional real field. These four fields are equivalent to the fields $1(x), ..., O4(x) in 
(4.146). The x dependence of the “angle of rotation” a(x) signifies that there is 
an independent rotation along the three isospin directions at each space-time point 
x. Demanding invariance of the theory with respect to these transformations estab- 
lishes gauge invariance, in our case SU(2) gauge invariance. T = LT Ti Ie 3} are 
the generators of this symmetry group. 

In order to implement the concept described in (4.147-149) we need to know the 
current j""(A,,®). It has to be an isovector, and each of three isospin components 
must be a four-vector. In the case of a single scalar field ¢, J*#(¢) is given by!® 


J* = —igl¢*(0"¢) — (O"o*)¢]_, (4.151) 


q denoting the charge of the scalar field. When coupled to the electromagnetic 
field A,,, the current j“ can be defined gauge invariantly by replacing 0,, with the 
gauge-invariant derivatives 


8,4 Dy =O,-igA, . (4.152) 


Considering the weak isodoublet @ in (4.146), we see that the current must be an 
isovector; which is to say, it must be composed of three currents, one for each 
isospin component. It therefore must have the form 


j* = {i*"} = -ig{ S'T(O"®) — (0" Bt)TO} 
= -ig{ S'T4(9") — (A)! Tap} (4.153) 
@=1,2,3, f=0,1,2,3 


In the standard model of weak interactions with an SU(2) x U(1) gauge symmetry, 
there have to exist as many as four currents, namely three weak isospin cur- 
rents 7°" (a = 1,2,3) and a current of hypercharge j’“. As stated by Noether’s 
theorem, for every group generator of a symmetry group (here 7}, T> ji nel Nea 
corresponding current exists: 


'®See W. Greiner: Relativistic Quantum Mechanics — Wave Equations (Springer, Berlin, 
Heidelberg, New York 1994). 
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/ 
jr = AZ [at (O"®) — (949/79) 
rg 
= = ENE —(B4S')6] (4.154) 
Again, by analogy with the steps from (4.151) to (4.153), the gauge invariance of 
the current with respect to SU(2) x U(1) can be ensured if we replace 0,, in (4.153) 
and (4.154) by the gauge-covariant derivative D”, 
/ 
64 + DY = a —ig'. AH is PB 
/ 
= 9" igh? . 4b# -i5 Be (4.155) 


Performing the replacement in (4.153) yields 


/ 
j7"(®, Ay, By) = —ig {2 T2(04 ig ThA’ — = YB")® 
b 


/ 
—91(a" +ig > TPAM? + i Fania} 
: 2 
= ~ig [S1T4(O"B) — (4S)'T79] 


42g? [OS (7? + P°T)AM DB] +P gq'o'T*Y BMD 
b 


= ~ig [G177(0") — (A"S)'T*4| 


2 
a F [oto — gg VOT OB" (4.156) 


where we have applied the well-known relation 777° + T°T? = 346% and the fact 
that 7@ and Y are hermitian matrices. 

For the current of the hypercharge we analogously replace the normal derivative 
by the gauge covariant one in (4.154) and obtain 


; a aa So 
j7*(G, Ay, By) = AZY {30" ~ig >) TAs — INE 


a 
* Ol 

—6' (84 ie i Be 

( tig) i VBE) 

/ 

= =i5Y [st (a"8) — (a"6)t 9 
12 

— gg YP'TO. AX — Soler . (4.157) 


Here we have used [Y : (eae = 0. In order to obtain the screening currents of 
the vacuum, we replace ® by its vacuum expectation value in the usual manner. 
Without loss of generality we can choose 


By = (b)y = (3) (4.158) 


168 


4. The Salam—Weinberg Theory 


by analogy with (4.150), which was originally proposed by Weinberg. Here we 
have removed the phase factor exp (iar) : t) through SU(2) gauging and the 


phase factor exp (iY a(x)), 


( es = exp (i¥a(x)) ( ‘ pa) . (4.159) 


through U(1) gauging. On inserting (4.158) into (4.156) and (4.157) we get 


ie = GG, Ay, B,))o 


2 2 
_~_f ® jap ry 1 §3 Bu 4.160 


and 
He =P ELE BE, 


we PR 2 
= 99 ; §a3 gan re Be (4.161) 


The terms with 6% originate from the relation 617°} ~ §%3: for a = ll, the 
expectation value vanishes. Hence we obtain the wave equation (4.147) of the 4¢# 
fields in the form 


(474 + M244) — BHO, A = 509/Y 6 BH (4.162) 
where 

Ma= 50d (4.163) 
The field BY obeys an equation analogous to (4.147): 

(OB" + MZB") — d4A,BY = 509'Y Alito. (4.164) 

Mi sa/NY ‘ (4.165) 


Thus the 4*%# and B¥ fields have obtained masses. However, two facts are still 
unsatisfactory. First, we do not know which value we should choose for Y , and 
second, on the right-hand side of (4.162) and (4.164) there are inhomogenities. 
The latter do not exist for the fields 4'" and 42“, but only for 47" and B¥. Here 
the following consideration is helpful. We do not want electromagnetic screening 
currents to show up in the vacuum, since the photon should stay massless. On the 
other hand, a third massive boson should arise (mainly) from the field 43“, which 
mediates the neutral weak current interaction. We note again the equations of the 
fields 4°" and BY explicitly: 


n4*# — 046,4" = —M243" 4 MyMp Be 
OB" — 0¥0,BY = —MZB" + MyM, A24 


? 


(4.166) 


Obviously, in the vacuum state the fields 43% and B¥ are coupled for our choice 
of ®o (4.158), since on the right-hand side of the equation for 43 there is a term 
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proportional to B,,, and vice versa. Usually we would transfer these linear terms 
to the left-hand side of the equation and interpret them as mass terms. However, it 
is just these mass terms that are coupled! In physical terms, neither the field 4?“ 
nor BY has definite mass. Therefore they cannot be regarded as the proper physical 
fields. 


We first have to diagonalize the mass matrix. From (4.160) and (4.161) we see 
that 


he on =O (4.167) 


if we set Y = 1 for the Higgs doublet. Considering the Gell-Mann—Nishijima 
relation, 


¥ 


Q=h+s , (4.168) 


we see that the lower component of must then have electric charge zero. The 
upper component has to be charged positively. Hence the general Higgs field has 
the structure 


o 
G = ( a ; (4.169) 


as we demanded outright in (4.109). Here that structure follows from requiring that 
(4.167) be satisfied. Thus the combination 


xa 4 eke (4.170) 


decouples the field equations (4.166). Moreover, in the general case (Y = lyewe 
have just to multiply the first of the equations by Mg and the second by My. The 
sum of both yields 


(64, — O4O,)(MpA*’ +MsB’)=0 , (4.171) 


and we see that this combination of fields stays massless; it can be identified with 
the photon field A”. 
After normalization we write 


AY =sin@ A + cosé BY (4.172) 
with 
tang = —* = ae 
B el 
/ 
sin = Z (4.173) 
P+ PY) 


a 
Cb SS 
JG + 9?¥*) 


The field A” fulfils the Maxwell equation, 
(O64, — 0"d,)A” =0 . (4.174) 
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The corresponding orthogonal combination 

Z" =cos@ 4*# — sing BY (4.175) 
obeys the equation 

(06+, — 040, +M26",)Z" =0 , (4.176) 
with 


I 
Mz = Mi +Mg = 2 [G'YP +97] 


Ms\7) M2 
ye? Mp\ ) _ Mg 
ae [i+ () cos? 8 


(4.177) 


Thus the Z boson turns out to be massive. On inverting (4.172) and (4.175) we get 


A} sind A eecosu Zz 


(4.178) 
Be cose A — sing 2 


Inserting this into (4.155), we find that the SU(2) x U(1) covariant derivative results 
in the form 


A A ka 1 ° S 
DE igh A ey igh ae Y BH 
= 04 —ig(T1A + T7474) — igT?(sin@ A” + cos Z“) 
lear , 
_ zig’ Y (cos 6 A¥ — sin@ Z") 
: F : ay, 
=O 19 A 74) gd | sine te = cos a) 
g 
a LV 
=igZ® (cos a 5 sind) 


A lal x Ps tal 1 
= 0" — ig(T1A™ + T74") —ig sing AH @ + ;) 


ae 
— —5 the (cos? P- 5 sin’ 6) (4.179) 


The hypercharge is completely eliminated! Nonetheless, the choice Y = 1 for the 
Higgs field is essential. Only in the case Y = 1 can the term proportional to A” in 
(4.179) be written in the form 


~ig sin@ (7 + 57) AY =i (4.180) 


Since A” is supposed to describe the photon field and 7; + +Y = Q is the charge 
in units of e, we derive the condition 


gsn@=e . (4.181) 


From here we are directly led to the relations derived earlier: 


4.6 Hidden SU(2) x U(1) Gauge Invariance 


1 
M, =Mw = 594 5 
Ge 
V2 8My? ’ 
G 1 
i = D2 with A=250 GeV , 
sin’? 6 + 0.23+0.001_ , 
é one 
hae VG an sin 6 Sea 
M 
= a = 90 GeV 


Finally, we wish to emphasize three points once more. 


1. The Gell-Mann-Nishijima relation (4.168) of weak interactions is an additional 
condition which is of great importance for the GSW theory but is not included in 
the basic principle of SU(2) x U(1) gauge invariance. 


2. At first glance it seems to be curious that we obtain just one massive and one 
massless field from the initially massless fields 47“ and B” through the Higgs 
mechanism. This can be understood by considering the special choice 


0 


If we choose the vacuum Higgs field, ®p, to break the symmetry in some way, we 
always get a massive gauge boson. This is just the same as in Sect. 4.1 regarding 
U(1) symmetry. However, if the symmetry group is larger than U(1), as in our 
case SU(2) x U(1), it may happen that for a special choice of ®p a part of the 
(total) symmetry group stays unbroken. We may alternatively say that ®p can be 
invariant with respect to some of the symmetry transformations, that is, generators 
or combinations of generators. The corresponding gauge fields (gauge bosons) stay 
massless. In our case, because 


Bs 1 
Yh) = Do ; T3Do = _) Do (4.183) 
we have 
4 1 « 
(41+ 5f) G=0 , (4.184) 


and therefore 
= ilies 
By —+ Dy = exp ioc) (n+57)| Po =D . (4.185) 


This implies that &p is not changed by a transformation belonging to this special 
subgroup of gauge transformations. Hence the related gauge field, a linear com- 
bination of A?# (ee uses to r 3) and B # (belonging to v ), acquires no mass. In 
(4.184) the generator We ded 5 1¥ = Q is obviously a linear combination of the SU(2) 


generator T; and the U(1) generator Y. According to Gell-Mann and Nishijima, O 
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represents the charge operator. Therefore the transformation (4.185) is just the U(1) 
phase invariance of the neutral electromagnetic field. The photon has no mass! 


3. Lastly we mention that our discussion took place in the framework of the unitary 
gauge. Ina general gauge the propagator of the massive vector boson has the form 


gl! + (= Q)KEKY 
eae (4.186) 
k2 — M2 


The gauge symmetry, which was initially present, is now hidden. It is implied by 
the fact that M = 5 gA is connected with the vacuum expectation value of S and 
is therefore changed if we regauge the field ®. The propagator (4.186) has a pole 
at k* = M? and a second pole at k? = ¢?M?. The former is physical, the latter 
is not. The second pole corresponds to an unphysical Higgs particle. Therefore we 
have to take care to suppress these gauge-dependent, unphysical contributions. In 
our discussions applying the unitary gauge (¢ — oo), this problem does not arise. 
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5. Some Properties of the Salam—Weinberg Theory 
of Leptons 


One major success of the standard model is the accurate prediction of the masses of 
the intermediate bosons, starting from the operator structure of the neutral current. 
This made a specific experimental search for these particles possible, to which end 
it is important to know the possible creation and decay mechanisms. We see imme- 
diately that in an electron—positron storage ring it is considerably easier to produce 
the neutral Z° bosons than the charged W* bosons. In the case of Z°, simple pair 
annihilation suffices (Fig.5.la), whereas charged bosons can only be produced in 
higher-order processes (for example, Fig.5.1b and 5.2). In particular, decays in- 
volving a neutrino are experimentally characteristic, because a large fraction of the 
energy present in the scattering is transferred to the neutrino and is therefore not 
seen in the detectors. 


5.1 Decay of the Charged Boson W~ 


In the following we first discuss the decay of the negatively charged boson W-, in- 
duced by the first term in jee (4.139). The lowest-order scattering matrix element 
is: 


S(W” — fi) = -1 / ats beer = Pup )WIR) Guy 


With the notation of Fig.5.2c the wave functions of the incoming and outgoing 
particles are 


W(x) = (2Vko) 7 eu(k, Ae ™* 
We(x) = (2Vq0)7 7 ug(q,s)e 4" 
Du, (x) = (2Vqh)/20(q', sere * 


(5.2) 


€,,(k, d) is the polarization vector of the W™ boson. All we need to know about €,, 
is that summation over all three directions of polarization yields (see Appendix C) 


kukv 


ae (5.3) 
WwW 


3 
S- eulk, Nek, A) = —9uv + 
ASI 


Now we follow the scheme developed in the treatment of muon decay, Sect. 2.2, 
and perform the space-time integration 


et. 


Fig. 5.1a,b. 

Creation processes of inter- 
mediate bosons by electron— 
positron scattering. (a) Z° 
can be produced by pair an- 
nihilation, (b) charged inter- 
mediate bosons are produced 
in ete” scattering 


eur) 
Teens << 
a) e*(utt*) 
ve(Vurvr) 
Wt ----- < 
b) e+(u+t+) 
er) 
w kela) & 


Ve(Vu,Ws) 
Fig.5.2a—c. Leptonic decay 


mechanisms of intermediate 
bosons 
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jas exp(ig -x tig’. x —ik-x)=(Qr)'64(q+q'-b’ . (5.4) 


Squaring the S matrix element by using (2.16), summing or integrating over final 
states, averaging over the polarization of the incoming boson, and finally dividing 
by the time 7 yields the decay rate 


1 d°q d*q | eee 
WN np Ony3 2 2_| ( )| 


a 3 Sel 
g 1 d q d q 1 1 M 2 64 / 
a at ef ae ig) an 5.5) 
8 (27)? 240 293 2ko 2 2 ASS | (q q ) ( 
with 
Myst = Enlk, Ajiie(q,s)y"C — ys)u,(q’, 5’). (5.6) 


Using the rules for calculating traces of Dirac spinors and matrices (see Ap- 
pendix A) we get the following result: 


irl a ei ene of > te(q,s)y#(1 — 95) 


Deses” 


ee! 


x o(q', 80g‘, 8)" (1 — vada} 


= Gz zt | Tre{(p + mp)y"(1 — 75)¥"9"(1 — 95)} - (5.7) 
Mwy 


The Dirac trace becomes 
Tr{(p + me)y*(1 — ys)’ — 9s)} 

= 2 Tr{( + meyy"p'7"( — 95)} 

= 2gagpTr{y*y"y?7"(1 — 75)} 

= 8gaqa(g*" gh + 9% g®# — gr guv + ierubr) 

= 8g" +4" q —(@ -q’)gt? tie’ gh) (5.8) 
Here we have used (5.3) and (2.29). One may wonder why we are allowed to 
sum over the neutrino spin s’ in (5.7), although we learned that only left-handed 


neutrinos exist. The reason is simply that the V-A coupling y“(1 — 7°) vanishes 
when applied to right-handed neutrinos: 


Cl aie (5.9) 


Inserting the result of the Dirac trace into (5.7) we see that the last term does not 
contribute, because (5.3) is symmetric with respect to the indices jt and v, whereas 


eo#P” is totally antisymmetric. From the energy-momentum relation k2 = My, we 
find that 


8 
D7 Massi? = a 2G - kNQ! + Mv -g/)) (5.10) 
Ass! Ww 


5.1 Decay of the Charged Boson W— 


Because of the delta function in (5.5) the second term can be expressed in terms 
of the rest masses: 


My? = =q+q'P =¢q? +¢q7+2q¢-q')=m+2q@-q) . (6.11) 


If we now insert all terms into (5.5) we obtain the decay rate 


eZ aol) 
cae aq" 4 
~48n2 Ae ae? Sa ONG aia 


x {gq -Bq' ke) + 5 My2(My? —m)) (5.12) 


For the calculation of the momentum-space integral we refer to results obtained 
earlier. Rees (17) in Exercise 2.6 states that 


kone om (qqQ+q'-k 
(ie) a8) 
= Sy) nf ° kd ms me \ 14 2 2 
=F law Lae ope De ele — ae) 
2) 
= ey | eae O(Mw — mp) (5.13) 
a5 WwW My? vee Ww e : 9 


The second part can be done in the following way. We integrate in the rest frame 
of the W~ boson, where k, = (My, O), yielding 


[= A/S 5g + alae + 4h ~ Mw) 


“Bs 
=u 7 5 —M 
2. _la| dia|_ d\q| 6( 2 2 oe ) 
noe] ae V@ +m} + |ql — Mw 
aoe | ee — mp)6(x — Mw) 


m? 
=2n (1 = as) O(Mw — me) , (5.14) 


where we have substituted x = |q| + ,/q? + m? (see Exercise 2.6). 


By inserting (5.13,14) into (5.12) we obtain the final result of the decay rate of 
the W7— in its rest frame: 


1 m3 : m3 
| 1- —> 1+ O(Mw —m : 5.15 
W aed w( a :) ( a (Mw — me) (S215) 


If we use the connection between g and the Fermi coupling constant G (4.131) and 
further exploit the fact that all known leptons are much lighter than the intermediate 
boson, the result is 
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W(W- > Li) & maya? = 225 MeV #3.5x 10% 5! , (5.16) 


6r/2 


where we have taken the value of G as that given in (2.63). Taking into account 
the three leptonic decay channels (£ = e, 4,7) we can estimate the lifetime of the 
charged intermediate bosons: 


1 _ 2nV2 
Th SS eae 
3W GMy? 


NO 8 (5.17) 


This is a remarkably long time for an elementary particle with a mass of more than 
80 GeV, but it is far too short to be measured directly. A direct observation of W 
bosons, for example, as a track in a bubble chamber, seems to be impossible. 

However, the decay of W bosons can be easily detected experimentally since the 
charged lepton and the neutrino are emitted in opposite directions, with momenta 
of the order of 40 GeV/c. The neutrino escapes all detectors, so that a highly 
energetic lepton should be observed whose corresponding recoil momentum is 
missing. When the W boson has been created through some mechanism, it yields a 
clear experimental sign of its decay. However, we shall see later in Chap. 6 that the 
W boson also couples to quarks. It can therefore also decay into hadrons, which 
make up about two thirds of all final states. The probability for the decay into any 
one of the leptonic decay channels amounts to only about 10 percent. 


eS E——_—_—_—_—SaaEEEEE_=_ eee eee 


5.1 Decay of the Z° Boson 


Problem. Calculate the decay processes Z° — £+£- and Z° — vi. 


Solution. (a) First we consider the decay of the Z° boson into charged leptons 
£+£—, Their rest mass can be neglected, since it is much smaller than the mass of 
the Z°. According to (4.139) the scattering matrix element is given by 


S(Z° 3 Bt e-) =i [ar Decay ~ PWels)Z,8) (1) 
with 
Ge = lacone nee il (2) 


If we adopt the same notation for momenta and spins as in Fig. 5.1 and (5.2), the 
decay rate is again given by the result of (5.5,6): 


2 2a 
yee See ad°q 
mai locos Q Qry sf St 240 a fot Leif 6ko oe Myc |* 54 (q ar q’ = k) (3) 


with 


Myst = €(k, ANG, 5)" (gy — vq’, 5’). (4) 


5.1 Decay of the Charged Boson W~ 


If we neglect the lepton mass, the averaged matrix element yields the Dirac trace 
(cf. (5.6)): 
Ty" (Gr — iia 7°)} 
= Tr{py"p'y"(g7 +1- 207 )} 
= 47 + Ila" eg Go| ge dag  n) 


The last term again does not contribute, owing to antisymmetry, yielding 


SMe? 


Ass! 
= (—gyv + kuky/Mz)Trfpy"(gy — ys)P'Y" (gy — 1°} 


jy / t 2 t 
= Me” + 1)[2q@ -k)q -k) + Mz°q-@')) 
8 2 1 
~ me SED) Kape NGM a) aves Me ; (6) 
where we have used the analogue of (5.11), 


Mz? = 2mp +2q-q')%2q-q') - (7) 


If we substitute the result (6) into (3) and perform the integrals in momentum 
space, as in (5.13,14), we obtain the decay rate 


Ae 
7 +1) 
Wie eis) 2 ee (Gy M 
a) 1927 cos? 8 
G2 +1) 


Se hailey 8 
J/2 - 247 cos? 8 2 ®) 


(b) According to (4.139) the decay process Z° — vi can be described by (1) with 
gi = 1. Therefore we can copy the resulting decay rate from (8): 


2 
gi+)) 
ee 
1927 cos? 6 
G 


- J/2 127 cos? 8 


W(Z > vi) = 
My? = 167 MeV . (9) 


Like (8) this result can also be written in the form 


og" +1) +) iy 
1927 cos? 6 a, 


because according to V—A coupling one has gj = 1. For the three leptonic gener- 
ations e, 4,7 together we get 


W(Z° — leptons) = 501 MeV . (10) 


In particular, every massless neutrino species contributes about 100 MeV to the 
decay rate of the Z° boson. Hence an experimental determination of its width 


Wad 
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Exercise 5.1 


Fig. 5.3. The three processes 
contributing to the scattering 
ete” — ptp-. The inter- 
mediate particle can be rep- 
resented by the vector boson 
Z°, the photon (A,), and 
the Higgs particle H® 


Ter 


Fig.5.4. Notation of mo- 
menta in the process eTe~ 
ee 
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allows for a determination of the number of neutrinos in a model-independent 
way! (Recent experimental progress is discussed in Example 5.3.) 


5.2 The Process ete~ —> Z° > utp 


Since the short lifetime of the intermediate bosons prohibits their direct observation, 
it is convenient to consider the creation and decay process of the Z° boson as a 
single process (see Figs. 5.1 and 5.2). Here we shall consider the special process 
ete” — Z° — yt y-. If we study the Salam—Weinberg Lagrangian (4.138-142) 
carefully, we recognize that there are two other processes that yield the same final 
state zt —. They are, first, pair annihilation into a virtual photon (e+e7 > y > 
us -) and, second, formation of an intermediate Higgs particle (e+e — H® > 
utp). According to the Feynman rules for vector bosons, derived in Sect. 4.3, 
the total scattering amplitude consists of three parts, which we write directly in 
momentum space: 


_ Qnyté'p’ +k! -p~b 


S(ete~ De Ay+Az+A 
(Ce ee TRIER ep ime ee a) a 
The three amplitudes are 
ao (k+P)a(k+p) 
m 2 
Ay = —lily(D', Sie) pl, $F 
x Belk, Ai(—e)y?uclP,s) , (5.19a) 
, A+Palk+P) 3 
Az = —~ii (p' eee (gi = y Ju (k' pee — Mz 
ee SS am er Ve 
a ea 
x Velk, t) Dapee (gy a Ys )Ue(p, 5) ’ (195) 
: 1 
Ay = +1u Sie OO — 
H up {p ,S \i(—f, Up E+ py Se) 
X Uelk, t)i(—fe)ue(P, 5) (5.20) 


Here we have used the notation g} = 1 — 4sin? 6 and the couplings from (4.139) 
and (4.142). 


We first compare the relative magnitudes of the coupling constants in the three 
matrix elements: 


A,veng sind , (5.21a) 
g 
Az ~ Pe 2 (S21b) 
m,m m,m 
Ww 


where we have made use of (4.143, 144). Obviously the contribution from the Higgs 
particle is totally negligible, whereas the matrix elements A, and Az are of the same 
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order of magnitude — at least at scattering energies in the range of the mass of the 
intermediate boson. The reason for this is simple: we have used the Higgs field 
to generate masses of the intermediate bosons as well as of the leptons. Since 
the strength of the coupling between the Higgs particle and intermediate bosons is 
given by g (see (4.112)), the interaction between leptons and the Higgs field should 
be gm; /Mw.! 

Let us return to the evaluation of the scattering amplitude (5.18), where we 
can restrict ourselves to the contributions of the photon and Z° boson as discussed 
above. The electron—positron scattering experiments are usually performed with 
colliding beams, which implies that the laboratory frame is simultaneously the 
centre-of-mass frame of the ete” pair. Hence our calculation can be most conve- 


niently performed in the centre-of-mass frame. There we have ky = po, k = —p, 
and also kj = pj, k’ = —p’. The square of the centre-of-mass energy is denoted 
by the variable 

(ep) — 4p, —4n2 (G22) 


According to the formula stated in Appendix C, the particle current in the centre- 
of-mass frame is given by 


, EDP anEme _ Sei + wh? = mt 


= ae aa = ay) oe : (G22) 
From the relation 
(6 + [pPY — me = 2p? + mey’ — me 
=4|pP? (ipl? + m2) =4\p)po (5.24) 
J can be reduced to 
2\p 
= I (5:25) 


JV is just the relative velocity of the colliding particles. The differential cross 
section in the centre-of-mass frame can be obtained by squaring the scattering 
matrix element (5.18) and dividing the result by (21)*64(0) = VT, by J, and by 
the particle density V~'. Finally we have to integrate over the final states for a 
fixed emission angle. Averaging over the polarizations of the incoming particles 
we get 


da 


ae 2 1 


[e 6) 
7 (27)* 1 lp’ 2d p’ | 
L)= se > Asal 
aap Ge) (xa, 

$5" jt," 6 
ak 
(21)? ko 


x &\(p' +k’ —p—b\A,+4z/ . 6.26) 


' Owing to the large mass difference between leptons and intermediate bosons, the whole 
procedure seems to be very artificial. It is therefore appropriate to view the Higgs mech- 
anism as a theoretical tool, which must eventually be replaced by a more fundamental 
theory for the generation of rest masses. Such an underlying theory may well yield an 
explanation for the large mass ratios. The development of a theory of this kind is one of 
the important tasks of particle physics. 
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The spin-averaged square of the matrix elements A., and Az can be rewritten as 
traces of Dirac matrices in the usual manner. Using the formulas of Appendix B 
we find that 


Se 4, Taz 


G6" fiolt! 


ef (k +p)alk +p) — (ke +p)alk + p)g 
~ 52 es oo | SS 
x Te! + my y*H! — muy }TH{(Y — meV + me)? } 
eas | _ Kk +D alk “ee kt P)alk aa 
e 16 cos? @ x s(s — Mz”) |°° S — M7? 


x Te! + mY! — my)y*(av —95)} 
x Tr{¥ — me) (p 4p meyy" (gy 15) 


" eg? _ &+P)alk oad [f __ k +pialk =P) 
16 cos? @ x s(s — Mz”) [°° M,? oe 5 


x Tr{@’ + my)y*(9y —y5s)(H' — my)y"} 
x Tr{H — me)y°(gy — ys) + me)y"} 


ae ee E 5 KtP alk a [bas _ kt p)alk aaa 
256 cos4 @ x (s — Mz”)? |"° My? a Me 

x Tr + my)¥(oy — ys)(#' — muyy*(9h — ys)} 

x Tr{H + me)" (Gy — y5)\(9 + me) Pgh Se (5.27) 


In order to simplify our calculation we take into account that the most interesting 
scattering energies are far above 10 GeV. Therefore we can safely neglect all terms 
including lepton masses. Consequently all terms in the Dirac traces proportional 
to me or m,, are omitted. The simplification goes even further: we may omit all 
contributions in the numerators of the boson propagators containing the four-vector 


(k + p). To wit, since k* = p* = m2, we get, for instance, 


(k + p)aTr{(H — me)y?@ + my} » THA + Pp y?} 
= Tr{(k’py?} + Tr{(Hp?-y?} 
= m2Tr{p-y?} + m2Tr{ Hy} 
=O, (5.28) 


because #* = k? = m2, # = p* = m2, and so on (see Appendix B). Since 
the 6 function ensuring energy and momentum conservation in (5.26) implies that 
(p + k) = (vp + k’), the latter result is also valid for traces containing the four- 
momenta of the muons in the final state (p’, k’). 


In the limit of high scattering energies, that is for s >> me,m;., only the con- 
tributions of the form Jo9ag temain, yielding a considerably simplified form of 
Cea) 
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So 14) +42)? © ae ae }Tr Yap Ya} 


SHSM ta 
$e tng 9H 9) 
2cos? 6 x s x (s — MZ) 


x Tr{# Yo ¥a(Gy — 5) } 


ee 


as 3Sécos'O x Mapp TN Gr — 75)#'y" (gy — ¥5)} 
x Tr{#Ya(gy — Ys ¥a9v — Y5)} (5.29) 


Here we have used the identity of both interference terms resulting from the anti- 
commutativity of ys and ¥,,. The calculation of the remaining Dirac traces can be 
performed by complete analogy with the case of muon decay, discussed at length 
in Sect.2.2. Here we perform the calculation of the interference term (the term 
proportional to e*g*) in detail; the evaluation of the other two terms is left to the 
reader as an exercise. 

With the help of (2.29) we get (see also Appendix B) 


Tr{p’y*#'yGy — 95)} 
= pi ky Tr{yyy’ (gy — ys)} 
= 4p! ki (gh™g? + gh gv — gt” gy gi, + ait”! ky 
= 4gj,[p'*k'? + pk’ — (p! - kg] + diet?” ky, (5.30) 
and analogously 
TH Yah YaG7 — s)} = 497 kapp + kePa — (P: k)G08] 
AP 4iépargk”p” 2 (5.31) 
Since c#@” is totally antisymmetic, the terms combined with expressions sym- 
metric in a, 3 vanish. With the help of the relation (see Exercises 2.3 and 2.4) 
Cau. Penaop = 2(95 94 — Vi9>) ’ (5,32) 
the ae of the two Dirac spinors yields 
3297 Lp’ ae k) + (p' - k)(k' - p)\ + ales K(k! - p) — (p' - py’ - k)) 
= 2G 7 e mi 4 22¢@; Fle wep). (5.33) 


The main details of the calculation can be found in the solution of Exercise 2.3. 
Together with the two other contributions we get 


Se Meawee= egg’ +1). ogy +697 +1) 
x = ERE eee, 


4 
e 
ee ols eS EE 
: Sa . s(s —M#)cos?6 = 8(s — MZ)? cos* 6 
Sn0" of 


x (p’ K(k + p) 
eo  , eunG =!) 9'(g'y - 1) 
ee ee 

+ oe “Se yee | (b= Poem 


x (p'- p(k’ + k). (5.34) 
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Here, all terms of the order m2/s, m2, /s have been neglected. With the help of the 
relations e = gsin@ and sin2@ = 2sin@cos@ we can simplify the expression 


4 1 1 
Sy lay tari? 325 [1 + 5Eo'p + DRE)+ Ut + 607 + DROP 
Bath fale 
x (p'- k)(k -p) 
e4 1 1 
+325 [1+ 50% — DRO) + EOF — DRG 


x (p! «p(k! k) (5.35) 


with the resonance factor 
Ss 


io 
) (s — M2) sin? 20 


(5.36) 


Lastly, we must integrate over the final states in momentum space. By neglecting 
the particle rest masses compared to the centre-of-mass energy ,/s, that is by 


approximating 

=p = UP ea? = an el , (G27) 
we have 

Po |p| , bm elk| , poxlp') , ke lk] . (5.38) 
Furthermore, in the centre-of-mass frame 

p=-k , p'=-k’ (5.39) 
yields po ~ ko, py © ky. Hence energy conservation implies (see (5.22)): 

1 

Poth py rks avs (5.40) 

and 


} 


pl px = cost : k’ kx 5 cos 


(5.41) 
pl k = —> cos é ki px —Z cost ; 


where ¥ denotes the scattering angle in the centre-of-mass frame (Fig. 5.5). Thus 


we get 
gh a 
y 5 (P" -P) = Popo P’ p= (1 — cos) ; 
pa A . 
ae Wes (k!-k) = ky ky — kl k= (1 — cos) 
: / ; 5 (5.42) 
ut (PH) =p hy —p k= 7(1+cosd) , 


Fig.5.5 Schematic illustra- 
tion of scattering in the 
center-of-mass frame, which Awe 4 
here coincides with the labo- | Applying these approximations in (5.26) and setting p + k = 0 we find that the 
ratory frame remaining integral yields 


(k'-p)=ky-po-k' - ps 5 +cos 0) 
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(5.43) 


ne Popo 
e Ci Cinyéph 02P4 ~ V5) = ay 


Altogether the differential cross section reads (a = e?/47) 
dé 
2 
+cosv LR) are 5a PRY \ (5.44) 


with R(s) given by (5.36). The total cross section is 


+1 
a(ete > pty )= 2n | d(coso) 
1 


Ara? 1 
ne = ere PRs) + 20" BR), nds) 


Before 1989 the maximum available energy was considerably less than s < Mz. 
So long as this is true, it is a good approximation to set 


a} 


R(s) = —————_ 
&) M? sin* 20 


, REPRO . (5.46) 


The differential cross section (5.44) then takes the approximate form 


dz a g's 9 

gp BG A er! ; 5.47 

dQ 4s ( ) ( 2M? sin? 20] MZ sin? 26 ies 
with 

gy =1-4sin"’ 0 <1 (5.48) 


for the experimentally derived value of the Weinberg angle (4.108). In (5.47) both 
terms containing a factor 1/M? originate from weak currents, the main correction 
to the electromagnetic scattering cross section being a term proportional to cos v. 
In the range of forward scattering, that is, for 0 < 0 < 1/2, the scattering cross 
section is suppressed, whereas in the case of backward scattering, for 7/2 < 9 < 7, 
it is enhanced. Obviously, the neutral weak current causes an asymmetry of the 
angular distribution around 3 = 90°. 

This asymmetry was first clearly observed in experiments at the accelerator PE- 
TRA at the DESY laboratory in Hamburg, Germany (Fig. 5.6). The full line repre- 
sents the prediction of Glashow-Salam—Weinberg theory, whereas the dashed line 


ete = uth Ye {a +008 9) 14 59/7 RS) + 2('y + IPRS)? 
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Fig. 5.6. Angular distribution 
ofete~ — yt scattering 
for a centre-of-mass energy 
/s = 34 GeV. The asym- 
metry corresponds to a Wein- 
berg angle sin? 6 = 0.25 (full 
line) 


Fig. 5.7. Experimental values 
of vector and axial-vector 
coupling constants” 
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shows the prediction of pure quantum electrodynamics, the so-called Bhabha scat- 
tering.’ Although there are also small asymmetric contributions in the framework 
of quantum electrodynamics when higher-order Feynman graphs are considered, 
these effects are of the order of 1% and therefore much smaller than the effect of 
the neutral weak current (at \/s = 34GeV). On the other hand, experimental values 
of the vector and axial-vector coupling constants of the neutral weak current can be 
extracted from the measured angular asymmetry. As seen in Fig. 5.7, the measured 
values are in good agreement with the predictions of the Glashow-—Salam—Weinberg 
theory 


gy =1-4sin?6 , gi =1 


> M. Althoff et al. (TASSO collabolation), Z. Phys. C22, 13 (1984). 

3 A good survey of Bhabha scattering can be found in A. Scherdin, J. Reinhardt, W. Greiner, 
and B. Miiller: Rep. Prog. Phys. 54, 1 (1991) and in G. Salvini and A. Silverman: Phys. 
Rep. 171, 231 (1988), 
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for sin? 6 = 0.25. The best value of the Weinberg angle determined in this way, 


sin’ 6 =0.25+0.07_ , (5.49) 


is in good agreement with the value obtained from other experiments. Since for 
this value of 6 we have gj, = 0, the formula for the total cross section of muon 
pair production (5.45) attains the simple form 


4nar Hf 1 s- 
35 16 sin’ 26 (s — M2) 


G(ete” — pty) = (5.50) 
In the vicinity of s = MZ we expect a strong increase in the cross section. This is the 
typical sign of a resonance; in other words, in the process ete~ — Z° — pt y- the 
intermediate Z boson acts like a resonance. In reality, the scattering cross section of 
course does not diverge at s = M7, because the Z boson itself decays and therefore 
has an intrinsic decay width I’7. The correct expression of R(s), replacing (5.36), 
is 
s 


RG) = —S——-—___—_—_—_ 
@) sin’ 26[s — |Mz — $177] 


(5.51) 


In the scattering cross section a factor |R(s)|* occurs. After some calculation we 
obtain 


= Ara? | 52 
"Sa | OSE eye Ene ae 
sin 20 (s —MZ + 44+ MzIZ 
2 
At the point of resonance, s = Mz — = we have the cross section 
a Ara? 


which depends on the decay width of the Z boson. This is illustrated in Fig. 5.8, 
where the ratio R between & from (5.52) and the pure QED result Ggep = 4707/35 
is shown. R peaks at the value 
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Fig. 5.8. Theoretical reso- 
nance curve of the Z bo- 
son in the case of electron— 
positron scattering 


186 


Fig. 5.9. Creation and decay 
of a W boson in a quark— 
antiquark collision 
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enue Me Si (5.54) 
Toco «C1, 

From a precise measurement of the resonance curve the mass and the width of the 
neutral boson can be determined with great accuracy. The experiments performed 
in 1989/90 at the CERN Large Electron—Positron Collider (LEP) and the Stanford 
Linear Collider (SLC) have confirmed the predictions of the GSW theory with 
unprecedented precision and constitute a new triumph of the “standard model” 
(see Example 5.3). 


DAE _—_————————_—_—_—_———— ee) 


5.2 The Discovery of the Intermediate Vector Bosons 


In 1977 Carlo Rubbia proposed converting the super proton synchrotron (SPS) at 
the European Centre for Nuclear Research (CERN), near Geneva, into a proton— 
antiproton storage ring. The basic principles of this type of storage ring have already 
been discussed in connection with the discovery of the r lepton (Example 2.13). At 
CERN the total energy of the colliding particles was 540 GeV. As was known from 
other experiments,* half of the momentum of the protons is carried by its neutral 
constituents (gluons), the remaining half being distributed to the three constituent 
quarks (uud). Effectively, one would assume a total energy of the order of 74 x 540 
GeV = 90 GeV per quark~antiquark collision. Therefore it should be possible to 
create a Z boson in a quark~antiquark collision, since the W or Z mass is predicted 
to be around 80-90 GeV by the Glashow—Salam—Weinberg theory, as we discussed 
before. The creation of a W boson should show up by its characteristic decay into 
a high-energy electron and neutrino, as shown in Fig. 5.9. 


Sas 

q _w_ e-, et respectively 
q v,v respectively 

The realization of the proton—antiproton storage ring became possible thanks 
to a new technique developed by S. van der Meer, which is known as stochastic 
cooling. Its main idea makes use of the fact that the antiprotons produced in a target 
are collected in an accumulator ring. There, at one point (point “A” in Fig. 5.10) 
of the ring, the average deviation of the antiprotons from the desired trajectory is 
measured. Then a corrective electronic signal is sent to the other side of the ring 
where the beam can be corrected by appropriate changes of the field (position “B”). 

When the antiproton beam has a sufficient density, it is injected into the storage 


ring. The particle beams cross at two points of the storage ring; around these points 
two detectors are installed. The setup of the larger one, UA1, with dimensions 


* See W. Greiner and A. Schafer: Quantum Chromodynamics (Springer, Berlin, Heidelberg, 
New York 1994); F.E. Close: An Introduction to Quarks and Partons (Academic Press, 
New York 1979) Chap. 11. 
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5m x 5m x 10m (see Fig. 5.11), will be discussed in the following. Immediately 
surrounding the collision point is a central detector, consisting of a system of drift 
chambers. Around this detector, which produces a high-resolution image of all 
the tracks of charged particles, a strong magnetic field points in the direction of 
the particle beams. The momenta of the particles emerging from the reaction can 
now be determined from the curvature of their tracks, as observed in the central 
detector. The central detector is surrounded by an electromagnetic calorimeter, 
alternate layers of heavy material, where the particles lose energy, and layers of 
scintillator, which measure the energy loss. The electromagnetic calorimeter, in 
turn, is surrounded by a hadronic calorimeter. The outer part consists of a system 
of drift chambers detecting muons. 

It is important that the calorimeter covers nearly the full (47) solid angle, to 
allow detection of all produced electrons and hadrons and accurate determination 
of their energy. This is essential, because the neutrino created in the decay of the 
W boson cannot be detected but only determined indirectly by measuring a missing 
part in the balance of momenta of all other particles. In the search for the missing 
momenta, only the momentum components orthogonal to the beam direction were 
considered. Since no calorimeters could be installed within an angular range of 
0.2° around the beam axis, particles which escape into that direction would distort 
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Fig. 5.10. Schematic sketch 
of the experimental setup 
producing, collecting, and 
accelerating antiprotons and 
protons at the SPS collider of 
CERN 


Fig. 5.11. The detector UA1 
used for the search for the W 
and Z bosons 
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the balance of momentum in the beam direction. Since the only events of interest 
were those where electrons with high transverse momentum py (that is, perpen- 
dicular to the beam direction) were emitted, the detection was restricted to events 
where two adjacent cells of the electromagnetic calorimeter detected a particle at 
an angle larger than 5° with respect to the beam axis and a tranverse momentum 
larger than 10 GeV. 

During three weeks of beam time 140 000 events of this kind were registered. 
They were selected by introducing further criteria. It was demanded that a parti- 
cle with pr > 15 GeV was detected in two adjacent cells of the electromagnetic 
calorimeter with an angle to the beam axis > 25°. Moreover, the central detector 
should show a track with pr >7 GeV pointing toward that part of the calorimeter 
where the particle with pp >15 GeV was found. When these constraints were ap- 
plied, 1106 events remained. The transverse momentum of all other tracks pointing 
to the same cells of the calorimeter should not exceed 2 GeV in total (this left 276 
events). The direction of the transverse momentum registered in the calorimeter 
should coincide with the direction of the corresponding track in the central detector 
(167 events were left). In order to exclude a hadron as the source of the track, the 
maximum allowed value of energy measured in the hadronic calorimeter was fixed 
at 600 MeV (leaving 72 events). Finally, the energy measured in the calorimeter 
should agree with the momentum extracted from the track in the central detector, 
leaving 39 events. The remaining events were classified in three groups. For 11 of 
these a jet of hadrons within a small angular range occurred which was opposite to 
the presumed electron track. Here it is probable that in reality there are two oppo- 
site jets, one of which resembles an electron track. The second group contained 23 
events, consisting of two jets where the measured electron was part of one jet or 
events where the electron clearly originates from the Dalitz decay 7° 4 y+ete7. 
It is important to note that for all 34 events of these two groups the balance of mo- 
menta was fulfilled within experimental accuracy, that is, the sum of the momenta 
of all measured particles was zero, as expected from momentum conservation. 

The five remaining events exhibited no hadronic jets, and their balance of mo- 
mentum was not reconciled. The missing momentum not registered by the detector 
(denoted as missing energy because the calorimeter measures the energy of the 
particles) was found to be opposite in direction to the electron track with great ac- 
curacy. The sole known explanation for such events is that the missing energy was 
carried away by one or more neutrinos that remain undetected, as it would be in the 
decay W— ev. By fitting the angle and energy of the electron and the transverse 
energy of the neutrino it was possible to obtain a value for the mass of the W boson. 


Mwy = 8145 GeV , (1) 


which is in good agreement with the prediction of the GSW theory. Extensive 
measurements at CERN, as well as at the Tevatron collider at the Fermi National 
Accelerator Laboratory (FNAL) near Chicago, have improved the accuracy of the 
mass determination considerably. A recent spectrum of the transverse component of 
the energy emitted in W decays is shown in the following figure. The high-energy 
peak corresponds to W bosons emitted perpendicular to the beam; its location 
determines My. At present (1993) the best value is: 


My = 80.10+0.42 GeV . (2) 
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The Z boson was discovered with the same experimental technique, but now search- 
ing for events with two highly energetic electrons (ete) being emitted with oppo- 
site momenta. Although these events are much rarer in proton—antiproton collisions, 
a clear Z° signal was detected, yielding the mass 


Mz =91.16 GeV. (3) 


The new precision measurements of the properties of the Z® boson are discussed 
in Example 5.3. 


RNAMPLE. =) 


5.3 Precision Measurement of the Z° Boson 


In the summer of 1989 two new electron-positron colliders started operation: the 
Stanford Linear Collider (SLC) and the Large Electron—Positron Collider (LEP) 
at CERN. Available beam energies of up to about 50 GeV allowed for detailed 
experimental investigation of the Z° resonance region in electron—positron scatter- 
ing. Here we shall not discuss the technical details of the large detector systems 
employed in these studies, because they are based on similar principles as those 
used in the original discovery of the intermediate bosons at CERN (see Example 
5.2). In total there are four detector collaborations at LEP (ALEPH, DELPHI, L3, 
and OPAL) and two at SLC. These groups have studied various aspects of the Z° 
resonance in the centre-of-mass energy region around ,/s + 91 GeV, in particular, 
the decays Z? > pty, ete and Z° — hadrons (see Figs. 5.13, 14). The most 
significant early result was a precise determination of the mass and the total width 
of the Z boson: 


5 13 collaboration, B. Adera et al.: Phys Lett. B231, 509 (1989); ALEPH collaboration, D. 
Decamp et al.: Phys Lett. B231, 519 (1989); OPAL collaboration, M.Z. Akrawy et al.: 
Phys Lett. B231, 530 (1989); DELPHI collaboration, P. Aarino et al.: Phys Lett B231, 
539 (1989). 
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Fig. 5.12. Mass spectrum for 
the W particle, from the 
UA2 experiment at CERN’s 
proton—antiproton — collider. 
The solid line represents a 
fit to the data with Mw = 
80.49 GeV 
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Fig. 5.13. The measured cross 
sections for ete — hadrons 
as a function of centre-of- 
mass energy ,/s. The solid 
line is a fit to a formula anal- 
ogous to (5.52) 


Fig. 5.14. Zo-resonance in the 
reaction ete~ 3 pot py 
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Mz — 91622003 GeV 7, (1) 
Fz = 2.492 + 0.025 GeV . 


The measured shape of the Z° resonance in the reaction ete~ — z+ ~ is shown in 
Fig. 5.14. Mz and Iz can be obtained from fits to the shape of the measured energy 
distribution in these reactions. The absolute yield in the various decay channels of 
the Z° boson also allows for a separate determination of the partial decay widths:® 


hadronic decays : I7*4 = 1748435 MeV, (2) 
charged lepton decays : Mf = 8342 MeV . (3) 


The difference between the total width and the combined measured widths must 
then be attributed to decays of the Z° into neutrinos, Z° > vi: 


Ty? = 1, — rie’ —3rf = 494432 MeV | (4) 


° L3 collaboration, B. Adera et al.: L3 preprint No.9, CERN 1990. 
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In Exercise 5.1, (a), we derived the decay width for the decay Z° — vi: 

Ty’ =166 MeV . (5) 
Comparison with (4) leads to a measurement of the number of neutrinos: 

N, = TM) /T¥” =2.96£0.11 


This is a very important result, because it states that there are at most three species 
of massless neutrinos in nature (Ye, V,,,,). This result is in full agreement with 
simulations of the evolution of the early universe, which yield the limit N, < 4. 
It is assumed that the still unknown neutrinos have masses smaller than half the 
mass of the Z°. Neutrinos with larger masses have no effect on I. A complete 
table of experimental results from LEP for the Z° parameters is shown below. 


Table 5.1. Comparison of the experimental results (L3 detector) with standard model pre- 
dictions 


periment [Prediction _| 
GW [oie t0R403 | — | 


The agreement between the data and the predictions of the GSW theory (stan- 
dard model) is so good that it becomes possible to set limits on the masses of 
the two still undetected particles, the top quark (m,) and the Higgs boson (My). 
Experimental limits for the masses of these two particles, from direct searches at 
CERN and FNAL, are 

m > 89GeV , (6a) 


My = 41.6GeV_. (6b) 


The reason the data are sensitive to the masses of these particles is that they 
contribute to the predicted mass values of the W and Z bosons through vacuum 
polarization effects, such as are indicated by the following Feynman diagrams: 


t H 


wt wr WAnrnd~~A~W rw 


t 


The magnitude of the contributions from these diagrams depends on the masses 
of the virtual particles in the loops. Because m, enters in a different way into the 
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W loop (once) and the Z loop (twice), the value of My /Mz is especially sensitive 
to it. A detailed analysis’ showed that the experimental value 


My, /Mz = 0.8801 + 0.0037 (7) 
leads to an upper bound 
m, < 200 GeV (8) 


with 95% confidence. The most likely value is around m, + 150 GeV. Remarkably, 
an estimate of m, can also be obtained® from the precise measurement of the muon 
lifetime 1,, (2.61). The theoretical prediction for 7,, is again sensitive to m, through 
radiative corrections, giving a value 


m = 189447GeV . (9) 


For the Higgs boson the data pose less severe restrictions, because its coupling 
to the W and Z bosons is universal. Nonethless, fits to the data with different values 
of My point towards a Higgs mass below about 350 GeV. The predicted large mass 
of the top quark gives rise to the fascinating speculation’ that the Higgs field may 
actually be an effective description of a top-quark condensate, in much the same 
way as the London wavefunction of a superconducter effectively describes the 
distribution of Cooper pairs. The speculation is based on the observation that the 
coupling between the top quark and the Higgs field is predicted to be (see (4.143)) 


mM 

=~ F —— =0. 
f A 246 GeV a 

that is, the coupling strength is of the order of 1. For such couplings a top-quark-— 

antiquark state would be suprcritically bound,!° and the top-quark vacuum would 

contain an infinite number of such (tt) bound states. This “condensate” of (tt) pairs 

acts very much like a Higgs field, giving mass to the W and Z bosons.!! 
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5.3 High-Energy Behaviour of the GSW Theory 


Apart from the experimentally proven existence of neutral weak currents the high- 
energy behaviour gave a reason to reject the V-A Fermi interaction as the funda- 
mental theory of weak interactions. In the previous section we studied some effects 
of the intermediate neutral boson in electron—positron annihilation. Now we dis- 
cuss the behaviour of the Glashow-Salam—Weinberg theory at very high energies. 


7 V. Barger, J.L. Hewett, T.G. Rizzo: Phys. Rev. Lett. 65, 1313 (1990). 

°F. Halzen and D.A. Morris: preprint MAD/PH/569, Madison, WI (1990). 

* Y, Nambu: E. Fermi Institute preprint 89-08, Chicago (1989). 

1° See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994) Chap. 7, for a discussion of supercritical binding. 

''W.A. Bardeen, C.T. Hill, M. Lindner: Phys. Rev. D41, 1647 (1990); X.Y. Pham: Phys. 
Lett. B241, 111 (1990), 
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In particular we shall investigate whether the quadratic increase of the scattering 
cross section with respect to the centre-of-mass energy E = ,/s is really damped as 
we had hoped. Furthermore, we have to discuss whether divergences occurring in 
calculations of higher-order processes are softened in a way that they can be com- 
pensated by renormalization of masses and coupling constants. We start with the 
high-energy behaviour. Here ‘high energy’ implies that the scattering energy in the 


centre-of-mass frame 4/s is considerably larger than the masses of the intermediate 
bosons, that is 


/s > 100 GeV 


A first hint at the behaviour of scattering cross sections at these energies is given 
by (5.45), which describes the process ete — jut x. According to (5.36), in the 
high-energy limit we have 


1 
lim R(s) = —— 
so o sin? 20 


(5.55) 


and therefore 


Ara? fe (g +19 

a/pndb = —— gy Gy 

ae pees Sc a) 
ee) en ( + Fsin? 20 ' 16sin* 26 Pg) 


Thus we see that the cross section decreases asymptotically like 1/s. The obvious 
explanation is given by the asymptotic behaviour of R(s), which approaches a 
constant instead of increasing linearly with s, as is the case fors < MANGE, 
(2536): 

In Sect. 3.4 we based our argumentation mainly on electron—neutrino scattering 
mediated by charged currents. Now we study the same process once more in the 
framework of gauge theory, especially considering the behaviour with respect to s. 
We concentrate our discussion on the process v,e~ — ft Ve, because in a purely 
electromagnetic process the neutral current also contributes (cf. the remark at the 
end of Exercise 3.3). The corresponding Feynmann diagram is shown in Fig. 5.15, 
whereas two diagrams are possible in the process y,e~ —> eve (Fig. 5.16), whose 
contributions must be added coherently. The scattering v, — pu ve through W- 
boson exchange is described by the first two terms of the Lagrangian (4.139). The 
term 


J 5 eS 
ae When aa — 1 Pp) We “O) (5.57) 
describes the conversion of a muon neutrino into a negative muon absorbing a W7 
boson, whereas 


ae (721 — Pv WH) (5.58) 


implies the transition of an electron into an electron neutrino, emitting a W~ 
boson. Applying the usual Feynman rules we find that the scattering matrix element 
corresponding to the diagram in Fig. 5.16 reads 


(et) (PS Ley po 


(8) GEG) 


Fig.5.15. | Muon—neutrino 
electron scattering through 
exchange of the intermediate 
boson W~ 


Ve w 
van 
e e 
Ve cE 
W- 
e= Ve 


Fig. 5.16. Two diagrams de- 
scribing lowest-order ee7 
scattering 
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with the invariant amplitude 


2G ae eee 9 — (P' —R)o(p" = kg /ME 


x fi (k’, t/viy?(1 — ys)ue(P, 5) (5.60) 


For low energies the propagator of the W boson can be approximated by —gaa/Mw, 
and the matrix element reduces to that in Exercise 3.3, (3,4), since, owing to (4.144), 
we have 


(ee 

8My V2 
However, here we are interested in the high-energy behaviour. We therefore sim- 
plify the calculation by neglecting all terms which include powers of the leptonic 
masses m, and m,,. The squared matrix element (5.60) is averaged over the initial 


spins (note that the neutrino has only a single spin direction!) and summed over 
the final spins, yielding 


| 4 th ’_ok oye ’__k); 
FD te ea 


M2 M2 
sys! t,t! WwW Ww 


| = 
Mp By ae eae) Casi) 


x Tr{ #79 (1 — 75)(p + me)y2(1 —>s)} (5.61) 


According to what we said above we neglect the mass terms in the Dirac traces. 
Within this approximation the contribution proportional to (p’ —k) in the numerators 
of the boson propagators also vanishes. This is analogous to our consideration in 
(5.28) (9? = p” = m2 = 0, k? = k” = 0) and one obtains 


(p’ — k)aTr{(p'y*(1 — ys)¥-y*(1 — 7s)} 
= Tr{p"(1 - Is HeYN( — 95) — ph — ys)k?-y%(1 — 75)} 
wm, Tr{(1 — ys)“ —7s)} 20, (5.62) 


and so on. Thereby (5.61) is simplified considerably to 


1 g! >. 
a Dy |A|? = 128 [e-bay yd — ys) #9 (1 ~+s)} 
x Tr{#" Ya — ys\o-ya(1 — 75)} 
= (k - p)\(p' -k’) 


620 ee (5.63) 


where we have adopted the result of the trace calculations from Exercise Bek, (Ca) 
Furthermore, the high-energy limit implies that 
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sa=(ktpy ah +p? +2Uk-p)sAk-p) , 


= (k' +p!) = m2 + 2(k' -p’) = 2k’ -p'’)_, eae 
and 
(p' — ky = mi, —2(p'-k) = 2p’ -k) (5.65) 
As in Exercise 3.2, making use of four-momentum conservation, we get 
(p' -k)=(Dt+k—-k')-k=(—-k)-(Kk'-k) 
~ > —kokj(1—cos¥) , (5.66) 


where ¥ is the scattering angle of the neutrino. Neglecting rest masses in the 
centre-of-mass frame, each particle energy being ky © po © kj © py © 5 s, and 
furthermore with 


(p' -k) = 7s(l +cosv) , (5.67) 


we obtain as the result 


2 
= 5D —— aaa (5.68) 
ne “,, [s(1 + cos 9) + 2M] 


Finally we integrate over the phase space of the outgoing particles. The considera- 
tions leading to the averaged differential cross section are analogous to our previous 
discussion. In the centre-of-mass frame (p + k = 0, po + ko = 1/5), using Exercise 
3.2, (5), we get 


Ge z kopoV 1 
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5,5 t,t 


aye s d>p' 
pee Se - |S / kedk43(p! + k') 
~ 16n [s(1 + cos?) + 2M | 


x 6(py +h — V5), (5.69) 


where we have used (5.59, 64, 68) and the relation VT = (27)*64(0). Further- 
more we have Le ki = |k'| owing to the vanishing mass of the neutrino. The 
integration over p’ is erioeed by the spatial 6° function. What we are left with is 


7 / Se m? 1 

ee __ kodky s( [2 + m2 +k, vs) Sea (5.70) 
/. 2 E ‘ 2 

0 eae 


by analogy with Exercise 3.3, (10). 
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For scattering energies well above the muon mass we thus have 


aa e€ — [Lb Ve) ®& a Ss [sl + cosv) + 2M\, | aoe (5.71) 
aa * 327? 
We have to compare this result with that of Fermi theory, Exercise 3.3, (10), 
ae me io Ge 
Que <p Ul Ve) tow Agee (72) 


At energies where we can neglect s compared to M¥,, (5.71) together with relation 
(4.144) can be reduced to the following: 


da OF G? 


nto ee M2 
A) wen, 7 ee 


In the case of asymptotically high energies, however, the additional s dependence 
results in a considerably smaller increase in the scattering cross section. This can 
be seen most clearly by considering the total cross section, 


apll iS 
do : a 
a=2n | d(cos =) ge fe [x =P S + 2M\, | 2 
—l —s 
ee ee ee ee a 
lon [x +5+2Me, yes G2aM§)\(s+MZ) 7(s+MZ) 


(5.73) 


For s < M% this accords with (3.33), the result of Fermi theory; at energies where 
5 >> Mg, the cross section approaches a constant value, 


dGMyy = 3 x 107% cm? = 30 pb 
7 


That is, even at extremely high energies the cross section remains relatively small 
compared to the total cross section of proton-antiproton scattering of around 60 
mb at \/s = 540 GeV. Thus we conclude that the weak interaction described by 
the Glashow-Salam—Weinberg theory, remains ‘weak’ even at asymptotically high 
energies! 

As we know from Sect.3.4 the comparison of total cross sections is not the 
decisive criterion, because, apart from the interaction strength, its range also enters. 
The cross section of proton-antiproton scattering is larger than that of neutrino 
scattering, partly because the range of strong interactions is of the order of 1 fm, 
whereas in the Salam—Weinberg theory the range of the weak interaction is given 
by the Compton wavelength of the intermediate bosons, 


M;,',My,' ~ 0.0025 fm . (5.74) 


The real criterion for whether the theory is consistent or not requires us to check 
whether a partial wave exceeds the unitarity limit, as discussed in Sect.3.4. The 
calculation performed in Exercise 5.4 yields the partial cross section of an s wave, 


G?M4, @ \IP 
= lad oe 
2 in ( aye )] (5.75) 
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whereas according to (3.38) the unitarity limit yields the value 


4n 
ohm a (5.76) 


Obviously, even in the framework of the Salam—Weinberg theory, this limit may 
be exceeded (within the Born approximation), but only at ultra-high energies, 


T /2 sin? 6 g 
This corresponds to a laboratory energy of the incoming neutrino of 
El — = 5 x 10 GeV . 
. Dae 105 GeV (5.78) 


which is far above energies attainable in the near future. However, in principle, 
centre-of-mass energies of the order of 10?GeV may become accessible one day. 
They certainly occurred in collisions of elementary particles in the plasma shortly 
after the big bang of the universe. In this regime the violation of the unitary limit 
within the Born approximation requires further study of scattering processes, as 
discussed in Sect.3.4. The Feynman graphs of some of the involved processes are 
shown in Fig.5.17. If one applies the theory of renormalization (see Chap. 9), it 
can be shown that the main effect of the higher-order Feynman graphs can be 
described by replacing the coupling constant g* by an effective ‘running’ coupling 
constant 


g 


Ge) (soo) , (5.79) 


Gent )= 


where c is a numerical constant depending on the number of fundamental particles 
which interact weakly (leptons, quarks, and so on). In (5.75), which expresses the 
Fermi coupling constant G by the gauge coupling g, we get 


4 2 4 2 4 
Pe cet (in ar) LO mT (5.80) 
Ww 


~ 32ns ~ 32rc2s = 2sin* 6c2s Y 


Oy 


Fig. 5.17. Typical higher-or- 
der processes of Ye — 
[A Ve scattering 
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at very high energies. Thus the incorporation of higher-order processes removes 
the difficulties of the Salam—Weinberg theory concerning the unitarity limit. 


RECS >See ees 


5.4 The s-Wave Contribution to Lepton—Neutrino Scattering 


Problem. Show that (5.75) describes the s-wave (/ = 0) contribution to the total 
scattering cross section of the process v,e7 — pl” Ve. 


Solution. For scattering without spin flip (the neutrino is always left-handed!) the 
differential cross section can be written in the form 


oo AG 2) 2 
ea Geey| eee 


do 1 


(1) 


according to (3.34, 35). Comparing (1) with the averaged cross section (5.71) yields 


geselé oo Hie 
4\/2m |s(1 + cos) + 2M? | py & oy 7 me . 


iS being an unknown phase factor. We obtain the s-wave part 7 = 0) by mul- 
tiplying both sides with Yoo = 1/1/47 and integrating over the full solid angle, 
exploiting the orthogonality of the spherical harmonics: 


oo 1/2 
V4nTo cae rs ) 7; Yio) 


g’s d(cos ¥) 
-2 2 tym + cos) + 2M? 
Coe ei / dx 


~ 4V2r x+s+2My, 


2 2D 
g ié Ay + My, 
= ——e” In —_—_., 
4/on Me ©) 
It follows that 


G?My, S - 
= ell - 


and this together with relation (3.38) provides the desired result. 


4n 
09 = — Tol? F (5) 


SEE eee 
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6. Semi-Leptonic Interactions of Hadrons 


6.1 The World of Hadrons 


All strongly interacting particles are called hadrons. One distinguishes baryons 
(baryon number B = +1), which are fermions and carry spin i, 3, ..., and mesons 
(baryon number B = 0), which always have integer spin. The lightest hadrons, 
with equal spin (and equal parity), can be arranged in simple multiplets, where two 
further quantum numbers serve as order criteria: the isospin J, and its third com- 
ponent J3, and the strangeness S, or alternatively the so-called strong hypercharge 
Y = B+. These quantum numbers are characterized by the fact that they are 
exactly conserved under strong interactions. Conservation of strangeness is broken 
by weak interactions, which leads to decays of, for example, the A particle. The 
most important multiplets! are depicted in Figs. 6.14. 


Fig. 6.2 


Fig. 6.3 Fig. 6.4 


1 See W. Greiner and B. Miiller: Quantum Mechanics—Symmetries (Springer, Berlin, Hei- 
delberg, New York 1994). 


Fig. 6.1. Octet of spin-4 
baryons. All particles carry 
baryon number B = 1 


Fig. 6.2. Decuplet of spin-3 
baryons. All particles carry 
baryon number B = 1 


Fig. 6.3. Nonet of spin-0 
mesons (pseudoscalar me- 
sons). All mesons carry 
baryon number B = 0 


Fig. 6.4. Nonet of spin-1 
mesons (vector mesons) 
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antitriplet (antiquarks) 


Fig.6.5. The fundamental 
representations of SU(3) 


a a 


vacuum 
pressure 


vad 


Fig. 6.6. The bag model of 
hadron structure 


hadron 


Fig. 6.7. Deep-inelastic elec- 
tron—nucleon scattering 


For each baryonic multiplet there exists a corresponding multiplet of antiparti- 
cles, which is obtained from the former by reflection at the origin. These multiplets 
are just the eigenvalues belonging to the simple representations of the group SU(3). 
Gell-Mann and Zweig therefore postulated’ that the particles belonging to the two 
fundamental representations (triplet, antitriplet) should also exist; these were called 
quarks. Their charges are qy = Ze, Ct — —te (Fig. 6.5). 

One readily observes that all hadrons can be made up of either three quarks 
(baryons) or a quark—antiquark pair (mesons). Some examples are: 


p=(uud) , n=(udd) , 
7b (ds ieee (dss) 
Att =(uuu) , 7 =(sss) , 
a+ =(ud) , K*t=(u5) , 
K° = (ds) Riis, 
pw =(ui),(dd) , ¢=(55) 


Hence hadrons are made of quarks just as an atomic nucleus is made of protons 
and neutrons. Although quarks have never been observed as free particles, their 
existence inside hadrons must be considered firmly established. We list a few 
arguments. 


(1) The hadronic mass spectrum can be explained with the help of just a few 
parameters, if one regards quarks as (nearly) freely moving particles which are 
enclosed in a small space volume of about 1 fm radius (“the bag model”, see 
Fig. 6.6). 
(2) High-energy deep-inelastic electron—nucleon scattering can only be interpreted 
by assuming that the electrons scatter off point-like constituents, the so-called 
partons, inside the hadrons (Fig. 6.7). 

The radius of these partons must be smaller than 107!%cm. Their charges can 
be determined from the measured cross sections and are in good agreement with 
the quark model. For the proton we have, for example, 


Sc Scere a) = (2x54) =e? A 
P 


and for the neutron 


Sa 
il 


4 
e* (q¢ + 2q3) = e? (5 Ea 3) = 50 


* M. Gell-Mann: Phys. Lett. 8, 214 (1964); G. Zweig, CERN Report No. 8182/TH 401. (This 
latter work could not be published in a scientific journal, which shows that sometimes 
; strong resistance has to be overcome before a new idea gains common acceptance.) 
See W. Greiner and A. Schafer: Quantum Chromodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 
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A P Fig. 6.8. The mass spectrum 
= of W (charmonium) and Y 
ig 4S Y~"(10570) (bottomonium) mesons 
1000+ , ‘ 
- ime Ae L3'Se 3°S,Y~*(10350) 
ee Op eres) goo k HAS 2° Po 2(10247) 
7 <(3592) OF j ¢,(3555 Se at! 
= ny! €,(3510 ae ee 
oom i **.,(3415) 600 - oe aoe) 
= a : 
fay A < \ -1P 
< oe 400| MH ioe 
0 ! eee 1/F(3095) Fie 
ody 
! 
mic, ic 1°S,Y(9460) 
yee jae 
o'rB 
eee Clg le 


(3) The quark model received special support from the discovery of relatively 
long-lived, very heavy mesons in electron—positron scattering. The excitation spec- 
trum of these mesons and their lifetime can be explained if one regards them as 
hydrogen-like or positronium-like states of quark—antiquark pairs of new quark 
species (“flavours”). These mesons are the charmonium, made of quarks with 
“charm” (c) and the upsilon particles (Y,Y’, Y”,...), which are made of “bottom” 
quarks (b) (Fig. 6.8). 

Besides the charmonium, which has total charm zero, particles with “open” 
charm have also been discovered, namely the mesons D® (1864.7 MeV), D* 
(1869.4 MeV), D*° (2007 MeV), F* (2021 MeV) and F*t (2140 MeV), as well 
as their antiparticles D™, D°, D*-, F~ and F*~, so that the charm hypothesis is 
very well confirmed today (Fig. 6.9). 

From the cross sections, which are proportional to ae we deduce that q, = 
(2/3)e and qy = —(1/3)e. A table of quarks and their properties according to 
our present knowledge is given in Table 6.1. Up to masses of about 40000 MeV 
no additional quark flavours have been discovered, but the existence of at least 
one more heavy quark (“top” or “truth”, symbolized by “t”) has been postulated, 
with electric charge g, = (2/3)e . For the top quark one expects the following 
properties:? 7; = S = C =B =O, electric charge q = +(2/3)e, mass m ~ 135— Fig. 6.9 Mesons with open 
150 GeV. Meanwhile the first experimental evidence for the top quark has been = charm 
reported.> 


4 V. Barger, J.L. Hewett, and T.G. Rizzo: Phys. Rev. Lett. 65, 1313 (1990); L.A. Vasilevs- 
kaya, A.A. Gvozdov, and N.N. Mikheev: JETP Lett. 51, 501 (1990). 

5 CDF Collaboration (F. Abe et al. — 397 authors) Phys. Rev. Lett. 73, 225 (1994), Phys. 
Rev. D50, 2966 (1994). 
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Table 6.1. Properties of experimentally observed quarks (1995). Note that 73 and Y refer 
to the strong isospin and hypercharge 


Isospin T3 
Strangeness S$ 
Hypercharge Y 1/3 1/3 1/3 


Charm C 0 
Baryon number B 1/3 1/3 1/3 
Beauty b 0 
Charge  (e) 2/3 —1/3 +2/3 
Mass (MeV) 4 75 174000 


6.2 Phenomenology of Decays of Hadrons 


The most precisely examined hadronic weak decay is the nuclear @ decay. It is 
very well described by a four-fermion point interaction, such as we have already 
applied to the 4 and 7 decays, 


Lie = = if ds (12 @ VA) +h.) (6.1) 


where Ji, denotes the nuclear and J fe the leptonic transition current. The nuclear 
current has the more general form 


Jixy) a Boxy" (Cy ae C475) Vax) ’ (6.2) 


where the constants Cy and C, have to be determined experimentally. The vector 
part couples with strength 


Go C7G (11492 = 0.0003) 10s Gey a ae (6.3) 
compared to 

G— (16632 == 0.00002) < 105 °GeVa- (6.4) 
It therefore holds that 

Ci — <a = 0.9858 + 0.0011, (6.5) 


which is clearly distinct from 1, considering the size of the error. The axial-vector 
strength is determined by the experimental value 
C4 


= —1.255+40.006 . (6.6) 
V 


It is not really surprising that we have no exact V-A coupling for nucleons. Owing 
to strong interactions between nucleons, there exist corrections to the pon-W 
coupling, induced by simultaneous pion exchange. A few of these processes are 
depicted in the following Feynman diagrams (see Fig. 6.10). 
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Similar corrections exist for the leptonic weak interactions in form of radiation 


effects, such as 
Ve ve Fig. 6.11. Corrections to the 
e-v—W coupling 
cil. etc. 
Ww Ww 
ie 
e- e 


However, as discussed in the context of muon decay, these are of the order 
a ~ 1072. In contrast to this, the pion—nucleon coupling constant is g2/4a ~ 
14. The axial-vector constant is therefore considerably modified. On the other 
hand, the coupling constant of the vector part obeys special selection principles, 
since the weak vector current has the same form as the electromagnetic current. 
Therefore, because of the strict validity of the charge conservation law there should 
appear no renormalization of the coupling constant due to strong interactions (the 
hypothesis of conserved vector current, “CVC”). This contradicts the very small, but 
not unsignificant, deviation from the value Cy = 1. How can this be understood? 
To this end we first have to consider the phenomenology of weak hadronic decays, 
where we distinguish strangeness-conserving (AS = 0) and strangeness-violating 
(AS # 0) decays. 


Fig. 6.10. Corrections to the 
p-n-W coupling 


etc. 


Strangeness-Conserving Decays (AS = 0). In these cases the baryonic isospin 73 
always changes by one unit: |A73| = 1. Examples are 


n—pe ve , yey i [Ve ve 


The total isospin 73 = T- se +T. fe for these decays, that is, the sum of the baryonic 
isospin T. a and weak isospin T. » of the leptons, is conserved. All these decays 
are proportional to the same coupling constant, Gg, as the nuclear @B decay. The 
vector character of weak interactions is readily checked by investigating the pion 
decay into two leptons. The leptonic current 


JO) = Hi) yw — 5), 0) =e,H) (6.7) 


must interact with the pionic current. Since the pion carries no spin there exists 
only a single way of constructing a 4—vector current for the decay 7” —+ € Ve or 


Mb oVys 


IM) = iV 2 fr 4 u(240 Vy ew" (6.8) 
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Fig. 6.12. Momentum nota- 
tion in pion decay 


Here q,, is the 4-momentum of the pion. The sign of the argument of the expo- 
nential function is chosen in such a way that the product of all plane waves in the 
transition matrix element yields the conservation of 4-momentum. This corresponds 
to assigning the character of an antiparticle to the negative pion, while the positive 
pion has the character of a particle. A better argument can be given at a later stage, 
when we become acquainted with the weak transition current of quarks. f, is called 
the axial coupling constant of the pion and has to be determined experimentally. 
Since the pion carries negative inner parity, ye is a pure axial vector. We now 
calculate the decay rate of the pion. With the wave functions (Fig. 6.12) 


wj(x) = (2poV)~2 uj(p, sje Pe”, (6.9a) 
ty, () = (2kyV)~2 vy, (k, tether”, (6.9b) 


we obtain (i = e, 1): 
G 
Sf (x —~ (Ce) = Bs [aor igee) 


SCA CLIC MI a daa eee (5.1. (6.10) 
~ 22 (pokoqoV*)? 


Squaring, as in the calculation of the muon decay, summing over spins of leptons 
and antineutrinos, and finally dividing by the time 7, we obtain for the decay rate 
of the pion 
alge = Ie) 
d3p d*k mi 
(2n}po J (2x)3ko go 


Intermediate steps are performed in Exercise 6.1. Because of the four-dimensional 
6 function it holds that 


= @Qn)'tr 


Sptk—gp-kh . (6.11) 


ar = (OPS eG, (6.12) 


In the pion rest frame we furthermore have gg = m, and q = 0. Hence we obtain 
because |p| = |k| = ho, 


Gm: a>k 
W = Ff a. 8p + kbp + hy — ma) 
Ge kodk, 
Selig ye Et : 8 (i + ig +m? — 
a 4/ kg +m? 
ons zat Ze ek =m; 
ie i one 


G? 1 2 m?\? 
eee eie | | <= 28 
a ae ( = | (6.13) 


Here we have made use of (5.70) in the penultimate step. We observe that the 
decay probability depends crucially on the mass m; of the charged lepton. Owing 
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to the value of the charged pion mass (139.57 MeV), decay into an electron or 
muon can occur. The ratio between the two decay channels is 


W (a — em) m2 (m2 _ m2)” 
R Se SO SL ee sae = =u 
We eae) © Ee ay 1232x1074 . (6.14) 


Taking radiative corrections into account, one obtaines® the slightly modified value 
R = 1.284 x 10~*. R is called the branching ratio for the decay modes. The 
experimental value is 


Ree 218 2 0014) 10" (6.15) 


in excellent agreement with the theoretical prediction. From the measured lifetime 
of the pion, 


T,+ = (2.6030 + 0.0023) x 10-*s_, (6.16) 
one obtains the value of the pion decay constant, 
Sr = (0.6504 + 0.0002)m, =90.8MeV . (6.17) 


The very small value of the branching ratio R is a consequence of the vector 
character, or axial-vector character, of weak interactions. Normally one would 
expect that the decay into the electronic leptons is slightly favoured, since more 
kinetic energy is released in this case, and therefore the allowed phase-space volume 
is larger for the particles in the final state. For a scalar or pseudoscalar interaction 
one indeed finds a branching ratio of the order of 1. Hence the pion decay into two 
leptons is the best experimental evidence for the vector or axial-vector character 
of weak interactions. The argument is presented in more detail in Exercise 6.2. 


RES EEE eee 


6.1 The 7+ Decay Rate 


Problem. Derive (6.11) for the decay rate of the pion. 


Solution. Substituting (27)*64(0) = VT and starting from the scattering matrix 
elements (6.10), one obtaines for the transition probability per unit time 


i fede B 
W = V 2S (Sh 
S,f 


TJ Qn J Qn} 
3 404 a 
=F f d°p / te Cee SY Ae (1) 


8 (Q7ry J (2xVP PokogoV > e 
with the matrix element 
My aa dat; (p,s)y* (1 oa ys5)ur(k, t) ‘ (2) 


6 § M. Berman: Phys. Rev. Lett. 1, 468 (1958); T. Kinoshita: Phys. Rev. Lett. 2, 477 (1959). 
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Exercise 6.1 Applying the Dirac trace rules of Appendix B we obtain in established manner, 
using (1 — ys)” = 2(1 — ys) 

So Merl? = So gatv(k, (1 — y5)ui(p, s)qati(p, s)y°(1 — ys)ur(k, f) 

Syt Self 
= Tr{qay"(1 — 75) + migey? (1 — y5)#} 
= Tr{f(1 — y5)@ + mi) — 5)#} 
= 2Tr{p@ + mip — y5)#} 
= 2Tr{pppH(l + ys)} (3) 


This we could evaluate directly, as we have done for pz decay. In this case, however, 
there exists a more elegant way. Exploiting the momentum conservation guaranteed 
by the delta function, we can replace g by (p +k). Using the relations 


Pare Pale at | (4) 


we immediately obtain 


PPPH = G+h%—PG +H 
= (f° + Hp) + #?) 
= (mj? + Hp)p = mph. (5) 


Thus, the Dirac trace can be obtained, 


Yo Merl? = 2m? Te{fH(1 + 75)} 


= 8m} (p-k) , (6) 


because of (A.22,25). Insertion of this result into (1) yields (6.11) directly. 


EXERC SE rs 


6.2 Concerning V—A Coupling in Pion Decay 


Problem. (a) One often quotes the strong suppression of the decay 7— — e727, 
compared to 7” —» ys v,, as proof of V—A coupling (see Exercise 6.3). Show that 
the suppression appears proportional to (m./ my)” for every mixing of vector and 
axial-vector couplings. 


(b) Show that the electronic decay channel would not be suppressed for scalar 
coupling. 


Solution. (a) For arbitrary mixing of the coupling types V and A the pionic currents 
(6.8) would remain unchanged, while the leptonic currents assume the general form 


JP(C) = te) (Cr + Cars) ,(X) (1) 


The calculation of the transition matrix element in Exercise 6.1 would be modified 
in such a way that the leptonic matrix element now reads 
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Mst = qa ti(p,s)y~ (Cy + Cas) w(K, 0). (2) 
Summing over final-state spins and using 
(Cy + Caysy = Cp + CE + 2CyCyys (3) 
we would obtain the following result: 


So Mail? = Te {9 (Cy + Cars) + mip (Cy + Cars) #} 


st 
= Tr {dppf (C2 + C2 -2CyCyrs)} (4) 
Equation (5) of Exercise 6.1 still holds: 
BopH = mi BH , (5) 
hence it results that 
do Mal? = 4(C7 + Cami ek), (6) 
st 


that is, the matrix element would in any case be proportional to the lepton mass 
squared. Therefore we would immediately obtain 


ee (7) 
jp (m2 — m2)” 


which is identical to (6.14), the result of the V—A theory. With the relation 
qa =Pa + ka (8) 


one can also see this directly by investigating the matrix element (2). In other 
words, the leptonic spinors are solutions of the free Dirac equation (B.10): 


uj(p,s)\~+m)=0 , (9a) 
Hu, (k,t)=0 . (9b) 


Hence because of (8) it holds that 


Mg, = ;(p, 5) (9 + #) (Cy + Cas) vv, (k, t) 
= —m,; uj(p, 8) (Cy + Cys) vv, (k, t) (10) 


and thus necessarily |Mg;|? ~ m? . 
(b) For scalar coupling (S or P) one would make the ansatz 


FON Gai Ce (11) 
for the pionic current, while the leptonic current takes the form 
JO) = d(x) (Cs + Crys) vi). (12) 


Then the reduced matrix element reads 


209 
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Exercise 6.2 


Fig. 6.13. Momenta and he- 
licities for pion decay 
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Ms = tt;(p,s) (Cs + Crys) tr, (x). (13) 
Summation over the spins would yield 


D5 Mal? = Tr {(9 + mi Cs + Crys) (Cs + Crs)} 
= Trp (Cs — Cp)] 
=4(Ge — Gite) © (14) 
Obviously, the factor m?, which appears for the vectorial couplings in (6), is miss- 


ing. Equation (14) differs from the result of the V—A theory (Exercise 6.1, (6)) by 
a factor 


i 
Bee (C3-—cCs) , 


ee 


hence the branching ratio would be given by 


je 
Ree (15) 
ise 


Since the experimental value (6.15) agrees well with the result (7) of the vector 
coupling theory, we can conclude that any contribution from a coupling of scalar 
type (S or P) must be weaker by a factor of at least 10°! 


EXERC]SE 


6.3 Suppression of the Electronic Decay Channel in Pion Decay 


Problem. Discuss the balance of angular momentum for pion decay and show, by 
considering the helicities of the participating particles, that the electronic decay 
channel must be strongly suppressed. 


Solution. The very small value of the branching ratio R (6.14) can be readily under- 
stood by way of the following considerations. The pion has zero spin; therefore the 
two leptons, which are emitted in opposite directions, must have the same helicity 
in the rest frame of the pion, so that their spins add to zero. Since the massless 
antineutrino can only have positive helicity, the electron must be emitted with pos- 
itive helicity, as well. Weak interactions, however, couple only to the left-handed 
chiral component (1 — s)ue, so that this decay of the pion would be completely 
forbidden in the limit me = 0. Since m. # 0, (1 — ¥s)e contains a small part 
of positive helicity (see (1.21)), but the decay process is suppressed by a factor 
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(m./m,)°. For muonic decay the same argument holds, but here the corresponding 
factor (m,,/m,)? is much larger. 


Remark. This argument provides no special support for the V—A theory, because 


the factor (m./m,,)° appears for any vectorial coupling, as was shown in Exercise 
6.2! 


Strangeness-Violating Decays (AAS = +1). For weak decays, which change 
strangeness, one always observes a simultaneous change of the hadronic charge, 


AS=AQ . (6.18) 


Hence the X’~ particle can, for example, decay into a neutron, since it carries 
strangeness (—1) and therefore AS = AQ = +1. On the other hand the Y*, 
which also has strangeness (—1), cannot decay into a neutron, since this decay 
would have AS = +1, but AQ = —1. Experimentally one finds that 


ACE Sa ne 6.19 
W (Si- — ne~ i) , , OO 


The space-time structure of strangeness-changing weak interactions is readily stud- 
ied by means of the decay of the charged kaons. By analogy with pion decay we 
select the two modes 

Kone ce, KS > fy 


Note that for these decays a hadron (in this case a meson) disappears completely, 
while this is not so for the © decay cited above, where a hadron in the initial state 
is converted into another hadron (in this case a neutron) in the final state. For all 
these decays, however, the baryon number B is conserved. Since the kaon has zero 
spin, its transition current is given, assuming vector coupling, by 


: 2; ae soe 
JL) =iv2fcqu gov) Ve, (6.20) 
by analogy with (6.8). The calculation of the scattering matrix element (i = e, 2) 
a a, 
S(K” +e, 4) = a / SA COWINC) (6.21) 


proceeds exactly as for pion decay; one only has to replace mz, fr by mx, fx. The 
result is therefore 


CPs 2 m?\? 
WK > e, ji) = ap IKK (1 - 7 | ; (6.22) 


and the branching ratio is (with mx=493.67 MeV) 
2 
W(K~ = ee) _ me (mg — me) 


Roo, = Se = 5S eclG (6.23) 
ap W(K- > pd) m2. (mg — m2)” 
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up to small radiative corrections. The experimental value 
Ree 2.42ser 012) alms (6.24) 


confirms the vector coupling in an impressive way. 
Finally we can determine the kaon decay constant from the measured lifetime, 


T+ = (1.237 +0.003) x 1078s , (6.25) 
and the relative decay probability (branching ratio) into the muon channel 


VA a) 


By ee eee = eo ae OG 6.26 
sis W(K- — anything) (oe), 
is 
mz 4m By 
= PoE nc ae 
My, (mz = m2) G mkTK 
= (0.0505 + 0.0002) mx = 24.9MeV . (6.27) 


The relation to the pion decay constant (6.17) is 
SIS (6.28) 


Obviously the decay constant for strangeness-changing weak decays (AS = +1) is 
smaller by a factor of about 4 than that for decays with AS = 0. The comparison 
with many other experimental data confirms this observation. An explanation is 
given by Cabibbo’s theory, with which we will become acquainted in a later section 
of this chapter. 


6.3 Weak Interactions of Quarks 


We have cast the interactions of leptons into a general scheme in the section con- 
cerning the GSW model in Chap. 4, which classified left-handed leptons (chirality 
—1) into three generations of weak isospin doublets, and right-handed leptons (chi- 
rality +1) into three generations of singlets: 


Ve Vy, ue = = = 
= - - » € ’ 4 > 7 
& ) i) e ) . me - 


If we want to place quarks into a similar scheme, it is convenient also to arrange 
them in left-handed doublets and right-handed singlets. Here we must, however, 
note that there exists a small difference compared to the leptons: all quarks have 
non-vanishing rest mass. Consequently there are no quarks that have only left- 
handed components like neutrinos. If there were no right-handed component in a 
certain reference frame, this would be immediately different in another reference 
frame, because the helicity operator A = J - p/|p| does not commute with the 
generators of Lorentz transformations. This can be readily understood: if, for ex- 
ample, the particle moves in the observer’s rest frame with |v| < cin the direction 
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of its spin, one only needs to consider a system that moves with velocity v, = av, 
a@ > 1, with respect to the observer’s rest frame. In this frame the particle has the 
apparent velocity 


a-—l|)v 
f= =o: 


? 


that is, it moves opposite to the direction of its spin. Therefore the helicity changes 
its sign (see Fig. 6.14). Since we also want to describe electromagnetic interactions 
in the context of the Glashow—Salam—Weinberg theory extended to describe quarks, 
it is important to have the same charge structure in the quark doublets as in the 
lepton doublets. The charge of the lower components (for example, e, ) must be 
one unit (e) smaller than that of the upper component (for example, v.). Therefore 
quarks with charge —(1/3)e should appear only in the lower components, those 
with charge +(2/3)e only in the upper components. 


i Lorentz j 
=F0 v =-a xe] ¢ == 
A>0 yp transform. 1<0 


One can see from Table 6.1 that the third quark with charge —(1/3)e, the 
b quark, still lacks a partner. The existence of a sixth quark was consequently 
postulated, the t quark (t = “ top” or “ truth”), with a mass m, ~ 135 — 150 GeV. 
The charge of this quark must be +(2/3)e. Therefore we have to deal with three 
doublets and six singlets: 


t 
ee (*) @ ; uR dr CR Sp te br 0 (6.29) 


If we abbreviate doublets with L; (i= u, c, t), there are, according to the scheme 
known from the leptons (see (4.96)), the following couplings between particles 
belonging to the same doublet: 


/ 
1G) = gLietPLy Ay + > (Let hb + Re VER) By | 
: ; (6.30) 
= gLiy'TL; - Ay + a (Yi hs YR) B., 


where Y®, Y™ are the hypercharges of left-handed and right-handed quarks, re- 
spectively. Here the hypercharge is again calculated according to the Gell-Mann— 
Nishijima relation 


P=IO= 7) | (6.31) 


by which we obtain the following values. For the left-handed doublets: 


al | l | 
ose ee ie mn ee NG |g 6.32 
it : ( 3 5) : ( 3 5) Cee ( » 


and for the right-handed singlets 


Fig. 6.14. Change of sign of 
the helicity for a Lorentzian 
transformation 
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Fig. 6.15. Quark diagram of 
the decay 7 — ne x 
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2 4 1 2 

ht = +2 5 = +3 ) Kee =2 (-3) == 4 (6.32b) 
Table 6.2 contains the weak isospin 7; and the weak hypercharge Y of the parti- 
cles in (6.29). The form of (6.30) reduces for the leptons to that of (4.96) if the 
corresponding weak hypercharge for the lepton doublets are inserted. 


Table 6.2. Values for the weak isospin and the weak hypercharge of the SU(2), x U(1)y 
theory. According to the Gell-Mann—Nishijima formula Q = 73; + +Y the physical charges 
of the particles can be calculated. Usually left- and right-handed particles (e.g. e, and eg or 
uy and ur...) differ in their T; and Y quantum numbers. 


leptons Tet 

1 
doublets: (*"), ae Cae (71) —1 
singlets: er pr TR O —2 
quarks 


doublets: Gi ee on (2) 


Singlets: up CR tr 0 
Gc ty 0 


According to the couplings in (6.30) a d quark could only become a u quark, 
an s quark only a c quark, and so on. For leptons, the analogous selection rules de- 
scribed the conservation of electron, muon, and tau number separately. For quarks, 
however, this contradicts the observation in the decay of the negative Y particle, 


a; —ne Dd, 


? 


n 


which at the quark level looks like 
(sdd) > (udd) +e7 + BC (6.33a) 


If one considers the quark content, an s quark obviously decays into a u quark. We 
found that strangeness-changing decay amplitudes are weaker by a factor of 4 or 
5 than strangeness-conserving decays, for example of the proton into the neutron 
(cf. (6.28)). The same is true for the decay 

KU > wo t+ Vy 


2 


or according to the quark content 


Gi) jee (6.33b) 
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Here an s quark decays into an u quark too, which then annihilates with the u 
antiquark, so that no quarks at all appear in the outgoing channel of this reaction. 

Let us summarize. The experiment shows that not only the d quark but also the 
s quark couples to the u quark via weak interactions; the s quark, however, couples 
4-5 times more weakly. Hence we must either abandon the scheme originating 
from the leptons, that the coupling occurs only within the particular left-handed 
doublets, or we allow the left-handed u quark to couple to a mixture of left-handed 
d and s quarks. To obtain a uniform theory of weak interactions we reject the 
first possibility and make use of the second. At first sight this idea, to construct a 
doublet of the form 


uL 
ad, + Bs, : 


appears to be somewhat far fetched. After some reflection, however, we see that this 
is not the case. It is by no means clear why weak interactions should distinguish 
particles by their masses, which also play no role for strong interactions. Since 
weak interactions cause the decay of d and s quarks, these cannot be eigenstates 
of the Hamiltonian of the weak interaction. In fact, the ansatz (6.29) shows that d 
and s quarks have the same quantum numbers Q, 73, and Y. Therefore there is no 
deeper reason weak interactions should not affect a mixing of the states of d and s 
quarks. Of course, the question arises why the upper components of the doublets 
do not mix as well. This would have the same effect with respect to the decays 
discussed in (6.33) and could also explain the experimental observations. 

In Exercise 6.4 we will convince ourselves that we have the freedom to commit 
ourselves to a mixing of either upper or lower components. We hence continue to 
denote doublets by their upper component, u, c, t, but the lower components we 
now denote by d’, s’, b’: 


Pe 5 u CURSE c Bilis t ; 
Le = 5 i ; We 5 @ 5 Ly> ap (6.34) 


Here the lower components can be arbitrary mixings of the mass eigenstates d,s,b 
known from the physics of strong interactions. Under the constraint of conservation 
of total probability, the connection between d’, s’, b’ and d, s, b must be given by 
a unitary 3x3 matrix ol, 


d' A d ~ fad 
(=| =U @ _ Cian. (6.35) 
b! b 


One also speaks of the constraint of universality of weak interactions, since it 
ensures that the total strength of all charged hadronic currents remain unchanged. 

A unitary 3x3 matrix has nine free real parameters; this number is reduced 
by five if one considers that the phase of each of the six quark wave functions 


Fig. 6.16. Quark diagram of 
the decay KT > py, 
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can be chosen at will, but that the choice of the total phase has no effect on U. 
According to Kobayashi and Maskawa’ one uses as parameters the three Euler 
angles® 6) , 92 , 63 for a (real) three-dimensional rotation and in addition a phase 6 
for the coupling in the space of s and b quarks. For the sake of brevity we write 
s; Instead of sin 8; and c; instead of cos 6;. Then we have 


cj 5103 5103 ; 
U={ =sie, cree; + mse cjeos, — SaGae 
—S1C2 €482€3 — cps3e e595, + cpc30e%* 


1 0 0 Cy S|] 0 
= (0 C2 2) (<: cy | 
0 S2 (65) 0 0 1 


Os 0) 0) 30 
x (0 1 0 (0 C3 » : (6.36) 
0 0 ei 0 —s3; 63 
The parameters are chosen in such a way that the choice 6. = 6; = 6 = 0 


corresponds directly to the reduction to only two doublets (u, d’) and (c, s’): 


cos6, sin@, O 
(6.37) 


Ub = t= 5 == ( “sind cos6; 0 
0 a 


Since the existence of the t quark has not yet been experimentally fully confirmed? 


we can regard the theory as being valid only for the first two doublets a and 


. : The single angle 6;, which appears in this case, is called the Cabibbo!® 
S 
angle 0c . At first we want to restrict ourselves to this reduced theory. 


RR >in eee 


6.4 Mixing in Leptonic Families 


Problem. Show that the introduction of a mixing matrix U for leptons does not 
yield any observable effects, provided that the neutrinos are massless. 


Solution. For simplicity we restrict ourselves to two doublets i = e, 4. Hence we 
assume that the doublets involved in weak interactions are 


= Aa) ; n= (ie) 1 
i & mae a 


’ M. Kobayashi and K. Maskawa: Prog. Theor. Phys. 49, 652 (1973). 

8 For the definition of the Euler angles we refer to W. Greiner: Theoretische Physik, 
Mechanik I, Sth ed (Harri Deutsch, Frankfurt 1989) or H. Goldstein: Classical Mechanics, 
2nd ed (Addison-Wesley, Reading MA 1980). 

* Evidence for the top quark production in pp collisions at Vs = 1.8 TeV has recently 
been reported: CDF collaboration (F. Abe et al. — 397 authors) Phys. Rev. Lett. 73, 225 
(1994), Phys. Rev. D50, 2966 (1994). 

'°'N. Cabibbo: Phys. Rev. Lett. 10, 531 (1963). 
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with the mixed lepton states 
e,\ _ [{ cos@ sin@ er 
i) eee sl COS LL 
A er 
aa 
( ML ) © 


According to (4.96) the contribution of the doublets to the total current is 


veh Lg LL. (3a) 


or 

epee ae Li (3b) 
In any case, the expression is of the form 

LOL, SEL OL, (4) 
where O is an operator that acts on spinor and isospin indices. 

We now introduce two new doublets, 

Hy 2 1D, ey i, SING 

Ly, =L,sin@+L, cosé . (5) 
Note that here the doublets Li, iby , mixed in the lower components, become 


altogether mixed. New doublets Li, Ly, are combined from the doublets Lee: 
For these the relation 


DO eemh Ol hOl LO, (6) 
now holds, since the mixed terms proportional to sin @ cos @ just cancel each other 
for the orthogonal transformation (5). Hence it does not matter whether we arrange 
the left-handed particles in the doublets L; (1) or in the doublets Z;’ (5)! With 
relation (2) the doublets L;’ have the following form: 


Lea Ve cos? — v,, sin? 
© \ ef cos@ — py sind 

Ve 

“(le @) 


wy cose ame 
~ \ er (cos? @ + sin’ 6) 


Lt! = (% sin® + Vy, Agel 


ey siné + py; sind 
with the mixed neutrino states 


v\ {cose —sin? 
Vi, ~ \ sin@  cosé 


ao . (8) 
Vu 


Hence we recognize that a mixing of the neutrinos with the matrix Ut has exactly 
the same effect as a mixing of the charged leptonic states with the matrix U. The 
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advantage of the new doublets Lj’ is that states of charged leptons with different 
masses appear unmixed. This is of some importance if we consider an “electron” 
with momentum p. If we have mixing, 


WP (x) = YP(x) cos 6 + P(x) sin 8 


= |(2p)V)7'/? u-(p, s) cos be~ 70 


= 2 ete ll Lies 
+ (2p) / U,,(p, 8) sin Be vi QP (9) 
with 
1/2 
j= (p? a m?) ’ 
2 2\1/2 
Po = (p* + m,,) 
Owing to the difference between the two masses each contribution has a different 
time dependence, that is, the momentum eigenstate cannot be an eigenstate of the 
Hamiltonian! On the other hand, an energy eigenstate would not have a defined 


momentum. If the neutrinos are massless, then this is different for a mixing of the 
neutrino states: 


p(x) = PP) cos6+ bP (x) sin 6 


Sal dre(Ds 5) cose + uy,(p,s) sin 8 | (2ip|v) ee ac 


(10) 


Both parts have the same time dependence; the state is stationary. Since the neu- 
trinos participate only in weak interactions, there is no possibility of distinguishing 
experimentally between the doublets 


i 
ie (**) , ile & (12) 
ib, er 


The electron neutrino is simply, by definition, the neutrino state involved in the 
interaction with the left-handed electron. Similar arguments hold for the muon 
neutrino. Theories that are based upon the two choices L; or Li’ are completely 
equivalent and experimentally indistinguishable if the rest masses of the neutrinos 
vanish exactly. (If the neutrinos carry mass, so-called “neutrino oscillations” arise; 
these will be discussed in Example 6.5). 


AAI ESS ey 


6.5 Neutrino Oscillations 


In the preceding sections we began with the assumption of exactly conserved elec- 
tron, muon, and tau quantum numbers. For example, because of the conservation 
of the muon quantum number, a muon neutrino must be created in muon decay, 
as well as an electron antineutrino, to conserve the electron quantum number. The 
separate conservation of the different lepton quantum numbers alone forbids the 
otherwise possible decay 
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for there is no other quantum number by which the particles v,, v,, differ. Experi- 
mentally it is found that 


a Se Sm) 2 ee 

W(u- — eer) 
If, however, one assumes that the leptonic quantum numbers are only approximately 
conserved, there exists the fascinating possibility of neutrino oscillations, that is, 
that different kinds of neutrino can transform into each other, like the conversion 
of the strange meson K° into its antiparticle K°, which we shall discuss in Chap. 8. 

Expressed somewhat differently, this possibility implies that the electron neu- 
trino, which originates from nuclear electron capture, 


G sPO— Marre 


does not represent an eigenstate of the full Hamiltonian. Neutrino oscillations would 
also present a possible explanation for the fact that only about a third of the 
electron neutrinos, which are expected to come from the sun according to common 
solar models, are actually observed (the solar neutrino problem). According to the 
hypothesis of neutrino oscillations these could on the way to the earth convert into 
muon or 7 neutrinos, so that after the long travel time only about a third of the 
neutrinos would be present as electron neutrinos at the earth. This would nicely 
explain the observed suppression factor of 3 (see also Chap. 7, Example 7.9 for 
details of the solar neutrino problem). 

For convenience we leave the 7 neutrino out of the following and assume that 
only the electron and muon neutrino mix with each other. We denote the wave 
function of the neutrinos simply by v, and v,, respectively. One can construct 
eigenstates of the Hamiltonian by convenient linear combinations of ve and vy, 
which we shall denote by 1 and 12, and for which we make the ansatz 


4\  (cos@ —sin®é Ve (1) 
w)  \sind cosé Ue) 


The orthogonality of the mixing matrix guarantees that the normalization of the 
final state is conserved: 


[rte + eer} =1 
=f dr{iucryf + ba?) =1 Q) 
The inversion of (1) is obviously 
Ve\ _ cos 8 ar) @ . @) 
ve —sin@ cos@/ \1w 
First we assume that an electron neutrino is created with definite momentum p 


at point x at time ¢ = 0. In the energy representation it holds that, for the time 
evolution of the state, 


2D 
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Example 6.5 eee = ae =| eiP-& 
erent 10 Vio) Wane 
=( 0 its | ay alee S 
where 


Ey=f/p?+m? , Eo = \/p2+m (S) 


are the energies and m, and mp are respectively the masses of the eigenstates v; 
and 12. With the help of (1) and (3) we obtain from (4) 


Ve(x, t) 

Vy,(L, t) 
_{ cos@ sind emul 0 cos@6 —sin@ ve(0) eine 
~ \=sin@ cos@ One =e sind cosé ¥4(0) 
Dine cose sing cos ge —sin beet v-(0) 
a —sin@ cosé sin Be~#2' ~— cos Oe i#2! (0) 


_ (cos? dei! + sin? Ge—2" sin @ cos O(e~ 122! — e~i#it) 
~ \ sin @ cos 0(e~ #2! — eit) cos? Ge i22! + sin? Get 


ip-x v-(0) 
xe ae | (6) 


According to the assumption that purely neutrinos of the electronic type are emitted 
at the source, v.(0) = 1 and v,,(0) = 0. Hence the probability of finding a muon 
neutrino at time ¢ is 
\vu(x, |? = |sin cos 6 (e~ 2" — ee) |’ 
1 
= 7 sin? (26) |e" — 4)? 


= ; sin?(26)[1 — cos((E2 — E\)t)] 


. 9 (Ey — Ej )t 
= sin?(26) sin? ot (7) 
Under the assumption that the masses m, and m) are very small compared to p we 
find that 
Ey ~ Ey = yf mz + p? — y/m? + p?2 

2 a 

SESS 
~ aa ae ’ (8) 


Furthermore, we can assume that the electron moves practically at the speed of 
light, and we therefore put x = t, where x is the distance of the neutrino source 
from the location where the neutrino is detected. Then we obtain 


2 
|u(ae, t = x)|? ~ sin?(26) sin? pallies 


= sin?(26) sin’ “= , (9) 
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with 


_ 4up 
~~ Am? 


The quantity / is called the oscillation length. The same result is obtained if we 
start from a state of definite energy E and make the ansatz 


V(x) \ _ e!?1* (0) 
es z ae 


for the spatial wave functions, with 


PVS yer ) Po =f E? — m3 ’ (11) 


and again set ve = 1 and v, = 0 for x = 0. It results that 


OR agen) 2 
Am’ =m,—m; , | 


EE = sin?(26) sin? — (12) 


As long as the energy is large compared to the neutrino masses, one obtains 


Dee 
P2-P1 a9) 82 mp =f B2 ep = (13) 


Since E = p for massless neutrinos, this expression is identical to (8), and we con- 
clude that the result is independent of the assumptions concerning the preparation 
of the quantum mechanical state. 

In the past few years, two different kinds of experiment have been carried out, 
by means of which it was hoped to measure neutrino oscillations. The fact that 
electron antineutrinos with energy of about 4 MeV are produced in nuclear reactors 
was exploited. For Am? ~ 1(eV)’, (9) yields an oscillation length of about 10 m; 
one should then observe a decrease in the amount of electron antineutrinos a few 
meters from the reactor core. They are detected either through the inverse 6-decay 
reaction 


Ba ae (2 =e ih SF et 4 
where the neutrons are measured, or, for example, through the branching ratio - 


7 n+tn+e* (charged) 
De +d , 
\ nt+p+i% _ (neutral) 


since the cross section for neutral currents in practice does not depend on the kind 
of neutrino. After the first positive results were reported by an American group, 
which believed it had seen a decrease in electron antineutrinos, later, improved 
experiments could not detect any oscillations. From these results it follows that 
either the mass splitting Am? or the mixing angle @ must be very small (see 
Fig. 6.17). 

Another possibility in looking for neutrino oscillations is the fact that muon 
neutrinos are generated in accelerators, for example, in the decay of K or 7 mesons. 
This method has some advantages compared to reactor experiments. One can more 
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Fig. 6.17. 

Experimental bounds for the 
mass splitting and the mixing 
angle. Regions lying on the 
right-hand side of the curves 
are excluded with high prob- 
ability 
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accurately determine the number of muon neutrinos created and, since the neutrinos 
have higher energy, they are more easily detected. A further advantage is the fact 
that the energy of the particle beam in the accelerator can be varied. For this kind 
of experiment the neutrino energy is of the order of a few GeV. For a beam energy 
of 2.5 GeV a mass splitting of Am* = 1(eV)’ corresponds to an oscillation length 
of about 1 km. In these experiments one therefore installs the neutrino detector a 
few kilometers away from the accelerator and searches for the presence of electron 
neutrinos. Up to now no evidence for neutrino oscillations has been found in such 
accelerator experiments either. 


6.4 Cabibbo’s Theory of Flavour Mixing 


Cabibbo recognized that the most apparent irregularities of the hadronic weak 
interactions could be explained by introducing the mixing angle 6; = 6c between 
the d and the s quark. We now want to examine Cabibbo’s considerations. 

We add the interaction term for the two hadronic doublets Qi d))2(c.xs)i to 
the Lagrangian of Salam and Weinberg’s theory for leptons. Here we have to pay 
attention to the fact that the electric charges for the quarks differ from those of the 
leptons. For convenience we introduce the notations 


RY —Si RO) = Ry 5 RY) =R, ) RO) = Ry ) (6.38) 


that is, 
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This allows us to perform the summation over i for the right-handed contributions 
(singlets) only over i = u,c. Then the interaction part of the quarks reads, by exact 
analogy with the ansatz (4.96) for the leptons, 


k = 
i =) {obi Th Ay 


i=u,c 
Wo les m 4 54) be p+) 2 5(-) u p(-) 
Bin! zy Ue 3% Ve 3% BS Re (6.39) 


The factors Gd, 4, —2) in front of the couplings to the isosinglet field B,, are the 
weak hypercharges. They are determined by the electric charges of the quarks, 
which are multiples of 4; see (6.31,32). 

If we replace the fields A}, and B,, by Z,, and A,,, according to (4.98), then 


Hm = HO +P ph (Fw 4 FW) 1, 


Puc 


te i ie é ‘ 
+ E cos Li y"T3Li — 3 g' sin (Shirt + ARV ye RO _ RR) ae 


1 l= 2 z 
+ E g' cos 6 Gz L, + RV eR — ROR? ) 
+ gsin 6L;y" it} (6.40) 


with the Weinberg angle 0, by analogy to (4.100). 


Charged Currents. From the interaction Hamiltonian one can immediately read 
off the weak currents of quarks as factors to the physical bosons W*, Z,,, Ay. We 
rewrite these currents directly by means of the relations 


d'’=cos@cd +sinOcs , 
s’=—sinOcd+cosOcs_ , (6.41) 
which result from the reduced mixing matrix (6.37), in a form involving the “true” 


d and s quarks in the sense of mass eigenstates. We start with the charged weak 
currents, the coefficients of the field VW“, 


us =2 > Lite TL; = Parl 5) aa be YC SEY: 


i=u,c 
= cos Ochayu(1 — ys)bu + sin OcPs ull — ¥s)bu 
— sin OcPayp(1 — ys) + cos OcWsyu(l — se; (6.42a) 
Vi 
Jp ats, (6.42b) 


The part responsible for the decay of the neutron is the term cos Ocldarul 1 — 
/5)Wu]', since here one of the d quarks in the neutron (udd) decays into a u quark 
to form a proton (uud). This term appears in the current es =2 Dhes Li pT+L; and 
is, according to (6.40), coupled with the (incoming) W‘* boson. The field W* = 


+ (A 


Fi — id?,) corresponds to an outgoing W~ boson. In the four-fermion coupling 


1 
bb 
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approximation (owing to the low transition energy of 1.9 MeV, this approximation 
is excellent) the effective interaction for the @ decay of the d quark is 


G u 
Fin = ei [ext EEC) 


a cos Oc : A> x[hulx)yu(1 — ys) bax) ]' [he(x)y"(1 — ¥s)\ue(%)] . (6.43) 


A comparison with (6.1, 6.2) shows immediately the relationship 
Cy =cosOc(1 + Era); (6.44) 


where €raq ~ 0.012 denotes the electromagnetic radiative corrections. Hence the 
Cabibbo angle 9c, which has the experimental value 


cos 0c =0.9751 £ 0.0003, 
sin 6c =0.222+0.001 (6.45) 
6c =12.8° £0.1° 


describes the small decrease of the weak interaction constant in nuclear (3 decay. 
The coupling strength for the decay s — u is proportional to sin8¢, which 
explains, owing to the relative smallness of the angle 6c, the weakness of the 
strangeness-violating decays found in the section on the phenomenology of weak 
hadronic decays. The ratio between the coupling constants fx of the K decay and 
Jr of the 7 decay is immediately given by (s-u transition to d—u transition) 
JE 
— = tan Oc(1 + E;aa) (6.46) 
Sr 
with small radiative corrections. A detailed analysis gives sin 8c = 0.2655+0.0006, 
while one finds from the decay of the strange baryons A, , and so on the value 
sin @¢ = 0.230 + 0.003. When judging these numbers one has to take into con- 
sideration that they are not directly derived from decays of the quarks, but from 
decays of more complex particles. Therefore they only reflect the decay properties 
of quarks to such a degree that the particles consist simply of a quark—antiquark 
pair (mesons) or of three quarks (baryons), the so-called valence quarks. In reality 
the circumstances are more complex, since the quark vacuum is strongly polar- 
ized inside the particles, owing to the interaction between quarks. With a certain 
probability one therefore finds additional quark—antiquark pairs besides the valence 
quarks; one also speaks of the sea of virtual quark~antiquark pairs. For a proton, 
which has a valence-quark structure of (uud), the probability of finding it in each 
of the configurations 


uudiu , uuddd , uudés 


is approximately 5 percent. To this extent the simple picture of the proton consisting 
of three quarks is not satisfied. The fact that this violation is relatively small 
explains the success of the quark model and of SU(3) symmetry when interpreting 
the low-energy properties of baryons, for example the mass formulas. 

For mesons SU(3) symmetry is not nearly as successful. This concems espe- 
cially the pion, which fits only poorly into the mass formulas for mesons. One can 
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eas 


understand this since, for mesons, which consist of a valence quark—antiquark pair, 
the admixture of virtual quark—antiquark pairs is essentially stronger. It is likely 
that configurations of the kind!! 


udui , uddd , uduidd 


make up a considerable fraction of the pion wave function (here for the 1+) 
and thus are jointly responsible for the lower mass of the pion. It is therefore 
not very surprising that by comparing the decay of the pion and the kaon one 
deduces a value of the Cabibbo angle experimentally that is 15 percent larger. 
Most probably this does not mean that Cabibbo theory provides a poor description 
of the weak interactions among quarks, but only that the quark structure of the 
pion is considerably more complex than that of other hadrons. This presumption 
is supported by the good agreement between the values for the Cabibbo angle 
obtained from the decay of the neutron and the strange baryons. Hence we assume 
in the following that the value (6.45) obtained from nuclear § decay represents the 
mixing angle between d and s quarks. 


Neutral Weak Currents. Next we consider the coefficient of the field Z“, that is 
the neutral weak current of the quarks, 


ae ieee al a Es 
OD E cos OL iy, 73L; — 39 sin 0 (Shirt + ORM 4 RO — ROW RE ) 


UG 


: 4 7 sie 
= = Bu (1 = sin’ 9 — 1s] Yat — Vs Yu (1 = 3 sin’ 0 = 1s) Ps! 


= Sarr = 8, 
+ Vu Yp (: aa sin? 6 — 1s] Wat VeVu (1 ma sin? 6 — rs) vs 


: an - 4, 
[ser (1 3 sin’ 6 — 15] Wa — Vs Yu ¢ Ps sin? 0 — ws] Ws 


- 4cos 6 


= 8. - oe 
+ Duty (1 = gain’ 6 — 1s] a+ Der (1 = She rs) ve , (6.41) 


applying Eq. (4.101). The details of the calculation are the subject of Exercise 
6.8. The angle 6 which appears here is the Weinberg angle already known to us. 
In addition there appear d’ and s’ quarks, which are Cabibbo-mixed (see (6.41)). 
The transformation to the d and s quarks appearing in strong interactions is readily 
performed using (6.41) and leads, as the last step shows, to formally identical ex- 
pressions. All mixed terms of the form sin 0c cos Ocbaruss and so on cancel, as is 
shown in Exercise 6.8. It is worth emphasizing that undesirable terms in the neutral 
current of the doublet L, cancel such terms in the current of the doublet L,. Thus the 
neutral current contains only couplings which are diagonal in the quark flavours. In 
particular, there is no part of the neutral current which changes strangeness. This 
selection rule, AS = AQ = 0, was one of the important experimental demands on 
the theory (see Sect. 6.2 on the phenomenology of weak hadronic decays). Indeed, 


'1 See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1994). 
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the requirement of vanishing strangeness-changing neutral current was the moti- 
vation for the (purely theoretical) introduction of the fourth quark c by Glashow, 
Iliopoulos, and Maiani.'* Therefore one also speaks of the GIM mechanism. 

This consideration can be easily extended to the two additional quarks t and b. 
For this we need only consider the quarks with charge Q = —(1/3)e, which are 
mixed by the unitary matrix U (6.35). Their contribution to the neutral current is, 
in a generalization of (6.47), 


1 . 
0 = i = 
7d. sab | 49608 biru(l — 15) 
i=d’,s’,b/ 
1 : i 2 
oF Ea sin 8 (Sart = 5) vi — viel + v1) | 
St SY bry (1- Bano 1s] wr , (6.48) 
4cos@ ae . 3 


where we have used relation (4.101), gsin@ = g' cos @ for the coupling constants 
g and g’. Owing to the unitarity of U it holds for every operator O that 


Show = SO (& sitw)a( > usm) 


i —CeSiab! i —=d' es eb! k=d,s,b J=d,s,b 
=>) Om , (6.49) 
k=d,s,b 
since 
> Ue ty =U y = by. (6.50) 


Hence we have shown in general that no mixed-flavour terms appear in the neutral 
current: 


Og i ae ; 
Ji (d’,s’, b’) eos 2 Ye (: a 0 vs] Vk 


= JAW 
= J(d,s,b) (6.51) 


Weak interactions do not lead to transitions of d, s, or b quarks among each other. 
The same holds also for the three quarks with charge QO = +(2/3), that is, the 
quarks u, c, and t. Thus we can assert, as a general demand of the Salam—Weinberg 
theory extended to quarks that changes of flavour quantum numbers always involve 
change of charge. This is a generalization of the mle AS = AQ = 0 for neutral 
currents to AS = AQ for all currents appearing in the theory of electroweak 
interactions. 
The factors 


4 8 
— (: - 3 sin’ 4 -5] : (1 a sin? 9 — vs) : (6.52) 


'2$.L. Glashow, J.C. Iliopoulos, and L. Maiani: Phys. Rev. D2, 1285 (1970). The name 


“charm” is to be understood as “magic”, since the charmed quark eliminates the undesirable 
terms. 
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which appear in the neutral current, can be understood as follows: the sign is 
determined by the sign of the (weak) isospin 73, that is, (+) for the upper quarks 
u, c, t and (—) for the lower components d, s, b. Formally we can therefore write 
the factors (6.52) in the form 


2(T3 — 20 sin* 6 — T3775) = 2T3(1— ys) —4Q sin? @ (6.53) 


This expression also correctly describes the corresponding factors in the neutral 
current of the leptons (4.105): 


2(7, — 20 sin’ 6— 7575), =(1—s) , 
2(T; — 20 sin* 0 — T3s)e = —(1 — 4sin? 0 — ys) 


Hence the contribution of the neutral weak current to the Lagrangian has the general 
form 


(6.54) 


g i oD 
ong |e Pe" (Ts — 20 sin’ @ — Tas), Ve | Zu (6.55) 


k 


where the sum runs over all leptons and quarks. 


RXR ISE 


6.6 Proof of (6.55) 
Problem. Starting with (6.30) and (6.31), show the general validity of (6.55). 
Solution. The fermion coupling to the fields AR and B,, is, according to (6.30), 

| - 1 - ~ 

590 — 7s) TidAd + 7a! [Y'dy — asd + YPM +990] B, 


We obtain the current which couples to the neutral intermediate boson Z,, using 


(4.98): 
B,=A,cos?—Z,sin@ , (2) 
A}, = 7770080 474, S1nU (3) 


Collecting all terms and putting g’ = gtan@, we get 


a 
sob" — 75)T3 cos 0 


_ 5 tan 6 [y*(1 — ys) + Y*(1 + 95)] sino bz, (4) 


ie 20 is) a Y —720) (5) 
and obtain the following for the factor in square brackets: 
(1 — ys)T3 cos 6 + (1 — ys)T73 tan @ sin @ — 2Q tan@ sin @ 


= (( — ¥5)T3 —2Q sin? 0| : (6) 
cos 0 
Inserting this into (4), we obtain the desired result 
J Jo [1 —98)Ts — 20 sin’? 6] YZ, ) 


2cos @ 
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6.7 Absence of Flavour-Changing Neutral Currents 


If there were a contribution to the neutral current (6.47), which couples d and s 
quarks, that is, 


por 
is = im cos @ 


[Pare (CH +Chys)bsthc.] , (1) 


the neutral K mesons could easily decay into a muon pair. This is illustrated in the 
following diagram: 


Fig.6.18. Possible decay 
scheme of the neutral K me- 
sons if a flavour-changing 
neutral current exists 


Ee eenen ab this decay is conveniently studied by investigating the long- 
lived K? state (see Chap. 7), for which a branching ratio 


Sal ee fe (2) 
TK!) 
was measured. From this we obtain a bound of 

(eG eee On ae (3) 
This limit is still further reduced by taking account of the fact that the experimen- 


tally measured value is well described by radiative corrections to processes which 
result from second-order effects of the charged weak current, for example, 


The value (2) is therefore a strong indication for the complete absence of funda- 
mental flavour-changing weak currents. 
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6.8 Vanishing of Mixed Currents Between d and s Quarks 


Problem. Check the result (6.47) for the neutral currents and show that no mixed 
terms coupling s and d quarks arise through Cabibbo mixing. 


Solution. With (4.101) we have 


a2 
7 
ae g— gsin ' 


and hence, from (6.47), 


g 1. l 
i =e {so | Purl 1915) rican — Ys) Par 


1 - 1 - 
+ a Ber(l — 95) — Z By y(l — 75) 
[ee 1 - 1 - 
m5 sin’ 6 Feeene = Vs) Unt qv ul — ¥5) War 


+ Berl —s)be + Gdy yall — 73) 
+ Puy + 75)bu + Peru(l + 5)bu 


ies lice 
a 5 Pull aE URE 5 Ys Ml ots 15)by 


. ou - oa 
= = r [Dur (1 = ry sin G-— 1s) Wu + WeVu (1 = 8 sin? g— 1s) We 
aK 4 . 2 oar 4 e 2 
= Barty (1 = 5 sin? — 95) ba — dot (1-5 sin? — 95 } ve] -@) 
Here we have made use of the intermediate steps 
| ae 
cos? 6(1 — ys) — 5 sin” (1 — 75) + 4(1 + 95)] 
= cos* 6 — ; sin? 9 — ys(cos” 6 + sin’ @) 


= 1-5 sin? 75 ; (3a) 


ee 
= (Il 99) — 3 St) (@ teat 7) Beet? @ Seana) 
1 : 
= —cos*6 + 3 sin? 6 + ys(cos? 6 + sin’ 6) 
= 14 5sin? +75 (3b) 


The last two terms in (2) we rewrite in terms of the quark flavours d, s, that is, the 
mass eigenstates, with the help of (6.41). For an arbitrary operator A it holds that 


230) 
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da Ava le py Avy 
= (Cos Acta + sin Acws)A(cos Oca + sin Pcs) 
+ (cos Oc); — sin Ocq)A(cos Oc; — sin Ocwa) ; 
= (cos” 6c + sin’ 6c) Wada + (cos 6c sin 8c — sin Ac cos 8c) wads 
+ (sin 6c cos 6c — cos §¢ sin Oc)dsAwa + (sin? 8c + cos? 6c) pA tbs 
= WAdat Avs (4) 
This is simply a consequence of the orthogonality of the Cabibbo transformation. 
Altogether we have 


7) — 2 Aaa (Cra ; (5) 
7 Aeaaa = ; Vit i — Ys) Vi 
with 
Cr = eo = arene. — (6a) 


8. 
Cu = Cy =1~ 3 sin’ 8 : 


4 
Ca = Cs = 1-5 sin’ 8 


which agrees exactly with (6.47). 
—————————————————— 


Electromagnetic Current. Finally we consider the electromagnetic current, which 
is given by 


Meise 1 
se = os, a sin OL;7p,13L; + 39 cos 6 


i=u,c 


fi = =( x 
‘ (Shr ar DR ake = Ri dats ) 


Y= = 1a s 
= 3 Ou Pu a WeVuVc) =a 3 oa Yuba ss Ws Vus') 


fed as 1 = = 
2 <e(du yuu + Berths) — seCbarta + Vers) (6.56) 


As can be seen, it again contains no mixed terms in d and s quarks. Regarding the 
sign one should note that e = —|e| is the charge of the electron. Of course, the 
factors coupling to the isospin-singlet field B,, were chosen in such a way that the 
electromagnetic current comes out correctly. Since the coupling to the triplet field 
A,, and the singlet field B,, can be chosen completely independently, this expresses 
no deeper physical understanding. After fixing the coupling of the charged weak 
currents (6.42) and the electromagnetic current (6.56), however, one has no options 
left for the neutral weak current a The exact form (6.47) of IO must thus be 
regarded as a definite prediction of the extended Glashow-Salam—Weinberg theory. 

Therefore we consider the neutral currents of u and d quarks in more detail. 
When splitting them into left-handed and right-handed parts one obtains for the u 
quarks 
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1 = ane ae i 
ce cos 6J.(u) = VuYu € ~ 3 sin’ 6 — 75) Du 
t- 2... ¥ ae 
= (5 _ 3 sin’ 0) ULYpUz — 3 sin’ GirYpUrR ’ (6.57) 
and for the d quarks 


1 : I cee 1 
58 0F.O(d) = harp (Z == sin = 7) ha 


4 3 4 
1 ie 2 5 ee 2 pA 
Sal + 3 sin 6) dryyds + 3 sin’ Odryydr- (6.58) 


Table 6.3. The weak neutral-current couplings of the up and down quark 


[| Coupling constant 
1/2 — 2/3sin’ 9 0.35 + 0.07 
—2/3 sin* 0 —0.19 + 0.06 


—1/2+1/3 sin’? @ —0.40 + 0.07 
1/3 sin? 0 0.00 + 0.11 


With the value sin? @ = 0.25 from (4.108) we obtain Table 6.3 for the coupling 
constants of the weak neutral current for u and d quarks. For comparison, values 
extracted from an analysis of neutrino—quark scattering are also given in Table 
6.3 (see Example 6.9). We can assert good agreement in the range of experimental 
errors, especially regarding the isospin dependence. A precise check of the structure 
of the neutral quark current was performed at the linear electron accelerator in 
Stanford, California (SLAC). In this experiment the degree of parity violation in 
the scattering of polarized electrons at deuterons was investigated. Here the most 
important contribution stems from the interference term between the neutral weak 
current and the electromagnetic current (Fig. 6.19), as in the case of the angular 
asymmetry in muon pair creation (see Sect. 5.2). The experiment is discussed in 
detail in Example 6.9. From a comparison with the theoretically predicted degree 
of parity violation, there results a rather accurate value for the Weinberg angle,'? 


sin’ 9 = 0.230+0.005 , (6.59) 


2 
ej q e} q 
7 Ze 
+ — oe oe oe 
Fig. 6.19. Matrix element of 


electron—quark scattering 


'3. Langacker and A.K. Mann: Physics Today, 42, 22 (1989). 
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Fig. 6.20a. Deep inelastic 
electron—nucleon scattering 


Fig. 6.20b. Elementary Feyn- 
man graphs of electron—quark 
scattering 
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which is in good agreement with the result obtained from purely leptonic scattering 
experiments. In conclusion, we remark that the isospin structure of the neutral 
current in the Glashow—Salam—Weinberg theory can be regarded as experimentally 
well confirmed. 
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6.9 Parity Violation in Inelastic Lepton—Nucleon Scattering 


The substructure of the nucleon is investigated in deep inelastic lepton—nucleon 
scattering experiments. Hereby the energy-momentum transfer is large enough to 
break up the nucleon and the scattering can be described as elementary quark— 
nucleon scattering. 

In order to investigate the degree of parity violation in this process, polarized 
electrons (muons) are scattered at unpolarized nuclear targets. In the experiment 
one measures the following asymmetry 


= dor = do, 


= = ] 
dogt+do, ’ © 


with op,, being the scattering cross section between a right/left-handed lepton and 
the target ery, +N — egy, +X. The X are the fragments of the target which are 
not observed in the experiment and over which a sum has to be performed (see 
Fig. 6.20a). 

A non-vanishing asymmetry can be interpreted as proof for a parity-violating 
process. In order to predict the asymmetry in the framework of the GSW model, 
we use the parton model of the nucleon. In this model the nucleon is composed of 
free non-interacting partons. Each lepton—nucleon scattering process can then be 
described as incoherent sum of elementary lepton—quark scattering processes. The 
respective Feynman diagrams can be seen in Fig.6.20b. Parity violation results 
from the coherent sum of photon and Zp exchange. According to the Feynman 
tules (see Sect. 4.3) we can directly write down the matrix elements. However, it 
is useful to work with lepton and parton states of well-defined helicity. We obtain 
for the amplitude of the photon exchange process (see Fig. 6.20b). 


° -h i 1 = a 
An! = 10.047 rath GMO Uf OD) @) 


where Q, 1s the electric charge of the parton, Q. that of the electron. h,H are 
the helicities of the electron and parton respectively. For instance the spinor of a 
right-handed electron is then given by 


1+ 4s 


uE(k) = — 


Ue(k) (3) 


In order to obtain the amplitude of the Zp exchange, we use the neutral weak 
current of (6.55): 
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eee 


g F : 
rer byy(T3 — 20 sin? 0— T3 ys) (4) 
cy C4 


and rewrite the following term 


1 | 
ey = cays = (Cy — cg) 50 a a (Caer: ca) 5(1 = 455) (5) 
CR cL 


Here we have introduced charges for the right- and left-handed leptons and partons. 


cr = —2Q sin’ 6 (6) 
cy = T; —2Q sin’ 6 (7) 


In analogy to (2) we obtain for the amplitude of the Zp) exchange 


hH g hr Gob — 9096 /MZ _ 4 ane 
— a a 
Az = Bien, Teost pct Chile b(k yyeue Oe erry pee (p')y" aj (p) (8) 
For energies which are small compared to the mass of the Zo, we can approximate 
the equation by 
2 
oe = = 
4cos2 6M2 cp eeile (ky ud (ku? (p'yaui (p) 


= iV2Gc4, chalk (k' youl (at D' yout (p) (9) 


In order to obtain the cross section, both amplitudes have to be added coherently. 
Due to the choice of working with spinors of well-defined helicity, the interference 
term depends only on the strength of the vertices and the different propagators. 
The resulting cross section is 


Ay’ = +i 


cS a / d3k! 
doun ~ g a — 2V2Gc4, G oan nye i ea) 
x it eae : (10) 


The contraction of the currents and the solution of the integrals are performed in 
the same fashion as in Sect.5.2. All fermions are considered to be massless. We 
obtain the following qualitative behaviour for the cross sections of the different 
processes: 


ee ~ eee = V2Gc4 cf ; (l+cosvy , (13) 
ae * Be — V2Gcf cg (l+cos#)? . (14) 
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0 is the scattering angle in the center-of-mass (c.m.) system. Usually the cross 
section is not given differentially towards the non-covariant variable v. Instead, 
the covariant variable y = #4 is introduced. py is the four-momentum of the 
nucleon. In the parton-model it depends in a trivial fashion on the four-momentum 
p of the parton: p = xpy. The x is the Bjorken x, which denotes the fraction of 
the total momentum carried by the scattered parton. Both, x and y can only have 


values between 0 and 1. In the rest frame of the target we have 
y=! _ Re 
= N° _ Pn’ (kh ki) __E E (15) 
py-k pn: k E 
In the c.m. system the scattering angle J can be expressed via y: 


by ee eee 
Pu-k pk petp 


= (1 —cosv) . (16) 


Here we have used in the c.m. system of massless particles p = (p°,p), k = 
(k°, k) = (pe i) and k! = , k’). 

Now we want to transfer the results of the lepton—parton scattering to lepton— 
nucleon scattering. We can directly use the previous results if we are aware of 
the following simplifications: by neglecting the see-quarks we do not take any 
scattering between leptons and anti-quarks into account. 

The nucleon is regarded as an isoscalar and therefore is supposed to contain 
the same number of up and down quarks. This is e.g. the case for the deuteron. 
For such a target we obtain from (11-14) the following asymmetry 


— ey 
Aw~q (« tors) ; (17) 


with the coefficients 


GC) = c4(2cy = cy) 


18 
en = of (2c — cl) ee 
According to the definition in (4) 
l 
ce =—-~+2sin’6 , 
2 
C= ae 
AR D ’ (19) 
1 4 
cy ao — 3 sin’ 8 ‘ 
C= ee 
ab 5 ’ (20) 
| be 
C= -F + 5 sin’ 6 F 
C= - 
Mo ee (21) 


The first such experiment was run at the Stanford Linear Accelerator (SLAC) in 
1979, where a polarized electron beam was available with an energy of 19.4 GeV. 
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The scattered electrons were measured in the energy range 10.2-16.3 GeV. Since 
the asymmetry A is of the order of 10~*, the experiment set high demands on 
the accuracy, especially regarding the correction of systematic errors.!4 The result, 
A(y), is shown in Fig. 6.21. A fit according to the form implied by (4), 


A 1-(l-yy 
= = pees 
—q? at 1 all. a —y) ’ (22) 
yielded the values 
a=—(9.7+2.6)x 107° , 
b= (4.98.1) x10 (23) 


for scattering at deuterons. The prediction of the GSW model agrees quite well 
with the data, and for the Weinberg angle one obtains the value 


sin? 6 = 0.2259 + 0.0046, 


which coincides with results from other experiments. By additional measurement 
of the asymmetry in the scattering on protons, the weak coupling constants of u 
and d quarks can be determined separately. They are given in Table 6.2. 


-2 


10°A/(-g') (GeV/c) 
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6.10 Parity Violation in Atoms 


Quantum electrodynamics, that is, the theory of electromagnetic interactions, is 
surely the most accurately checked theory in physics. The highest accuracy is 


‘4D. Commins and P.H. Bucksbaum: Ann. Rev. Nucl. Part. Sci. 30, 1 (1980). 
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Fig. 6.21. Measured asym- 
metry in the scattering of po- 
larized electrons at deuterons 
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Fig. 6.22. Electron—nucleus 
interaction by means of a 
photon and Z° 
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reached in atomic-physics experiments. For example, one can think of the mea- 
surement of the Lamb shift in hydrogen atoms.!° The Glashow~Salam—Weinberg 
theory predicts that the Z boson couples to the same particles as the photon. Besides 
virtual photons, virtual Z bosons are also exchanged between the atomic nucleus 
and the bound electrons. This additional interaction leads to a modification of the 
wave function of bound electrons. 

Although these effects are very small, it has been possible to detect them!® 
because the interaction through neutral currents violates parity. The exchange of 
virtual Z° bosons modifies the Coulomb potential. The parity violation connected 
with this exchange causes the atomic levels to acquire a small admixture of the 
“wrong” parity (see Fig. 6.22). 


1S1 QED S72 eae IS1/2d00 re | Piles 


virtual 
photons 


virtual photons 


QED GSW 


Our first task is to calculate the modified potential. To do so we start with the 
interaction term (see (6.55)) 


eS oe ; 
Hix = =U) +O) +H@NZ" , (1) 
where the weak neutral currents are: 
Fue) = —Pelx)yu(Cy — Ys\be (2a) 
Ju) = —Pul)y(Cy — ys)vulx) (2b) 
ju) = —Balx)y(CP —ys)bae) (2c) 
with 
CoN Aino (3a) 
u 8 moet 
Cy =1—Zsin'@ ; (3b) 
4 
d _ a9} 
Cy =1— zsin'é ; (3c) 


'S See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994), 

'°M.A. Bouchiat, J. Guena, L. Hember, L. Pottier: Phys. Lett. B117, 358 (1982); P. Buchs- 
baum, E. Commins, L. Hember: Phys. Rev. Lett. 46, 640 (1981); J.H. Mollister, G.R. 


ee L.L. Lewis, T.P. Emmons, T.G. Vold, E.N. Fortson: Phys. Rev. Lett. 46, 643 
1981). 
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For simplicity, we consider only the valence quarks of the atomic nuclei. For 
virtual Z bosons in the low-energy limit (that is, k2 < M?) this interaction is, 
according to (4.131) and (4.132), equivalent to the following Fermi-type current~ 
current interaction: 

eff 


G 
fale i per) + j*#(x)) ’ (4) 


where G = 1.166 x 10-5 GeV ” is the Fermi coupling constant. By simply adding 
the contributions from the valence quarks, the weak neutral currents of the proton 
and neutron are given, respectively, by 


BHO Qu) +X) 
= Pp(x) Yu(2CyP = cy — 295 + Ys) Wp(x) 
= W(x) yu(CP — ¥5)Yp(x) ’ 

HED CD ae res, 


= Ya) Yu(Cr — 267 aa 275) Yn) 
= —YnO) Yul — ¥5)Yn%) - (5) 


The effective interaction between electron and nucleus is now given by 


Hye = 5 awl ) (sorte - sire) (6) 


where Z and WN are, respectively, the number of protons and neutrons contained 
in the nucleus. For the nuclear wave functions we can restrict ourselves to a non- 
relativistic approximation. Then we have (see Chap. 1) 


Wr rsp nee Plab, ’ 
DY > 0 , 
pp Poe AN 
Vp Up se PD, = Pp(X) ) 
where p, is the proton density. Analogous relations hold for the neutrons. As long 
as the spins of protons and neutrons are not aligned in the nucleus, the first spin- 


dependent term yields a much smaller contribution than the last term when we sum 
over all protons and neutrons. Thus we can write approximately 


55 (BO * De « 


G 
60 (CPZ pp(x) = N pn(x)) 2/2 


640 p(x) ; (8) 


where p(x) is proportional to the mass-density distribution in the nucleus. Then (6) 
reads 


HEe = [CEU @) ve) px) — I @)sve(x)ox)] - (9) 


(7) 
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The Coulomb potential Vc is therefore modified as follows (note that p(x) contains 
the Fermi constant!): 


Vo + Ve+C$olx)— spe) (10) 


The term C} p(x) does not violate parity and hence is practically unobservable 
owing to its smallness. The term ysp(x), however, violates parity symmetry 
(we 5We > —y} swe under a space reflection) and thus leads to observable effects. 
Moreover, one can assume that the nucleon density is radially symmetric, that is, 
p(x) can be replaced by p(r). Thus the effect of weak interactions in atomic physics 
can be effectively described by replacing the neutral Coulomb potential by 


UG) esr CG) aa 5K) (11) 


The bound electrons are described by the Dirac equation, which with the potential 
(11) is 
Ey = Hyp, 2) 
=(a- p+ Bm+Ve(r)— p(r)ys) or, 2), (12) 


where {2 represents the angular coordinates. The total angular momentum 
1 
J =f <p 32 (13) 
commutes with this Hamiltonian: 
[J,H]_ =[J, p(r)ys] 
; ro 1 
= SG es G2) + 512, ysl) 
Ona (14) 


Together with J?, h7 = (J +1 ae is also a good quantum number. Hence one 
can make the following general ansatz for the solution of (12): 


1 es - ae oa 


ee F(XE (2) — ifr) XK (Q) 


(15) 


where x{({2) are the spinor spherical harmonics.!? Then the radial functions are 
solutions of the following coupled equations: 

ee ee 

ar 2" = pos GN mf. aa PC) 926 ’ 


6) 
gfe = fat (E = Ve)— man + Men (16) 


O K 
oro" = pote seve) Vc(r) at mf « AT) Gre : 


0 
aphin = Thm — (E — Vel) = m)g-n = Ye - (17) 


''See W. Greiner: Relativistic Quantum Mechanics — Wave Equations (Springer, Berlin, 
Heidelberg, New York 1995). 
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One observes that for p(r) = 0 both pairs of equations (16) and (17) decouple. 
Then one obtains eigenfunctions not only for the quantum number «” but also for 
«. These have fixed parity P = (—1)*sgn(«). If p(r) # 0, this is no longer true, 
that is, one no longer has eigenfunctions with defined parity. Therefore the parity 
selection rules, such as those for multipole radiation, are no longer exactly valid 
(since p(r) is very small, they are of course still valid to a good approximation). Let 
us, for example, consider the transition 7p;/2 — 6pj/2 in the element TI (thallium). 
We choose this atom, because here the 6p;,2 and the 6s,/ are nearly degenerate, 
so that one gets an appreciable P = +1 admixture to the 6pj;2_ P = —1 state. 
Instead of a pure M1 transition one now has a mixture of M1 and El matrix 
elements. This coherent superposition leads, for example, to a circular polarization 
of emitted photons. 

Let us denote by p+ the probability of emission of a left or nght circular polar- 
ized photon, and the reduced transition matrix elements for electric and magnetic 
dipole radiation by M(E 1) and M(M1), respectively. Then the degree of circular 
polarization is defined as!® 


is aay ale 

P+ + p- 
— |M(E1) +iMM D> — |MELV —iMM11)? 
~ |M(E1) +i1M(M 1)? + |M(EL +1M(M411)/? 
_ MED*M(M1) - M(E 1) M(M1)* 

IME 1)? + |M@11)/? 
=e M(E 1)*M(M 1) 
IM(E 1)? + (M1)? 


Obviously, pe # 0 is possible only if the same transition can occur by means of 
both M(E 1) and M(M1) radiation. Normally this is forbidden by parity selection 
rules, but it becomes possible owing to the action of neutral weak currents, as we 
have seen. 

The photon emission of individual atoms is too weak to be investigated directly, 
but one can measure the collective effect of many atoms. One sends, for example, 
linearly polarized light of a frequency corresponding to the 7p1/2—6p),2 transition 
through a test-tube filled with Tl vapour. Linearly polarized light can be decom- 
posed into equally large parts of right and left circularly polarized light. Owing 
to the different refractive indices of the vapour, they are shifted with respect to 
each other in phase and amplitude such that the outgoing light is elliptically polar- 
ized and the polarization plane is rotated. This rotation of the polarization plane is 
measured. A schematic picture of the experimental set-up is shown in Fig. 6.23. 

To conclude this chapter, we wish to state two points of view which show the 
special importance of these atomic-physics experiments: 


Pe 


1. Unlike in all other experiments, one probes here the low-energy behaviour of 
the contribution of the neutral weak current. Hence one can check the energy 
dependence of the effective coupling constant of weak interactions, which is — 
through higher-order Feynman diagrams — determined by the interaction of inter- 
mediate vector bosons among each other (see also Sect.6.2). These couplings are 


18\4.A. Bouchiat and C. Bouchiat: Journal de Physique 35, 899 (1974). 
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Fig. 6.23. Experimental set- 
up for measuring the rotation 
of the polarization plane 


Polarizer Analyzer 


Vessel filled with 
Laser cesium vapor 


determined by the gauge invariance of the theory but are still not experimentally 
confirmed. 

2. These experiments test the quark substructure of nuclei. This idea was devel- 
oped as a result of deep-inelastic scattering experiments for large energies and is 
based on the assumption of nearly independent quarks. This assumption leads to 
3. If quark—quark correlations became important in the low-energy experiments 
considered here, this might lead to a discrepancy between theory and experiment, 
from which one could draw conclusions concerning these correlations. Therefore 
experiments dealing with parity violation in atoms also probe the substructure of 
atomic nuclei. 
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7. Nuclear Beta Decay 


7.1 The MIT Bag Model 


Up to now we have developed the theory of the weak nuclear interaction at the 
level of the quarks, that is to say, of the constituents of the hadrons. In order to 
describe the weak interactions of the hadrons themselves we must in addition know 
how the hadrons are made up of quarks, that is, we must know the wave functions 
of the quarks within the hadrons. This problem has not yet been completely solved, 
but there are a number of models which reflect some properties of the hadrons quite 
well.! One of the best known of these models is the so-called MIT bag model,” 
which we shall now use to calculate the ratio g4/gy for the nucleon. In the case 
of the MIT bag model, one assumes that the quarks can move freely within a 
sphere of radius R (Fig. 7.1). Since the nucleons represent the lowest baryon states, 
the quarks should have wave functions without angular or radial nodes. The most 
general solution of the Dirac equation, 


g' ®, 
P=N ( p ) with = ( ) , (all) 
ae f' Py 
is given in this case by 
Jo(kr) X+ ) 
Si(ry=N i : ‘ VP 
where o, = o -r/r,E* = k? +m? and yx are the unit two-component spinors 


(see Exercise 7.1). The spherical Bessel functions are explicitly 


sin x F sinx cosx 
’ A@) = x2 ae 


= qe 

jot) : (7.3) 
To restrict the wave functions to the volume of the sphere (quark confinement), 
we need a suitable boundary condition. The latter should imply that the current of 
the particles perpendicular to the surface vanishes, that is, that the quarks cannot 


leave the hadronic volume: 
ee = Wh ie (7.4) 


' RF. Alvarez-Estrada, F. Fernandez, J.L. Sanchez-Gomez, V. Vento: Models of Hadron 
Structure Based on Quantum Chromodynamics, Lect. Notes Phys., Vol. 259 (Springer, 
Berlin, Heidelberg, New York 1986). 

2 A. Chodos, R.C. Jaffe, K. Johnson, C.B. Thorn, V.F. Weisskopf: Phys. Rev. D9, 3471 
(1974); A. Chodos, C.B. Thome, V.F. Weisskopf: Phys. Rev. D12, 2733 (1975). 


neutron 


Fig. 7.1. Schematic view of 
the neutron in the MIT bag 
model 
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This is ensured by the linear condition, the so-called bag-equation 

n-yO|, =iF|, , (5) 
since together with the adjoint equation 

@n -+\|, = -if|, , (6) 
multiplication by @ and © yields 

+i69|, = dy -ndb|, = -iGd|, Ge7) 
The expression must hence vanish identically: 

$5|,=n-Gyh|,=0 . (7.8) 


In the standard representation of the y matrices (see Appendix B) the boundary 
condition (7.4) for the solutions of the Dirac equation in a spherical volume of 
radius R given in (7.2) is: 


0 oO — Jo(AR)X+ ae _ jo(kR)X 4. ) 
i & 0 ) ees) a ees eee (>) 


Independent of the spin direction this implies the condition 


: kk, 
Jo(kR) = + my®) (7.10) 


In the bag model of the hadronic particles one assumes that u and d quarks have 
only a very small rest mass but a large kinetic energy owing to their confinement 
within a small volume. In fact the mass of a hadron is mainly due to the zero-point 
motion of the quarks. In the limit m < 1/R condition (7.10) assumes the form 


Jo(kR) =ji(AR) Gals) 


Insertion of the analytic expressions (7.3) for the Bessel functions ylelds 


KR 
t R) = ——— : 
an(kR) TER (7al2Z) 
The lowest solution of this equation is 
ky / RO xy 204, (7.13) 


The size of the hadronic volume is fixed by the requirement that the kinetic pressure 
of the confined quarks equals the volume pressure exerted from the exterior onto 
the surface. One assumes that the “true” vacuum (of quantum chromodynamics) 
is some kind of medium which refuses the penetration of quarks carrying colour. 
Within the hadronic volume the quarks must expel the true vacuum, which requires 
energy. Because of the thermodynamic relation 


Lvae = i vache ’ (7.14) 
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where Eya, is the energy and V the volume, a pressure Pya can be attributed to the 
vacuum. From the view of the hadron this pressure is negative, because if there 
were no quarks, the volume would shrink to zero. We set 


PR ie Ey = RV (7.15) 


B is called the bag constant. The value of B is the actual parameter of the MIT 
bag model and must be fixed by comparison with the hadronic mass spectrum. The 
requirement that at the surface of the hadron there is a balance between internal 
quark pressure and external vacuum pressure is equivalent to the fact that an in- 
finitesimal displacement of the surface requires no energy. If we restrict ourselves 
to spherical forms, this means that the equilibrium radius R must fulfil the condition 


d d 


Gp Erot(”) = Be & = » ) 


Here E(Q;) denotes the energy eigenvalue of the quark number i. According to 
(7.3) it holds that 


E(O;) = 4/k2 +m? xk =x0/r (7.17) 


for the u and d quarks in the ground state, so that, also using (7.14,15), the condition 


(7.16) 


Polke 


d (4 
= (Far +No™) lr = 0 (7.18) 


results, where No is the number of quarks or antiquarks in the hadron. For baryons 
No = 3 and for mesons Nog = 2. 

So far we have considered no interaction at all except that of the quark con- 
finement. Comparison with the mass spectra of baryons and mesons reveals that 
one must introduce an additional contribution of the form 


Ein = —> (7.19) 


in the energy balance. The numerical constant zp has a value of about 1.52. The 
corrected equation (7.18) then yields an equilibrium radius R of the hadron of 


B: 1/4 
- (= eS*) (7.20) 


For the nucleon, that is, No = 3, one obtains, together with the standard value of 
the bag constant 


B'/4 = 145MeV =(1.36fm)"' CAD) 
the nucleon radius 

Ry = 0.78B-/4 =1.05fm . (7.22) 
Using this for the mean square radius, one thus obtains the value (see Exercise 7.2) 

(r?\1/2 = 0.73Ry = 0.75fm_ , (7.23) 


which is in good agreement with the value obtained by electron scattering at the 
proton. 
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RRR 


7.1 The Ground State in the MIT Bag 


Problem. Show that (7.2) is a solution of the Dirac equation (7.1). 


Solution. We set 
@'(x) = G(r) =jolkr)x+ (1) 


Then we get for the lower part of the four-spinor 


: ea 
(o -p)P'(r) = -io - ~ Gl )xe 
= ~io,kig(kr)x4 =iorki(lr)xs , (2) 


where we have set 0, = o -r/r. Furthermore, we have used the coordinate rep- 
resentation of the momentum operator, p = —iV. After division by (E + m) this 
yields the spinor of (7.2). 


COS |= EES 


7.2 The Mean Square Radius of a Nucleon 


Problem. Calculate the mean square radius of a nucleon. 


Solution. First we must calculate the normalization constant N in the wave function 
C2); 


1= / xP! (x)B(x) 
R 

= 4nN? i rdr(io(krY +y(kry) , (1) 
0 


where we have set m = 0 and performed the integration over the solid angle. In 
addition we have used 


es — eae 1, (2) 
because 
og = 10, (3) 


If we insert the explicit expressions for the Bessel functions (7.3), then (1) together 
with x9 = AR yields 
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R 


ante 
1 = 4m(N /kY fo (: wy ane = evi] 
0 


KR 
4nN? in? 
Bs ues fe b-3(2 ‘)| 
k ax EX; 
0 
_ 4nN? oe sin’ kR 
kB kR 
7 4nN? - sin” xo 
a k3 e XO : (4) 


which determines NV. The expectation value of r? is then 


(7?) = / d?xxr?B' (x) P(x) 


R 
N\? d sin? kr 
= 47 | — oa | 
“(F) [ -| all kr 
0 
kR 
=E [va 14 sin? x 
OS dx x 
0 
kR 
4nN? € I 
= = —¥ sin’ x +2 f ax sin?x 
0 


A 
— ee Suny — kR sin? kR + kR — sinkR cos iR| 


4nN? [1 , 2 ; 
= roe 370 + X9 COS” Xp — SINXg COS Xo , (5) 


where we have performed a partial integration. Using condition (7.11) this can be 
recast in the form 


4nN* (1 
(Cy = = (598 — Xp COS Xq sins ; (6) 


If we divide by (4), the normalization constant drops out: 


— siINX9 COS Xo 


1,2 
PS (7) 

If we insert x9 = 2.04 and take the square root, we obtain 
Gye = 073k (8) 


This proves (7.22). 
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Fig. 7.2. Spin configuration 
of N, A, 7 and w 


EXERCISE 


7.3 Parameter Fit to the Hadronic Mass Spectrum 


Problem. Determine the constants B and zp of the MIT bag model by trying to 
explain the masses of the non-strange baryons. Base this “fit” on the masses of 
the nucleon (My = 939MeV), A particle (Ma = 1232 MeV), 7 meson (M, = 
549 MeV) and w meson (M,, = 783 MeV). 


wy) Wy 


nucleon A-particle 
spin 1/2 spin 3/2 
7 -meson @-meson 
spin 0 spin 1 


Solution. Because of (7.18,19) the mass of a hadronic particle, to lowest order, 
has the value 


+ No — 
M = Eye + Bq + Ew = BR + 2 (1) 
Insertion of the equilibrium radius (7.20) leads to the formula 
4 
M = 5 (%0Ng — zoy/4(4nBy/4 (2) 


Now the example of the nucleon and delta reveals that the mass obviously also de- 
pends on the orientation of the quark spins: antiparallel spins lead to a lower mass, 
while parallel spins lead to a higher mass (one calls this the “chromomagnetic” 
interaction of the quark spins). The mass difference between the 7 and w mesons 
confirms this principle. 

The degenerate states we obtained in our simple version of the MIT bag model 
are thus split by a spin-spin interaction. The same is true for the degenerate states 
of the meson. The mean baryon mass is thus 


1 
Mz = 3 Mn + Ma) = 1085.5MeV , (3) 
likewise we obtain for the meson mass 
1 
Mu = 5(My +My) = 666MeV (4) 


The mass formula (2) therefore yields 
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aS SE EE EEE eee eee 


Mu 2X9 — Zo a Exercise 7.3 
wa & = =().614 0. (5) 


If we insert x9 2.04 and solve for zo, we get the value 
Zo © 1.86. (6) 


Insertion of this constant into the mass formula (2) yields for the bag constant 


3 
B14 — [4n(3x9 — 29) 47 Mp & 145MeV . (7) 


7.2 Beta Decay of the Neutron 


Now we want to study the decay of the neutron into a proton at the level of quarks. 
Our most important aim will be to find an explanation for the ratio between the 
axial vector and vector coupling strength, C4/Cy (6.6). Microscopically, in the 
decay of the neutron, one of the d quarks becomes a u quark under emission of an 
electron and an antineutrino: 


= Fig. 7.3. Beta decay of the 
= neutron 
Vv. 
=> => 
neutron decay proton 


That part of the charged quark current (6.42), which transforms a d quark into 
a u quark is responsible for the decay 


JM = u) = cos Ocl#iy(1 -—7°)d] (7.24) 


We must now consider the transition between two three-particle wave functions, 
which are constructed in the right way to describe particles of spin 1/2 and isospin 
1/2. Spin and isospin are both described by the group SU(2); one can combine 
them in the group SU(4).? The complete spin-isospin wave function of a neutron 
with spin up is* 


In t) = —1/(6V2) [|u(1)d(2)d(3)) + |d(1)u(2)d@B)) — 2\d(1)d(2)u(3))] 
x [| i OLOTE On ene) =H) rere) 


a5 = [|u(1)a(2)4B)) — |du2)4(3))] 
x[ITMOL@T@)-lLOt@rte)] . (7.25) 


3 See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1992). 
4 See also F.E. Close: Introduction to Quarks and Partons (Academic Press, London 1979). 
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Here the numbers 1, 2 and 3 in parenthesis denote the three quarks. Since the 
numbers of the respective quarks can also be recognized by their order, we also 
write (7.25) in short as 


1 
= ——— _ —2 
\n T) ae + dud — 2ddu)| TIT + \TT -2 TTl) 


1 
L —_|ydd — dud se . 7.26 


The spin part of the wave function of a proton with spin up is the same as this; in 
the isospin part one of the d quarks is replaced by a u quark. The wave function 
in the short form is 


1 
=— - =o 
Ip 1) = laud + duu — 2uud)| TT + TT -2 174) 
1 
—= a = : Wo2 a 
+ 575 ludu — duu)| T11 — 111) (7.27) 


The arrows in the spinor part of the wave function stand for the Dirac spinors (7.2) 


lie ERG) eG eee (7.28) 


If we omit the factor cos 6c, according to (7.24) the transition operator for a single 
d quark is given by 


as) fae (7.29) 


where the isospin-raising operator 7, transforms the d quark into a u quark. Since 
the nucleon contains three quarks, the whole transition operator reads 


3 
Sees (7.30) 
pI 


First we want to check which four-vector components we have to calculate. The 
index “+” or “—” of the spinor (7.2) is denoted as « = +1. For the sake of 
generality we first write the spinor with undetermined radial functions f(r) and 
g(r): 


_{ £O)xXe 
O, = Re, Gal) 


For the quarks in the MIT bag there are in particular, according to (7.2), the 
functions 


Nk 
= Nj k 5 = ——_] kr 9 . 
SO) =Njollr) 9) = TEA) (7:32) 
Now we consider the components of the transition operator (7.29): 
() 27°F. = OP. = f(r + gry 


es 2 0 oo 
(ii) B.79, = Bw. = Glad, = ot ¢ al o. . ov) 
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If we do not consider spin-flip processes, that is, if the quark in the initial state 
has the same spin as in the final state, only the component o3 contributes. For this 


component we find, with o3y- = €xXz, that 


0 oa : 
oy e is) Be = —if (")9P)XL0397 Xe 


aa if (r)g(r)xboro3Xe 
= -if(r)g(relxto-xe — xlorxe] = 0 


The spatial part of the vector coupling thus does not contribute. 


a iwi 
(iii) B.7°~d, = b!y56, = 4} ( : ‘y &, 


= if(g(r)xlorxe + (If Ng) xlorxe 
= 


The zero component of the axial vector thus does not contribute either. 


(iv) S.y758. = Slay’d, = @ °) &. 


Again only o3 contributes: 


0 
o} # a) . = f(r)’ xlosxe ar g(r) xX10,030rXe 


Using the Pauli algebra one finds 


070307 = i/ro -rjox(0 - rT) = We -T)(03Z — 01x — a2y)o3 


= 1/r?[z? —x? —y* + (0103 — 030)xz + (0203 — 0302)yz]o3 


= i/r?(e? Se len 22 /r?(xoy + yo2) 
because of the anti-commuting of the Pauli matrices, 
(0103 — 0301)03 = 010% + o401 == aap 


Integration over the angles yields 


20 +1 
[42.201) = [ew i d(cos 6)[03(cos” 6 — sin’ 6) 
0 <'] 
+ 2cos @ sin A(cos yao + sin Yo2)] 
15) 


= 270% [ aoos 6)(2 cos” 9 — 1) = —2r x 2/303 


=I 


(7.34) 


(7.35) 


(7.36) 


(7.37) 


(7.38) 


(7.39) 


(7.40) 


On the other hand, if d2o 3 = 41703, and we thus obtain for the angle-integrated 


matrix element 
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Ae ce are fry - Bae? xlosxe 
& 0 03 . 3 e 


= 47€ (7 — 30°] : (7.41) 


For the spinors of the quarks confined to the nucleon, therefore, only the zero 
components of the vector part and the spatial (three-) component of the axial-vector 
part contribute to the transition. This is exactly the same structure as obtained in the 
non-relativistic limit (see (1.3) and Exercise 1.3). In the case of highly relativistic 
quarks, on the other hand, the two lower components of the four-spinor also give 
an essential contribution. Returning to the starting point of our consideration, we 
calculate the ratio of the transition amplitudes of the axial vector current for a 
single quark: 


R 
2 2 a? 
Gomes, 
) Eee 


@xd.~We R 
J dxheyyp An f{ r2dr(f? + g?) 
0 
R 
4 | dro 
By (7.42) 


3k 
f r2dr(f2 + g?) 
0 


For non-relativistic quarks we would have 6 = +1, but for the relativistic quarks 
of the MIT bag model we obtain a correction, which we now calculate. To this end 
we insert the expressions (7.32) for f(r) and g(r), setting kr = x. We then need 
the following elementary integrals: 

R 


] 
hh = [ Pariotery =k | axsin?x = 543 CR —sinkRcoskR) , (7.43) 


kR 
0 | 
R kR 4 
i= [Parvcery = kf dx (= — cos 
0 0 
kR . cS 
d 2, 4 [sin’x 
| ig es 53 ie ( - 
0 


1 in? 
= [i + sin kR cos kR — 2°" | (7.44) 


=k 


2k3 KR 


Neglecting the rest mass, k/(E + m) = 1, and we obtain for the ratio (7.42) 
)6|=1—4 2 _ , _ SAR + Sin RR cos kR — 2 sin? KR/KR 
ath | 3 ere ae 
1 2sinkRcoskR — sin? kR/kR 
3 AR — sin? kR/KR 
2 tankR — tan? kR/kR 
3 KR(1 + tan? KR) — tan? KR/KR 


(7.45) 
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Here we have used the relation (cos? kR)~' = 1+tan* kR. The boundary condition 
(7.12) of the bag wave function is tan(AR) = kR/(1 — kR). We can use this to 
eliminate tan(AR), yielding 


ee - kR(1 — kR) —kR = kR = Xo 7 A6 
ee nee) OR) eR © 3GR—1) 9 305 Sa) G38) 
For the value from (7.13), x9 = KR = 2.04, we obtain 

|6 | 0.655, (7.47) 


that is, for a single quark the strength of the axial-vector coupling is lowered by 
about i. 
The strength of the vector coupling is, according to (7.33), given by 


3 
(> (Sob ee 
i=l 


while the strength of axial-vector coupling according to (7.41,47) is given by the 
matrix element 


3 
“(ot fdepte 
i=l 
Here the bra vector simply denotes the adjoint wavefunction, 


(p tl=lp t)t (ot |p t) =p 1)'7) 


We first consider (7.48). The isospin-raising operator i) first acts only on the ith 
quark. It transforms a d quark into a u quark and eliminates all parts of the wave 
function where the ith quark is already a u quark: 


TG) |d@)=l"@O) , Tr@Ole@)=0 . (7.50) 


nt (7.48) 


n i (7.49) 


For the particular parts of the wave function (7.26) we thus have 


7.1) |u(1)d 2)d(3) + d(1)u(2)d(3) — 2d(1)d(2)u(3)) 
= |0 + u(1)u(2)d(3) — 2u(1)d(2)u(3)) 
=|uud —2udu) , (7.51a) 


and further, in abbreviated notation, 


T,.(2) | uud + dud — 2ddu) = |uud —2duu) , (7.51b) 
T+.(3) | udd + dud —2ddu) = |udu + duu) , Gaile) 
7(1) | udd — dud) =—|uud) , (7.52a) 
74(2) | udd —dud) =|uud) , (7.52b) 
T4.(3) | udd — dud) =|udu —duu) . (7.52c) 


Combining all these contributions, we end up with the following result: 
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3 
In 1) = =a | 2uud — udu — dun) |TLt + 117 +2111) 
+ | ue — do)| TUT = 111) 12 1 > ess 


as a comparison with the wave function (7.27) of the proton shows. 
The matrix element (7.48) therefore has the value 


nt) =i, (7.54) 


In the case of the axial-vector matrix element we additionally need to determine 
the action of the Pauli matrices 03(i) on the spin part of the wave function. The 
elementary formula for this reads 


B@|T@)=|T@) .» a@™N@)=-l1L@) . (7.55) 
Using this relation we obtain 
COU se li —2 il) pi 2 ee) (7.56) 


and so on. Combining this with (7.51,52), we obtain 


ae y= al uud — Qudu) tt — (tt -2 171) 


+ lund — 2d) | = 111 + Ltt -2 114) 
+ udu + duu) (TT + 117 +2 111) 


ewe | wed) |TLT + L1T)+ | wud) | — tht — 111) 
+ udu — du) [tL = 111)) 
x: =a 4 | wid) |1T1)+ | udu) | — 117 +3 LTT +6 TTL) 
s i 13 111 — 111 +6 111)) 
a (2 | wud) [11 + Ltt)= | udu = duu) [P11 = 111) 
=~ a5 (2| mua) 13 119 43 tt -2 111) 


+ |udu) | — TH +3 Ltt +6 111) 
+ |dux) | 3117 — 117 +6 111)) 


+ = | udu — duu) |T J — Lie es (7.57) 


Finally we must form the matrix element with (p T|. In doing this we must take 
care of the fact that every part in which a quark has a different spin or isospin on 


7.2 Beta Decay of the Neutron 


the left-hand and right-hand sides equals zero. As an example, we study the first 
term of (7.57). Here only that part of the wave function (7.27) which contains the 
three quarks in the isospin combination |vud) contributes because 


(uud | uud) = (u(1)u(2)d(3) | u(1)u(2)d(3)) = 1, 


(udu | uud) = (duu | uud) = 0 (7.58) 
Thus we find that 
(p Tll ee 3 T11 +3 Itt -2 111) 
SA —2y(TU1 + Ut -2 11] 3 1 +3 LIT -2 11) 
=-—> = fea 
= Aete+9) Wri (7.59) 


The evaluation of the other terms is done in the same way. Finally we obtain 


& tl ost) |» 1) = — 5, [-4(wud | wud) 10 


i 
+ (udu | udu)(—10) + (duu | duu)(—10)| 


3 [(udu | udu)(—4) — (duu | duu)4] 
ta [(udu | udu)0 — (duu | duu) 0| 
+5 [(udu | udu)2 + (duu | duu)2| 


COmmsa 4 5 
=e oo (7.60) 


The ratio of axial-vector and vector coupling strengths is thus, according to (7.42), 


R 
: 2d a 
Mens Onoliaes| sono" |... 


Cy (p T| i T(é) |” 1) 3 3 hear (2 + 9?) 
0 


For the relativistic quarks of the MIT bag model this yields (in the limit m < Res) 
with (7.47) the numerical value 


oF x 0.655 =—1.09 , (7.62) 
Cy 


compared with the experimental value (6.6) 


fA = —1.255 + 0.006 
Cy p 


The correspondence is thus much better than it would have been for non-relativistic 
quarks. In other words, in the limit m >> E the lower component of the Dirac 


253 


254 


7. Nuclear Beta Decay 


Fig. 7.4. Bag potential with 
soft boundary 


spinor is very small ( g(r) < f(r)) and consequently we would have 6 = 1, or 
(Ca/Cy)nr = —2 = —1.67. 

It thus becomes apparent that the experimental value of the ratio C4/Cy can 
be understood only in a relativistic quark model. The fact that the value (7.64) of 
the MIT bag model is about 15% too small indicates that in reality the motion 
of quarks in the nucleon is not as highly relativistic as is assumed in the MIT 
bag model. An improved model could be one where the boundary region is not 
sharp, as in the MIT bag model, but has a certain thickness, in which the quarks 
are slowed down and then reflected to the interior of the hadron. In the boundary 
region the motion of the quark would not be highly relativistic, so that the lower 
component g(r) of the wave function would become smaller and the quantity 6 
correspondingly larger. Such models can be constructed by including the quarks in 
a deep potential pocket with a soft boundary? (see Fig. 7.4). 


7.3 Nuclear Beta Decay 


In the last section we looked at how to describe the decay of a proton into a neutron 
at the level of the elementary constituents of these particles, that is, at the level 
of quarks. The effective hadronic transition current for the decay of the neutron, 
according to these discussions (see also (6.2)), is given by 


Tey) = Poe — Chy#ys)da(x) (7.63) 
where 
C=C, G7 = ssa (7.64) 


Together with the current-current Hamiltonian (6.1), one obtains the following 
expression for the S-matrix element in nuclear beta decay: 


Ss pea) — Hi f ditty 


eG: 
= —i— cos 6c [axo&eos Por + We) 


2 
mG a 
a a oe i d*x[Dp(x)y"4(1 — C175) Ualr)] 
x [Weyl —ys)W(x)] the. . (7.65) 


The Hermitian-conjugate expression describes the processes p — nety and pe~ > 
nv, which are called inverse beta decays. In (7.65) the wave functions Wp, Way We 
are, most generally, not the wave functions of free particles. Rather, the proton and 
neutron are in most cases bound in a nucleus, while the electron feels the charge 
of the atomic nucleus. 


Yp(x) = p(w) exp (—iEpt) (7.66a) 


° L. Wilets: Nontopological Solitons (World Scientific, Singapore 1989). 
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Wax) = Pa(x) exp (—1Ejt) (7.66b) 
are thus localized wave functions in the atomic nucleus, to which no definite 
momentum can be attached. In the case of the electronic wave function 


Ye(x) = Pe(w)exp(—ik et), (7.67) 


the Coulomb distortion must be taken into account. As we already mentioned in 
Sect. 1.1, the nuclear transition energies 


AE, = En — Ep — Ee — Ey (7.68) 


are usually of the order of several MeV, that is, larger than the electron mass. Both 
leptons therefore usually move relativistically, and their momenta are of the order 
of magnitude pe,p, ~ 1 MeV/c. We can conclude from this that the recoil of the 
atomic nucleus can be neglected, because the transferred energy 


2 

Enecoit © 5 ve = © (20004)~'MeV (7.69) 
is small compared to the transition energy. Here My is the nucleon mass and A the 
number of nucleons in the nucleus. Furthermore, the wave functions w(x), Wz are 
practically constant over the nuclear volume, since Rp, and Rp, < 1, R being the 
nuclear radius. 


ly (r)P 


Finally, the motion of the nucleons in the nucleus is to a good approximation 
non-relativistic, that is, Ep + E, * My. If we split the wave function of the nucleon 
into a large upper and a small lower component, 


(a) = ( x9 ) n ee) , (7.10) 

(2Mn)x(@) : 
according to our considerations in Exercise 1.3, we can express those components 
of the nuclear transition term that survive in the non-relativistic limit by the upper 
component y(z) alone: 


Dp(@)VYnlx) © Xp(E)Xn(@) (7.71) 


Lp(yyYsVn(@) © Xp(H)OXn() (7.72) 
This corresponds exactly to (1.4,5), where we had already introduced the names 
Fermi transitions for decays due to the transition current (7.71), and Gamow-—Teller 
transitions for decays according to (7.72). 

In the case of the beta decay of a nucleus any neutron can transform into 
a proton. To take this into account, we write the total wave function of the nu- 
cleus as an antisymmetric product of the individual nucleon wave functions (Slater 
determinant): 
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Fig. 7.5. Density distribution 
of the electron near the nu- 
cleus 
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X(@x) = AlXp, (@1) +> + Xp, (@z)Xny (W241) ++ Xng_z(@a)] (7.73) 


where A denotes the antisymmetrization operator. Let y;(aj,...,2,4) be the wave 
function of the atomic nucleus in the initial state and y(x1,...,@,4) that of the 
nucleus in the final state. Then the matrix elements of the many-body states corre- 
sponding to (7.71,72) are 


A 
(Pl) = So faye rxfer ag hPraler-e) 174) 
ill 


A 
(la tlii= >” i Pry Pxaxh(ay---ag)o(k)TPxi(ay--- a4). (7.75) 
| 


Here T o is the isospin-raising operator for the kth nucleon. If the latter is (initially) 
a neutron, 7’ i”) converts it into a proton; if it is already a proton, then ee annihilates 
the whole wave function. 

The time integral over the stationary wave functions in (7.65) yields 


je exp [i(Ept —Fet+E t+ E,t)| = 2n6(E. +E, +E,—En) . (7.76) 


If we denote the leptonic transition current by j(*”)(a), 


Spee) = Pel@)y"(1 —ys)v(@) (7.77) 
the transition matrix element in lowest approximation takes the form 


Sh = ~ cos Oc2n 6(E, + Ey, - AEs) 


x [(f| T+ lie.) oF C4 (f|oT |i) 5 Jiev)(9)] : (7.78) 


Since the leptonic current, as mentioned above, varies only slightly in the region 
of the nucleus, we have replaced ie) in the spatial integral by 7 Oo and put 
the constant value in front of the integral. 

The transitions that can be described under the approximations discussed, are 
called allowed transitions. For practical purposes they constitute the most important 
class of beta decays. Disallowed or forbidden transitions are present if the leptons 
are emitted with higher angular momentum, such that i£(0) = 0. In these cases 
the full spatial and momentum dependence of the transition Operator must be taken 
into account. In such cases the decay probability per unit time is many orders of 
magnitude smaller than in the case of allowed decays. 

As already mentioned, transitions due to the matrix element (f|7, |i) are called 
Fermi transitions. In their case the spins of the electron and neutrino are paired to 
the total spin S = 0 (that is, the leptons are emitted in the singlet state 'S9). Tran- 
sitions due to the matrix element (f|o74|i) are called Gamow~Teller transitions; 
in their case the spins of the leptons are coupled to a total spin S = 1 (triplet state 
3§,). For the nuclear decay, therefore, the following angular-momentum selection 
rules hold: 
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Zi, 


Fermi transition: Jp =J; , (7.79) 


Jy =J; (except when J; = Jy = 0) 


Gamow-Teller transition: { es . (7.80) 


Since the lepton pair has no orbital angular momentum, the parity of the nucleus 
remains unchanged in any case. 


According to (7.80), transitions between two nuclear 0* levels such as 
4Q(0t) = eNO" ) , 
are pure Fermi transitions. Transitions with |J; —J;| = 1 are always pure Gamow— 
Teller transitions, such as 

Pile Om iC ey 
or the decay of the nucleus Co, which has been discussed extensively in Sect. 1.2. 
Transitions with J; = Jy # 0 are, however, mostly mixed, among them also the 
fundamental decay process of the free neutron, n — p. 


7.4 Properties of Allowed Beta Decays 


In the calculation of the leptonic transition current ee )(0) (7.77) it is important to 
take into account the “distortion” of the electron wave function due to the Coulomb 
field in the vicinity of the nucleus. The wave function of the antineutrino, on the 
other hand, can be considered a free wave, since the neutrino carries no charge. In 
order to determine the influence of the Coulomb potential on the electron wave, one 
solves the Dirac equation for continuum states in the potential of a point nucleus of 
charge Ze. The result is that the probability density near the nucleus is increased, 
namely by the factor® 


0 a0 +o 
| Py —iZaE /p) P a 
x exp (tZaE /p) ae 
Here r denotes the distance from the centre of the atomic nucleus, and 
p=(E°—m?)'/?_ , (7.82a) 
y=(1—Z?a’)!/? (7.82b) 


Since y < 1, the expression diverges in the limit r — 0, which can be traced 
back to the fact that the Coulomb potential of a point-like charge distribution is 
singular. Considering the size of the nucleus, one finds that the electron density in 
practice stops increasing in the interior of the nucleus, so that the correct factor 
of increment is obtained by insertion of the nuclear radius R for r in (7.81), to a 
good approximation. As is common, we denote this factor by F(E, Z): 


6 See W. Greiner: Relativistic Quantum Mechanics — Wave Equations (Springer, Berlin, 
Heidelberg, New York 1995). 
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\Wez (R)/? 
|%e,z—0(R)|? 


The factor (2pR)~*"'—” is of importance only for heavy nuclei; in the case of light 
nuclei it can in practice be neglected. For instance, for 16. that is, Z = 8,E =1.1 
MeV, it has the value 1.012. 

With the Coulomb correction factor, we obtain, starting with (7.78), the fol- 
lowing expression for the nuclear decay probability per unit time: 


ap ak 
(Qn) (2n)3 
e é(Ee +E, — AEs) 
(20 S2E,2E, 


jC A (7.83) 


dw = =I5:P 
F(Ee,Z)|Ap|?d*pa’k (7.84) 
with the matrix element 
Aj = 5 cos Oc [MM yeC, 87°C — ¥5)uy(k, t) 
+ Ci(floli) -e(p, sy — ys)w(k,)] (7.85) 
Here p and s are the momentum and spin of the electron, k and t are the mo- 


mentum and spin of the antineutrino, and ue(p,s) and v,(k, ft) are the free spinors, 
respectively, 


wl, 8) = ( ee ) , (7.86a) 
etme XS 
gky 
vk, t) = ( Ey ‘) (7.86b) 
XG 


It is useful to distinguish between two classes of experiments. On the one hand, 
those which measure the polarization of the electrons in a probe of unpolarized 
atomic nuclei and, on the other, those in which the initial nuclei may be polarized 
but where the spins of the particles in the final state are not observed. The degree 
of longitudinal polarization of the electrons is independent of the structure of the 
nuclear transition; it is simply a result of the structure of the leptonic matrix el- 
ement. Choosing as a basis the eigenstates of the helicity operator A = a - p/p, 
with p = |p|, we obtain 


1 
Pa = ul = £1)5(1 — 45)ue(A = £1) 
(rear) (4 1) (sy) 
5 (XO+ x 
2 E+m -1 1 Se ee 
1 2p p? 
=—(]1 ees 
(get oe) xe 
! pe. see 
= = II Were = . 
3 ( a) E+m ’ 7) 


where we have made use of the relativistic energy—momentum relation and of the 
normalization x'y = 1. The polarisation is thus simply 
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PoP. je v 

WPeePpl 2 be ee) 
independent of whether we deal with a Fermi transition, a Gamow-Teller transition, 
or a mixed transition. For @ decays with positron emission, which are due to the 
elementary process p — neti, we have, correspondingly, P = +v /c, since the 
positron is emitted with right-handed chirality. (One simply replaces the projection 
operator in (7.87) by (1 + ys)/2). As discussed in Sect. 1.1, the prediction (7.88) 
is confirmed by experimental data.’ 


In the second class of experiments we can average over the lepton spins, causing 
a reduction of the leptonic matrix elements to Dirac traces: 


|422(G cos Oc)~? = |(1)? Tr {( + me)(1 — y5)H'7°} 
ore ys cyl? oi)" (o;)Tr {(p + meyy ‘( a y5)Hy' } 


+ 3 C4(1)* (a7) Tr (9 + meyy'(1 — y5)# 1°} 
+ > C4" (1) (o1)* Tr {@ + me) — 75) } — . (7.89) 
iy 


Here we have made use of the relation (1 — 5)? = = 2(1 — ys) and we have also 
abbreviated the transition matrix elements (f|O|i) of the nucleus by (Q). If, as is 
usual, the polarization of the nucleus after the decay is not measured, the nuclear 
matrix elements must be summed over the final-state nuclear spins. The simplest 
case is that of a 0+ — Ot transition, for which the Gamow-Teller matrix elements 
(a;) vanish. The Dirac trace of the first term reads 


Tr {(@ + mel — YH} = Tr {PH} = 4pyk (29g? — gt” g™) 
= 8p°k® —4(—p,k) =4—°h° +p-k) , (7.90) 


so that we obtain the result 
dW(0* — 0+) = (21)~°(G cos 6c)*5(Ee + Ey — AE,)F (Z, Ee) 


k 
maar (1 de pt) appa. 7.91) 


where p® = E,, k® = E,, and the nuclear-spin summation is omitted. The direction- 
dependent factor can also be written in the form (1 + @, - n,_), where 


= p/Ee (7.92) 
is the velocity of the electron and 
na K/h k/\k| GES) 


is the unit vector in the direction of emission of the neutrino. If the nuclear spin 
of the final state is different from that of the initial state, we deal with a pure 
Gamow-Teller transition, and the Fermi matrix element (f|1|i) vanishes. Then 


7 D.M. Lazarus, J.S. Greenberg: Phys. Rev. D2, 45 (1970). 


260 


7. Nuclear Beta Decay 


only the second term in (7.85) contributes, the Dirac trace of which is, according 
to the standard rules (see Appendix B) 


Tr {(f + me)y'(1 — 75)Hy } 
= Tr {f7'(1 — 75) } 
=4pyky (gigt — gtgl + gg’ —ietiM) (7.94) 
Because of the symmetry in the indices i and / the last term in (7.94) does not 


contribute, and after the summation over the nuclear spins in the final state one 
obtains 


dW =J, £1, 57 =F) 
= (2n)~°(G cos 6c)6(Ee + Ey — AEg)F (Z, Ee)|C4/? 


* [fllol)? {1 — 38, -m, + Srid «(my 8) 
+ Af +6. “my — VJ» Bd - n.)| } apdk . (7.95) 


Here J is the unit vector in the direction of the polarization of the atomic nuclei 
before the decay, and (f||o||i) is the so-called reduced nuclear matrix element, the 
value of which no longer depends on the spin projection. Here we have used the 
Wigner—Eckart theorem® 


(My | ol!) | Mi) = Uildy | Miu) Uy || of! || 7) 


The matrix element of the spin-one operator ol), given in spherical coordinates, 
can be expressed through a Clebsch—Gordan coefficient and a matrix element which 
is independent of the spin projection jz. Ag has a value dependent on the initial 
and final spin, 


3(Mi)? — ii + 1) 


Ap Mi ; (7.96a) 
with 
Ji(2J; — 1) 7; 1) 
Ng etal) Uy = Ji) . (7.96b) 
Vit I)Qi+3) G=5+1) 
Finally 
l Up =J; — 1) 
m=</Uitl) Ur=s) , (7.96c) 


Sift) Gat +1) 


The general case of a mixture of Fermi and Gamow-Teller transitions is quite 
complicated.? In the special case J; = Jy = 1/2, which is important for the 


8 See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1992). 


* J.D. Jackson, S.B. Treiman, H.W. Wyld, Jr.: Nucl. Phys. 4, 206 (1957). 
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elementary process n — pe i and for the decay of the tritium nucleus, >#H > 
3He +e — + 2,, one obtains 


a / | 1 
dW G sal 5) = (27) ~>(G cos 6c)"5(Ee + E, ~ AEp)F(Z, Ee)d°p a*k 


x {a+bB,-n,+AJ-n,+BS - B,} (7.97) 

with the coefficients 
a=|(f\1i)P+ Cy |Plellé)? (7.98a) 
b= NIP + SCP Iola (7.98) 
A=-3C; “\(fllelli NP + Sc, 4 VLMa) lellé) (7.98c) 
- SCP Ullal? + cP rite) loll (7.98d) 


Here account has already been taken of the fact that GC; is real; otherwise an 
additional term of the form 


~2/V3Im(C4)(1) (o)F + (Be X Mv) (7.99) 


would occur in the brackets of (7.97), which violates time-reversal invariance. 

If we integrate over the emission directions of the leptons, the angular- 
dependent terms in (7.91, 95, 97) drop out and only the total strength factor (7.98) 
remains: 


a =|(f|i)P + CV lille? 


If we further integrate over the unobserved energy of the neutrino, we obtain the 
expression for the energy spectrum of the electrons in the allowed ( decay: 


(7.100) 


oo 
dW (4n) 2 2 ap i 2 
== 0 F(Z,E)p°—— | E,dE ,O(E + E, — AE 
0 
i 
= Cr a (Z, EEE? — m2)'/?( AE, — EP O(AE; — E) .(7.101) 
Here we have used the fact that the neutrino is massless, hence |k| = £,, and we 
have dropped the index “e” for the electron energy. Usually the electron spectrum 


is represented in a Kurie plot, by division with the phase-space factor pE and 
taking the square root: 


_ ( dW/dE \'” 
ie (aeane) 


1/2 
z= (Gs) G cos Oc(AEy — EAE, —E) . (7.102) 

T 
If one plots the experimental values for dW /dE in this manner, one expects a 
falling straight line, which ends exactly at the point corresponding to the total 
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Fig. 7.6. Kurie plot of the 
electron spectrum of tritium 
B decay (H. Kawakami et al.: 
1985 INS Symposium, Uni- 
versity of Tokyo, p.115.) 


available energy (the energy EF of the electron includes its rest mass!). However, 
this end point is only identical to the transition energy if the rest mass of the 
(anti)neutrino is zero. 

Careful measurements of the electron spectrum in tritium decay,!° 


7H *He te +7. , 
led to the upper limit of the neutrino rest mass 
mz, < 20eV 


For a more detailed account of these experiments see Example 7.4. 


The total decay rate of the atomic nucleus is obtained if we integrate (7.101) 
over the energy of the electron. In this context there occurs the so-called Fermi 
integral 


fo(Z, AEZ) = i dE F(Z,E)pE(AE; — Ey, (7.103) 


which cannot be expressed analytically in the case of Z # 0. For Z = 0 one obtains 


1 
fo(0, A) = ot + 4m?) — 34d?m? + zm Aln (= id 


Me 


) : (7.104) 
where we have used the abbreviation A = AE and d = (A? — m2)'/2, The Fermi 


integral fo(Z, AE,) is tabulated over a wide range of Z and AE£,.'' With its aid 
we obtain for the decay rate 


1] dw a > 


W. Kiindig et al.: Nucl. Phys. A478, 425c (1988). 


"' See, for example, National Bureau of Standards Applied Mathematic Series B, ‘Tables 
for Analysis of Beta Spectra”, Chap. 2, 1952. 
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In real life the value of the Fermi integral must still be corrected by a few percent, 
in order to take into account effects such as finite nuclear size, electron screening, 
radiation corrections and contributions of “forbidden” transitions. Then an experi- 
mental value for G cos 8c can be deduced from the lifetime 7 of the atomic nucleus, 
if one knows the transition strength a: 


2 3 1/2 
Gcos6¢ = (=) (7.106) 
0 


While in general the nuclear matrix elements (f|1|i) and (f|o|i) cannot be calcu- 
lated precisely, some 0+ — 0* decays represent an exception, for example, 


100 men 10R ; 49 = 147 ; 34] = 34g , 

260.8% cq | Sv 4Ti | %4Co— “Fe 
In these cases one deals with pure Fermi transitions between two atomic nuclei 
which belong to an isospin triplet of nuclei with identical internal structure (for 


example, !°Be—!°B—'!°C in the first transitition above). The matrix element (f|1|7) 
then reduces to the isospin matrix element 


(T =1,T; =0|T_|T =1,7; =+1)=v2 , (7.107) 


up to electromagnetic corrections to nuclear structure of less than one percent. 
Hence, in these cases a = 2 and Gcos@c can be precisely determined from the 
nuclear lifetime. Such measurements lead to the value (6.3) 


G cos Oc = Gg = (1.1492 + 0.0003) x 10°°GeV?__ (7.108) 


It is customary to give time the so-called ft value instead of the mean lifetime. By 
this one means the product of the Fermi integral and halflife period: 
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—————_———_ 7.109 
(G cos 6c)?a ( ) 


ect tae = fot = forin2 — 


DARL >= eS 


7.4 Determination of the Antineutrino Mass in Tritium Decay 


If we do not set the mass m, of the antineutrino 7 equal to zero, the integral over 


the phase space of the neutrino in (7.101) is modified as follows: 
[e ) 


i, E2dE,6(E + Ey, — AEf) 
0 


any (| k°dk6(E + E,(k) — AER) 
0 


= / (E2 — m?)'/?E,dE,6(E + Ey, — AEiy 


= (AEy — E) ((AEq — EY — m2] (AE; —E—m,) (1) 
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Fig. 7.7. A non-vanishing rest 
mass of the electron neutrino 
would modify the beta spec- 
trum in the vicinity of the up- 
per end point 


The end point of the electron spectrum is thus shifted by the rest mass of the 
neutrino, 


E<AR-—m , (2) 
and at the same time the form of the spectrum near the end point is modified: 


te Me 1/4 
) G cos 0c( AE — E) [ a ed (3) 


The total transition energy available in tritium decay, 


7H > *He +e 4p, : 


AE; —m. = 18.60keV_, (4) 


and a determination of the end point of the beta spectrum with an accuracy of 
10~4 seems quite possible. This should enable the neutrino mass to be determined 
to within a few electron volts. 


K(E) 


AE,-m, AE; E. 


The problem in the experiment is essentially that the emitted electrons can lose 
some of their energy on their way from the nucleus to the detector by atomic and 
chemical effects. The electron which is emitted with high energy can ionize the 
atomic electron of the tritium and thus lose about 15-20 eV, or excite electrons 
of other atoms if the tritium is built into a chemical compound. (This is usually 
the case in many experiments, because in this way one can build compact solid 
targets, while free tritium is gaseous.) For some years a research group in Moscow 
(Russia) has been reporting values of the neutrino mass in the range! 


20eV < m, < 46eV (5) 


a Lubimov, E.G. Novikov, V.Z. Nozik, E.F. Tretyakov, V.S. Kosik: Phys. Lett. 94B, 
266 (1980). 
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but the validity of this result is doubted by many experts. Experiments just finished 
at the Institute for Nuclear Studies in Tokyo,'? Los Alamos National Laboratory,'4 
and at the ETH in Zirich!> indicate that m, < 20 eV. Information about neutrino 
masses can also be extracted from completely new sources. On 24 February 1987 
a supernova of a star of mass M = 20Mo in the Large Magellanic Cloud (this is 
a small satellite galaxy of our Milky Way, about 160000 light years away) was 
observed. Not only was an immense increase of luminosity observed (~ 10°Lo), 
but also several neutrino events were registered in Kamioka (Japan) and in Ohio 
(Irvine—Michigan—Brookhaven detector). From the fact that the neutrinos were ob- 
served at all, and from an analysis of the different neutrino pulses (their time 
dispersion during the time of flight of 160000 years) a value for the mass of the 
electron neutrino of m, < 10eV and a lifetime 7, > 5 x 10'2(m,,/E,)s could be 
deduced.!° 


ERC = _ ia 


7.5 Excitation of the Atomic Electron in the @ Decay of Tritium 


Problem. Calculate the probability for the atomic electron of a tritium atom to 
remain in the ground state of helium after the decay. Use the so-called sudden 
approximation, in which it is assumed that the wave function of the atomic electron 
cannot change during the fast decay process. 


Solution. The 1s wave function of a one-electron atom with nuclear charge Z is 
wz(r) = Nz exp (—Zr /ao) . (1) 


Here r is the distance from the nucleus and ap = 0.529A is the Bohr radius of the 


hydrogen atom. The normalization factor Nz is determined by the requirement 
oo 


i [aeribenr = 4nN? [Par exp (—22Zr /ao) 
0 
2» ( 40 \? 23/73 
If the wave function of the atomic electron after the beta decay is still given by 
w1(r), then the probability of finding it in the ground state y2(r) of the helium 
atom is given by 


ie | / Prvsrwnr) 


2 


oO 


= |4nN2N [re exp (—2r /ao) exp (—r/ao) le 
0 
= [42N2N12(a9/3)°F = (8/9)? & 0.702. (3) 


13§. Kato et al.: Nucl. Phys. A478, 433c (1988). 

14R G.H. Robertson, D.A. Knapp: Ann. Rev. Nucl. Part. Science 38, 185 (1988). 
‘SW. Kiindig et al.: Nucl. Phys. A478, 425c (1988). 

16 See CERN Courier, May 1987. 
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In other words, we find the atomic electron in an excited state of helium or even 
ionized with a probability of 30%. 


RERGE 


7.6 Determination of C,/Cy from the Lifetime of a Neutron 
Problem. Determine the value of Cj from the measured lifetime of the neutron 
Tr = (898 + 16)s 


Solution. In the decay n — pe~ % the “nucleus” in the initial and final state has 
spin 1/2 and isospin 1/2. The Fermi matrix element is thus 


(li) =(T=3,0 = 


=1. (1) 


The same is true for the isospin part of the Gamow-—Teller matrix element. The 
spin part of the latter, on the other hand, is given by 


2 
If loli)? = S> 


1 1 
(J = a My |o| J = aD) 


Mf 
1 ave 1 
= i (3) y= 5a] 
I/F il 


Together with (7.98a) we therefore have 
a=((f(Ie)P +CP|flof)? =14+3C7 . (3) 
Starting with (7.105) for the decay rate we obtain the relation 


Le 
1+3c7=—- , 
o = ToT (4) 
where Gg is given by (7.108). Since the neutron carries no charge, we can use 
the result (7.104) for the Fermi integral, where we insert the following energy 
difference between the proton and neutron: 


AE; =m, — my = 1.293MeV . (5) 
This yields 
fo %0.057MeV? . (6) 


We convert the units by insertion of fi = 6.582 10-22 MeVs and obtain 
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a 


273 x 6.582 x 10722MeVs 
1 ee ee 6.03 
4 898s x 1.152 x 10-22 MeV~4 x 0.057MeV? 7 


This yields 
Keren 20 =) (8) 


which, with radiative corrections, and so on, is still slightly modified to the presently 
accepted value!’ 


(aes (9) 


ER eee 


7.7 An Astrophysical Limit to the Neutrino Mass 


Problem. Use the fact that all neutrinos of the supernova 1987a appeared on earth 
with energies between 7.5 and 35 MeV in a time interval of 12.4 s, and the known 
distance of 50 kpc (1 pc= 3.26 light years = 3.08 x 10'* km), to deduce an upper 
limit for the mass of the electron neutrino. 


Solution. The time of flight T needed to cover the distance L is 
Tw)=L/v , (1) 


where v is the velocity of the particle. Relativistically the latter is given by the 
ratio of momentum p and energy E: 


2 Pe pfs 
v =P = VB? — mitch = Pe (2) 


E2 


where m is the rest mass of the particle. In the case E >> mc’, which is surely true 
here, we have 


24 4 
vwe(1- 55 ; (3) 
or 
L m*c4 


If two particles that have been simultaneously emitted and have energies E; and 
E», respectively, appear during a time interval AT, it holds that 


(5) 


and 


'7 4. Kropf, H. Paul: Z. Physik 267, 129 (1974). 
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1/2 
ie 2cAT EAE . 6) 
L \Et — 3| 
Insertion of the values given above yields a neutrino mass of 
Nye ITE (7) 


The same method is, by the way, also applicable to deducing a limit for the mass 
of the photon.!® In this case one uses, for example, the experimentally verified fact 
that visible light (E; ~ 1 eV) and radio radiation (v2 ~ 100 MHz) from the Crab 
pulsar, which has a period of 33 ms and a distance from the earth of 2kpc, pulse 
synchronously. With E) = hv = 4 x 10-7eV < E, = 1eV this yields 


DEAT we 
mc? << ( - ) E, 


05% 105° x4 x 10m eV —2 < 10 ey oe (8) 


This implies a range of the Coulomb force of at least 
h/m,c >1000km_ . (9) 
Experiments in the laboratory’? yield a range of at least 


h/m,c >3x10*km . (10) 


NL >> eee 


7.8 Double @ Necay?° 


So far, our theoretical treatment of the weak interaction has been based entirely 
on first-order perturbation theory to the Fermi constant G, see (2.8). In fact, until 
recently, second-order effects in G were only observed in the neutral kaon Sys- 
tem, which will be discussed in Chap. 8. In this system, perturbation theory is not 
applicable, owing to the exact degeneracy of the states |K°) and |K°). 

Any second-order effects in G are normally not observable in nuclear beta 
decay, because they are exceedingly small. There is, however, one exception to this 
rule, namely when the normal first-order beta decay is energetically forbidden, but 
a double beta decay is energetically allowed. This is illustrated in Fig. 7.8, where 
the lowest energy states of a neighbouring triplet of isobaric nuclei are shown 
schematically. If the proton and neutron number, Z and N, of the parent nucleus 
are both even, the daughter nucleus in normal beta decay would be a double-odd 
nucleus. Such nuclei usually are not strongly bound and are highly unstable. The 


''G. Feinberg: Science 166, 879 (1969). 

E.R. Williams, J.E. Faller, H.A. Hill: Phys. Rev. Lett. 26, 721 (1971). 

°° A comprehensive discussion of this subject is provided by F. Boehm, P. Vogel: Physics 
of Massive Neutrinos (Cambridge University Press, Cambridge 1987). 
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(Z, N) 


it 
ot (Z+1, N-1) 
or 


(Z+2, N-2) 


“granddaughter” nucleus (Z +2, N —2) is again an even—even nucleus and therefore 
strongly bound. In many cases it is more strongly bound than the parent nucleus, 
for example, in ®*Se,”°Ge,!Mo, !3°Xe, and !°°Nd. 

Double beta decay can be understand as a normal effect of second-order per- 
turbation theory, where the accessible 1+ states of the daughter nucleus serve as 
intermediate states: 


Qj ee Ne ey 
———— < 


i 
2TAN—0t +e + 


Since each step corresponds to an allowed Gamow-Teller transition, the theory 
developed in Sects. 7.3, 4 applies. The calculation is only complicated by the ne- 
cessity of summing over a// 1* states of the daughter nucleus, most of which are not 
known experimentally. However, today quite accurate calculations are possible.”! 

Reflecting the smallness of G, the predicted half-lives for double beta decay 
are extremely long, for example, 


r(*Se — *Kr) = (1.1 +0.1) x 10” years 


Until recently, indirect evidence for the existence of double beta decay came only 
from geochemical analysis of isotopic element abundances, which showed an en- 
hancement of the decay products. In 1987 the first precise observation of double 
beta decay was made in the laboratory for the decay **Se — *Kr, and a half-life 
of (lulsi sx 102° years was measured,”” in excellent agreement with theory. - 

The exceedingly tiny decay rate is mostly due to the small value of G, but to 
some extent it is caused by the fact that the small energy release must be shared by 
four leptons (2e~ , 27,). This leads to a large suppression of the phase-space factor 
describing the number of available final states. One may ask whether the transition 
could not occur without emission of neutrinos. This process, which has not yet 
been observed, is called neutrinoless double beta decay. Its existence would imply 
that ve and i are not distinct particles, and that the lepton number is not exactly 
observed. 

The difference between the neutrino v- and antineutrino % was first demon- 
strated in neutrino scattering experiments: v, and i trigger different reactions, 


IP, Vogel, M.R. Zirnbauer: Phys. Rev. Lett. 57, 3148 (1986); O. Civitarese, A. Faessler, 
T. Tomoda: Phys. Lett. B194, 11 (1987). 
22. ¢ R. Elliot, A.A. Hahn, M.K. Moe: Phys. Rev. C36, 2129 (1987). 


Fig. 7.8. Double beta decay 
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but an antineutrino does not react with a neutron. This was initially taken as proof 
that vy, and % are distinguished by a new quantum number (lepton number), but 
it can also be understood simply in terms of helicity conservation if the weak 
interaction is exactly of V—A type and the neutrino is massless. Then any anti- 
neutrino produced by a weak decay is right handed, and it cannot initiate the same 
reaction as a left-handed neutrino. In fact, it is entirely possible that y, and v, are 
one and the same particle, in the sense that a right-handed », is the same as a 
right-handed v, and a left-handed v, is the same as a left-handed v,. vy. and i% 
would then be only fancy notations for the two helicity states of the neutrino. The 
possible identification of particle and antiparticle states for neutral spin-5 particles 
was originally pointed out by Majorana. The fermion field is simply defined as 


1 
= — (e 1 


where ~° = i721)* is the charge conjugated field. For massless neutrinos there is no 
distinction between the “normal” Dirac neutrino and a Majorana neutrino, because 
of exact helicity conservation. This would be different if the neutrinos had a small 
mass, because the chirality and helicity differ from each other by an amount of 
order (m,/E,)*, as discussed in a different connection in Exercise 6.3. In this case 
a right-handed Majorana (anti)neutrino can behave like a left-handed Majorana 
neutrino with a small probability, and neutrinoless double beta decay becomes 
possible. Because phase space is only shared by two leptons in the reaction 


CaN a Ne) eee (2) 


the decay rate is much less suppressed. On the other hand, the helicity mixing 
factor (m,/E)? reduces the expected rate for this decay mode drastically. The two 
effects balance each other for a Majorana neutrino mass of a few electron volts. 

It is therefore possible to search for a small neutrino mass in double beta decay 
if the neutrino is a Majorana particle. The experimental signal would be rather 
striking: because there are no particles that escape undetected from reaction ); 
the sum of the electron energies adds up to the full nuclear transition energy AE, 
whereas the sum energy spectrum yields a broad distribution peaking at 1/3AE 
(see Fig. 7.9). Several experiments searching for neutrinoless double beta decay 
are at present in progress, but so far it has not been observed.23 From the data an 
upper limit on the mass of a Majorana neutrino can be deduced: 


My. = 2eV (3) 


This result is relevant in the context of the proposed unified gauge theories of 
strong and electroweak interactions (see Chap. 9), since many of these theories 
predict that the known neutrinos ,, v,, v; are in fact Majorana particles.”* It is 
quite remarkable that low-energy nuclear physics provides one of the best tests for 


3 See, for example, the reviews by F.T. Avignone, R.L. Brodzinski: Prog. Part. Nucl. Phys. 
21, 99 (1988); A. Faessler: Prog. Part. Nucl. Phys. 21, 183 (1988) 
*J.W.F. Valle: Prog. Part. Nucl. Phys. 26, 91 (1991). 
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Fig. 7.9. Schematic sum energy spectrum of the two electrons emitted in double beta decay. 
The sum E;? of the electron energies is plotted in units of the nuclear transition energy AE. 
A broad spectrum is found for normal double beta decay (2e27); a narrow peak is predicted 
for the neutrinoless double beta decay (2e07) 


theories of this type, which are mostly concerned with the properties of elementary 
particles at energies of the order of 10!4 GeV. 


ARLE —— a ers 


7.9 The Majorana Neutrino 


In the prevoius example we have learned that the neutrinoless double G decay 
is allowed only if helicity is non-conserved. This means that to allow this decay 
mode the neutrino has a non-vanishing mass and cannot be distinguished from an 
antineutrino, i.e. it has to be identical with its antiparticle. A Majorana neutrino has 
these properties. In this example we want to construct a mass term which allows 
the neutrinoless double 6 decay. 

In order to allow the process depicted in Fig. 7.10 the mass term must couple 
left-handed neutrinos to right-handed anti-neutrinos. If we consider a mass term of 
the Dirac type 


Ly = mp(dp) = madre + very) (1) 


we realize that this term couples left- and right-handed components of the same 
field. The eigenstate of the mass is 


p=vt+dRr . (2) 


However, we are interested in a mass term which couples the nght-handed com- 
ponent of a field to the left-handed one of its charge-conjugated counterpart and 
vice versa. In this eontext we recall the conventions of the charge conjugation 
transformation. 


d 
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Fig. 7.10. Neutrinoless dou- 
ble G decay. The symbol © 
denotes a mass insertion of 
the Majorana type 
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ve =CPp =ifd 3 w=y¥'C (3) 
and we use the following abbreviation 

c Cc 1 Cc Cc 4 

Ov) eee a ee (4) 


A mass term of the Majorana type couples the right- with the left-handed compo- 
nents of charge-conjugated fields 


Lua = mA(XX) = maid. + viv), 


: eee (5) 
Lup = mp(@w) = mo(vadr + PRYr) 
The eigenstate of the mass is 
Cte vi 
— (6) 
w= UR +R 
Obviously the fields are self-conjugated under charge conjugation: 
X=X 3 w= . (7) 


This means that a particle and its antiparticle are identical. If we consider a mass 
term which contains both Dirac and Majorana particles, we obtain a Lagrangian 
density 


Lou = mp trv, + madi + ma btbe + hic. 
1 
= gP Kw + Wx) + AXX + Bow 


A 1D\ (yx 
=—(0 5 2 
wor, 1) (x) 6 
The matrix can be diagonalized and we obtain the eigenvalues for the mass 
1 
Min = 5 {C4 +B)+ V4—By+D?} , (9) 


which belongs to the Majorana eigenstates 


™m =cosOxy —sinfw , 


™m=sinéx+cosdw , a) 
with 
D 


The inversion of (9) leads to 
D =(M, — M2)sin(20)_ , 
A=Mj,cos*6+ Mpsin? 6 , (12) 
B=Mjsin?6+M)cos? 6 . (13) 
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The most general mass term (8) of a Dirac spinor therefore consists of two Majorana 
particles of different masses M, and M2. The commonly known formalism for Dirac 
fields can be reconstructed for A = B = 0 and 0 = 7/4. 

Due to the coupling of different fields, the mass terms (5) violate the conserva- 
tion of any additive number the field ~ carries, e.g. the electric charge. Therefore no 
elementary fermions, except the neutrinos, can have Majorana masses A = B = 0. 
In the case of the neutrino, the mass term (5) violates conservation of the lepton 
number (AL = 2). If Majorana neutrinos exist, then the neutrinoless 3 decay and 
Kaon decays of the form K~ — mtete™~ should be experimentally accessible. 

There are speculations that the lepton number might not be conserved and that 
the corresponding symmetry is spontaneously broken. The breaking of the symme- 
try is treated in an analogous fashion to the Higgs mechanism. The spontaneous 
symmetry breaking leads to a massless Goldstone boson, which is called the ma- 
joron. Experiments searching for this majoron in the neutrinoless double 6 decay so 
far remain unsuccessful. The Heidelberg-Moskow experiment”? established a limit 
for the neutrino-majoron coupling of g,, < 1.8 x 10~*. The same collaboration 
gives a mass limit of the neutrino of m, < 0.7 eV. 


CNADPDP [SESE ee eee 


7.10 The Solar Neutrino Problem 


The energy radiated from the sun’s surface is produced in the interior of the sun by 
a fusion of light nuclei to heavier, more strongly bound nuclei. The starting point 
of a whole chain of fusion processes are light hydrogen nuclei (protons), which in 
several steps, through deuterium nuclei, 7H, fuse into helium “He. The complete 
chain is represented in Fig. 7.11, where the branching ratios, as calculated in the 
standard model of the structure of the sun, are also given. 

Since the cross sections for the single reactions strongly depend on energy, 
these ratios are very sensitive to the temperature in the interior of the sun. If 
one succeeded in measuring the relative frequency of the single reactions, then 
the astrophysicists would have a sensitive thermometer for the interior of a star. 
Unfortunately, the shell of the sun is so dense that all electrons and photons that 
are set free, and that could easily be measured, are absorbed. (This fact is, of 
course, very fortunate, since otherwise the earth would be bombarded by hard 
gamma radiation!) The only reaction products which reach the earth’s surface are 
the neutrinos produced in the nuclear reactions. Unfortunately, those of the most 
important reactions (p +p > 7H+e++ve, ’Be+e~ —>’ Li+ve) have energies 
of less than 1 MeV. Even the neutrinos emitted in the reaction p+ p+e” — *7H+™ 
have a maximum energy of 1.44 MeV. The problem is simply that the reaction 


TC. Arte, (1) 


which is used for the detection of the neutrinos, has an effective threshold of 
5.8 MeV and has a nearly vanishing response to all neutrinos of lower energy (below 


254. Beck et al.: Phys. Rev. Lett. 70, 2853 (1993). 
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Fig. 7.11. Nuclear fusion 
chain in the sun 
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0.814 MeV the reaction is completely forbidden). With this method one can detect 
only the neutrinos from the reaction ("Be+p > *B+y, *B+7—-— *Be*+e++2,), 
the maximum energy of which is 14 MeV. 

Since this reaction type only occurs with a frequency of 0.015%, the expected 
counting rate on earth is relatively low. According to the standard solar model,2° 
a rate of 


(5.8 + 0.7)SNU (2) 
is expected, where the abbreviation SNU stands for solar neutrino unit: 
ISNU = 10~*6 reactions/(?7Cl atoms). (3) 


The experimental search for solar neutrinos has been undertaken since 1965 by 
R. Davies and collaborators in the Homestake goldmine in South Dakota2’ The 
total detector material of 615 tons of perchlorethylene (C2Cl4) is deep below the 
earth’s surface, largely screened from cosmic radiation. On average, 0.47 + 0.04 
events per day are observed and 0.08 + 0.03 events must be traced back to cosmic 
radiation. After subtracting this background, a reaction rate of 


(2.0 + 0.3)SNU (4) 


resulted, only about one third of the expected value! 


26 JN. Bahcall, W.F. Huebner, S.H. Lubow, P.D. Parker, R.G. Ulrich: Rev. Mod. Phys. 54, 
767 (1982). 


*7R. Davies, Jr., D.S. Harmer, K.C. Hoffmann: Phys. Rev. Lett. 20, 1205 (1968). 
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This surprising result has for many years worried astrophysicists and nuclear 
and elementary-particle physicists alike, and only very recently has a plausible 
explanation been advanced by two Russian physicists, Mikheyev and Smirnov. At 
first it was thought that there was an error in the standard model of the structure of 
the sun, which yielded the predicted value (2). Steady improvements in recent years, 
however, have always confirmed the original value. One must note that even today 
the solar models are still highly idealized in many respects, because otherwise 
they would “break” even the most powerful computers. On the nuclear-physics 
side, it was believed for a long time that the energy dependence of the reactions 
contributing to the fusion chain was not sufficiently well known. However, in this 
domain also the old data were confirmed by better experiments. 

Finally, particle physicists were thought to have found a reasonable explanation 
for the phenomenon of neutrino oscillations (see Example 6.5). If one assumes that 
on their long journey from the sun to the earth, electron, muon, and tau neutrinos 
are completely mixed, then only one third of the originally emitted electron neutri- 
nos should arrive as such on earth. One third of each would have been converted 
to muon and tau neutrinos, to which the detection reaction (1) does not respond. A 
mass difference \/(Am2) = 10~°eV would already be enough for a sufficient mix- 
ture along the way. This is far below the detection limit in laboratory experiments 
(10-!eV). However, the angles of mixture between the different neutrino-mass 
eigenstates would have to be equal in magnitude (about 30°).78 

In order to find a solution of the problem, several experiments (SAGE and 
GALLEX) are in preparation where 7!Ga instead of 7’Cl serves as a detector for 
the neutrinos. The advantage is that the reaction 


"Ga+ve— "Ge+e7 (5) 


has a threshold far below 1 MeV and thus is also sensitive to the neutrinos of the 
reaction p+p > *H+et+x%,pt+pt+e” —*H+ 1%. The frequency with which 
these reactions occur, on the other hand, is nearly beyond any doubt, because they 
determine the energy balance of the sun. A deviation of the predicted event rate 
of 122 SNU would unambiguously prove that the original neutrinos had been lost 
somehow on their way to earth. 

As already mentioned, a plausible explanation for the experimental suppression 
factor has recently been given by S.P. Mikheyev and A.Yu. Smirnov, which we 
will discuss shortly. In doing this we follow largely the presentation of Hans 
A. Bethe.2’ In this explanation one starts with the assumption that neutrinos are 
not massless and that the mass matrix is not diagonal with respect to electron 
and muon neutrino, but diagonal with respect to the linear combination 1, and 12, 
where the corresponding neutrino wave functions are connected as follows: 


Due cos@ sind \ [%,\ _ - [Yu 
‘@ ~ (ae a ee =U ee (6a) 


28 An extended discussion of the attempts to explain this problem can be found in the article 
“The Solar Neutrino Puzzle” by W.C. Haxton: Comm. Nucl. Phys., as well as in H.V. 
Klapdor, B. Povh (eds.): Neutrino Physics, (Springer, Berlin, Heidelberg 1988). 

29+7,A. Bethe: Phys. Rev. Lett. 56, 1305 (1986). 
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and 


CARs (CANT) CRE (6b) 


If the mass matrix has eigenvalue m, for 1; and m2 for v2, then one finds for the 
matrix of the squared masses in the representation of electron and muon neutrino 
that 


m 0 vy 
hwy" e2 | ( ») 
= hho (a) a" () | ( 


and furthermore that 


eee te ry Glan er UE i ee 
5im +mi0 (4 1) a + 5m —m°)U omen U 


1 1 0 | 
= 50mi-+mB) (4 ¢) + 50m — md 


. cos@  sin@ 1 cos@ —sin§ 
—sin@ cosé 0 -l sin? cos@ 
1 0 1 
= 50m? m2) (4 ) + 5(m* — m2’) 


as 6—sin?6 —2sin@cosé ) 


—2sin@cos@ —cos?6@+ sin? 6 
1 1 O 1 
= 50m? +m?) (4 + 5 (2° — my”) 
—cos2@ sin26 
“ ( sin2@ cos si) ‘ (8) 


Essential for the explanation of the small number of measured electron neutrinos 
presented here is the interaction between the neutrinos and electrons of the solar 
matter, which at low energies is given by the Hamiltonian density 


aa 


Aim = Fuel a Vs)VveWey( 5) ve we (9) 


In the rest frame of the sun the mean current of the electrons equals zero, that is, 
(PeV(1 = y5)te) =O. (10) 

Therefore in (9) only the term with jz = 0 contributes. Now in (9) we replace 
BeV( —5)%e > pe (11) 


where p is the mean number of electrons per unit volume. For left-handed neutrinos 
we can further replace (1 — +5) by 2 and thus obtain finally 


Hin =Vby Vn; (12) 


7.4 Properties of Allowed Beta Decays 


AUT 


where 
Vai) Gre (13) 


The electrons present therefore act on the neutrinos like the time-like component 
of a four-potential. Hence we get the relation 
mn (hy ho RY = he A, (14) 
where we assume JV to be very small, and where we can therefore neglect V*. The 
electrons, for a neutrino v, of energy E, thus have the same effect as replacing m* 
by m* +A. We therefore write the matrix of the squared masses of v, and v,, as 


2m A 0 
M*‘ 5M aN a 


oes > 1 (A — Acos26 Asin26 
SAU Sa aie ( Asin26 ees eel. 
where A = m2* — m,”. The eigenvalues of this matrix are given by 
1 1 
m2 = 50m +m," +A)+ 5[(A cos 28 =A) A sin’ 26'7* (16) 


The dependence of these eigenvalues on A is represented in the figure below. For 
6 = 0, that is, if ve and v,, do not mix, these lie on the dashed lines, and at A = A 
there is a level crossing. This is different if there is an interaction between vy, and 
V,,, that is, if 6 # 0. As one can see, in this latter case there is no level crossing; 
the levels, so to speak, repel each other. For 


Ay = 2V2G peEo = Acos26 (17) 


the distance between the levels is a minimum. The idea now is the following. If in 
the interior of the sun a neutrino of energy E > Ep is created, then in the figure 
below this lies on the upper curve, near the place marked by a cross. If this neutrino 
passes through the sun towards the sun’s surface, the electron density, and thus 
the magnitude of A decreases. If this decrease occurs adiabatically, that is to say, 
if the electron density changes only slowly, the neutrino passes along the solid 
line, or, in other words, the wave function of the neutrino is always given by the 
linear combination that corresponds to the higher-energy eigenvalue. This has the 
following consequence. 

An electron neutrino of sufficiently high energy that is created in the interior of 
the sun appears at the surface as a neutrino eigenstate with the larger mass, mp. If 
the mixing angle is small and, as expected, muon neutrinos have the larger mass, 
then the neutrino at the solar surface will essentially appear as a muon neutrino. 
Only those neutrinos which are created with E < Ep can, with large probability, 
be detected as electron neutrinos on earth. 

If this were the explanation for the missing solar neutrinos, one can set bound- 
aries on the region in which Eo can lie. Zp cannot be much smaller than the threshold 
of the detector, because otherwise all observable neutrinos would be converted to 
muon neutrinos and one would not see any electron neutrinos at all. In fact one ob- 
serves one third of the expected neutrinos, so that surely Ey 2 1 MeV. On the other 
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Fig. 7.12. Dependence of the 
masses of 4 and v, on the 
density of the surrounding 
matter 


hand, the high-energy neutrinos resulting from the reaction *B — *Be + e+ + % 
will be converted into muon neutrinos. This is only possible if Ep is significantly 
lower than the maximum energy of 14 MeV, which is the maximum a neutrino of 
this reaction can have; thus Ey < 10 MeV. 

According to (17), one would have an explanation for the missing solar neu- 
trinos if 


_ (m)? — mj’) 
Oe Oa 


(for small @ we set cos 26 = 1) were just of the described order of magnitude, which 
would of course be a special coincidence. If one estimates the electron density pe 
in the interior of the sun in the region where the reaction with ®B takes place 
according to the standard solar model to be about 4 x 10°/cm? (see the quoted 
references of Bahcall and Bethe), and if one assumes for Ep a value of 6 MeV, one 
finds for the difference of the squared masses 


(18) 


my? —m> 26x 1075eV?_ (19) 
that is, for my < m2 we have 


m2 %0.008eV_ (20) 


The proof of such a small mass difference in a laboratory experiment is extremely 
difficult. It would therefore be remarkable if one could determine the order of 
magnitude of the mass difference of the neutrinos by the missing solar neutrinos. 
An essential prediction of the presented model is that electron neutrinos of low 
energy are not converted into muon neutrinos and should therefore be observable 
on earth. If in the experiment with the gallium detector one observed an event rate 
of around the predicted 122 SNU, this would hint at the correctness of the model 
discussed above. If the event rate were significantly lower, one would have to find 
another explanation for the missing solar neutrinos. 

The first results of the GALLEX experiment were published*® in the summer 
of 1992. Averaged over an observation period of nearly one year, the experiment 
detected a neutrino flux of 


83 -E (statistical errors) + (systematic errors) 


°°P, Anselmann et al. (GALLEX collaboration), Phys. Lett. B285, 376 and 390 (1992). 


7.5 Bibliographical Notes 


Ally 


This result, while marginally consistent with the presence of the full neutrino flux as 
predicted by the standard solar model, confirms the reduced fluxes of high-energy 
solar neutrinos observed in the previous experiments. If the reduction is caused by 
the MSW effect, neutrino mass differences and mixing angles would be restricted 
to a very narrow range: 


(a)sin®?20=7x 1073 , Am? ~6x 10% eV? 


? 


or 
(a)sin?20=0.6 , Am? ~8x 10-%eV? 


Other explanations of the reduction in neutrino yield from the sun, such as neutrino 
decay, or magnetic moment effects are disfavoured by the GALLEX data. The 
SAGE experimentals reported a reduced neutrino flux; the average after nearly two 
years of operation is 50-60 SNU with similar errors as for the GALLEX results. 
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8. The Neutral Kaon System! 


8.1 The Particles K; and K, 


There are four strange pseudoscalar mesons K+,K~,K®° and K°, which are all 
eigenstates of the Hamiltonian of the strong interaction. Their quark content, 


Kt =(u) , K°=(Sd) , 


K- =(is) , K®°=(sd) , ey 


shows that K* and K~ form a conjugate particle—antiparticle pair, as does the pair 
K° and K°. We are used to thinking that the charge of an antiparticle is opposite 
to that of a particle, as is the case for the pair Kt, K~. The pair K®, K°, however, 
is neutral. Nevertheless, the K° differs from the K° in the signs of other quantum 
numbers, namely isospin and strangeness: 


1 
Op See ees eee 

i ; (8.2) 
K®: T== , h=+- , S=-!1 

5) Taal 


Hence K® and K® are unambiguously different states. The situation is similar with 
the neutron n and its antiparticle i. They differ in isospin and baryon number: 


i 1 
n(ddu)) ae — a | 
7 (8.3) 


' See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1992). 


Fig. 8.1. The nonet of the 
spin-0 mesons 
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Fig. 8.2. The transformation 
of a K® into a K® via an in- 
termediate m'a~ pair 


Fig. 8.3. The transformation 
in microscopic view. The 
quark content of the meson 
is shown 


Fig. 8.4. Schematic represen- 
tation of the K°-K° transfor- 
mation in the microscopic 
quark picture 


There is a subtle distinction between these two cases: according to the present state 
of experimental physics the baryon number is an absolutely conserved quantity of 
nature;” therefore a neutron can never transform into an antineutron. On the other 
hand, we know that isospin and strangeness conservation are violated by the weak 
interaction. Thus, despite the fact that K° and K° are different particles at the level 
of the strong interaction, there is no reason why they should not be able to transform 
into each other under the influence of the weak interaction. We see that this is in 
fact possible, because K° as well as K®° may decay weakly into the two-pion state 
(x*+n—). Therefore it must be possible for the K° to transform into its antiparticle 
via the intermediate system 7+ 77 (see Fig. 8.2). It is easy to decompose the process 
K®° « K° into reactions of the constituent quarks of the particles and to describe it 
in the framework of the Salam—Weinberg theory (Fig. 8.3), or more schematically 
by the graph shown in Fig. 8.4. 


In the Feynman-Stiickelberg interpretation an antiparticle is simply a particle 
moving backwards in time. On the other hand, the CPT theorem? states that every 
quantum-mechanical state is transformed into itself under the combined action of 
the operations of charge conjugation and inversion of space and time. Hence the 
transformation CP, that is charge conjugation and simultaneous space inversion, 
may be considered instead of time reversal. The transition amplitude (a 1 (SK) 
becomes the amplitude 


* For some time it has been considered theoretically that baryon-number conservation may 
be violated in some processes at a very low level. We shall discuss this in Chap. 9. Because 
of the known lower limit of the lifetime of the proton, T> > 10° s, the effective coupling 
constant for such processes must be at least 24 orders of magnitude smaller than the Fermi 
constant of the weak interaction. 

3 G. Liiders: Danske Vid. Selskab Mat. Fys. Medd. 28, 5 (1954); see also W. Greiner and 
J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, New York 1994), 
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—(n+n-|CP § (CP)7"|R°) 
under the operation CP, because only x* and 7 exchange their roles on the 


left-hand side (the minus sign is connected with the internal parity (—) of the kaon 
(see Exercise 8.1)). 


If the physics of the kaon system is time-reversal invariant — we want to make 


AAA AA 


(n+n-|S|K°) = — (x+n-|S|K°) (8.4) 
holds. To study this in greater detail we begin with 
CP|Ko) = —C|Ko) =—|Ko)  , 


because the inner parity of the Ko is negative and C transforms a Ko into a Ko. 
Analogously it follows that 


CP\ntn-) = C(-)|a7a*) = 4\at 27) 


Therefore if follows that 


(LAA, AA 


AA, 


it follows that 
(+ m—|S|Ko) = —(ntn7|S|Ko) 
Hence it also holds that 
(K°|S|K°) = S) (KO |S|rta) (nF |S|R°) 
asus 


=— ))  ltrtx-|S|K°)P 
|n+a—) 
= > RS trtan) (ata |SIK°) 
|nta—) 
= (K°|S|K®) (8.5) 
where the sum includes all momenta of both pions in the intermediate state. Of 
course, other intermediate states add minor contributions, but this does not affect 


the general argument, which is originally due to Gell-Mann and Pais.‘ 


4 M. Gell-Mann, A. Pais: Phys. Rev. 97, 1387 (1955). 
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SERS: 


8.1 CP Parity in Kaon Decay 


Problem. Show that the two-pion system evolving from the kaon decay has positive 
CP parity and that 


LN nl = 


(at a-|S|K°) = —(rta-|CPS(CP)"|K°)_ (1) 


Solution. The two pions have opposite angular momenta in the centre-of-mass 
system of the kaon. Therefore the effect of the CP operation can be derived 
particularly easily here. The most general ansatz for the two-pion system is 


|z*2~) = sinala*(E,p) m-(E, —p)) + cosa|n (E, —p)r* (E, p)) (2) 
with an arbitrary mixing angle a. From (2) it follows that 
Pinta”) = PX(sinalx*(E, —p)r-(E, p)) + cosa|n™ (E, p)n*(E, —p))) , (3) 


where P, = —1 is the internal parity of the pions. We see that in general the 
two-pion system need not have good parity (this is only the case for a = 7/4 or 
—m /4). It is the weak interaction that violates parity. For CP parity 


CP|x*n-) = (sina |n~(E, —p) n+(E, p)) + cosa |n*(E, p) 7 (E, —p))) 
= 4\rtn-) (4) 


holds, that is the CP parity of the two-pion state is always positive. On the other 
hand, we have 
CP|K°) = —C|K*) = -|K% _, (5) 


because of the negative internal parity of the kaons. Relation (1) follows directly 
from (4) and (5). 


SEE 


We want to describe the time evolution of, for example, a K® meson. If |(0)) is 
the initial state, then after a time ¢ 


[Y(t)) = Ue, 0)|vO)) (8.6) 
holds, with 
O(t,0) = exp (-ift) , 


where H is the full Hamiltonian. We split H into a part Hy which contains the 
strong and electromagnetic interaction and has |K°) and |K°) as eigenstates and a 
part Aw (in the sense of the Fermi point interaction) which is responsible for the 
decay of these states and their transformation among each other: 


sf th elke (87) 
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In the interaction picture 


Hw(t) = exp (—iAfot) Hw exp (ifot) (8.8) 
and 
, (Pee t “ iff P 
wr 0)— 1 -if Hy(t')dt’ -| dt’ Fit) | dt" Hy(t")... (8.9) 
0 0 0 


holds. The evolution of |y(t)) is described, inside the Hilbert space spanned by 
|K°) and |K°), by an effective Hamiltonian which is a 2 x 2 matrix. The effective 
Hamiltonian in this subspace is determined by the virtual transitions to intermediate 
states |n) outside this subspace. It reads 


Aw|n)(n |Aw 


ee 
aS a mx — E, +ie 


A A A 1 
Jal HA H. P———  - 1 —E, ae 
ee w |) (1 [lw ( == ee ind (mg ») Ai 
(8.10) 
The resulting matrix in the K® — K® space is 
(KOVASMIK®)  (KOVAGPIR®) \ oy _ ip 
(cee gra GIGI) one 2 seth 


with (mx = mg) 
Ho|K°) = mx|K°) , Ho|K°) =mx|K°), M=Mt, F=rt . (8.12) 


M and I’ in (8.11) are both 2 x 2 matrices. The sum in (8.10) runs over all 
intermediate states |n) states, with energies E, distinct from |K°) and |K°); the 
imaginary part is present because the kaons decay. 

Let us repeat the basic idea of the calculation. We confine ourselves to two 
interacting states (particles) and take into account their interaction, which in second- 
order perturbation theory is given by the sum over excited intermediate states. The 
2 x 2 matrix (8.11) is the effective Hamiltonian in this two-state (two-particle) 


subspace. Symbolically, we represent the state |K°) by the unit vector ( a and 


the state |K°) by the other unit vector & . The most general state in our restricted 
Hilbert space is then 


jv) = 1K*) +2 18") = (5 ] (6.13) 


with independent coefficients c and é; it evolves according to the Schrodinger 
equation 


i< oO) = AGT WO) = (a ‘i st) WO) (8.14) 


Since particles and antiparticles behave in the same way (CPT invariance) 
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My, =Mn=M) , In =In=lo (8.15) 


holds. If we assume time reversal invariance, then by consideration of (8.4,8.5) the 
additional relations 


~ ~ 


Mi =M)=M 5 Ty2 = Ty =f. (8.16) 


hold, and because I\2,M2 are by definition real, so are M and I’. The same 
holds for Mo, I. The real diagonal part Mo can be absorbed into the mass mx; the 
imaginary part I describes the decay of the kaons. The Schrédinger equation for 
the amplitudes is then 


ei clea (¢) (8.17) 
ale \ GE M—=>F Mae ten c 


It is useful to introduce the linear combinations 


1 1 
co 7 eae) } egy (8.18) 
corresponding to the representation 
|) = ex|Kz) + ¢s|K§) (8.19) 
with 
oy ao Ko 
0) 1 (Ke _ Ro 8.20 
oT eS IK) . (8.20) 
Then 
(ene he 0 ) & 
dt \cs } 0 (My — M) — i(y - TP) cs } 
(8.21) 


From general considerations we can conclude that Iy > |I'|, hence both states de- 
cay. However, the state |K?) decays with the function lcx(t)|? = exp (-(o +P )t) 
the state |K¢) decays with |cs(t)|* = exp (—Uo - ayae 

In order to determine which of the states decays faster and which decays slower 
we have to consider the sign of I’. According to the definition (8.11) and because 
of the sign in (8.4) we have 


Pr = I\2 = —2 Im (K°|AeF|Ko) 
re 2m S > 6(mx — En)(K°|Aw|n) (n|Aw|R°) 
n 


> 


~~ —27 S— d(x — Ey) (K°|Aw|n) (n|Aw|K°) 
n 


ee —2n SY” S(mg — En) |(n|Aw|K) [2 <0, (8.22) 
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where we have inserted Ae from (8.10). Therefore Iy — I’ = Is has the larger 
width and I) + I’ = I, the narrower one, that is the state |K%) has a shorter life 
than the state |K?). On the other hand, we see directly from (8.10) that 


To = lay = —2 Im(K°|HS|K*} 
& Joe d(mx — Ep) (K°|Alw|n)(n|Hw|K°) 


n 


In NS” S(mx — En) \(n|AwlK)? = -P>0 . (8.23) 
n 


This relation holds exactly only in second-order perturbation theory, that is when 
higher terms (Hj, etc.) are neglected in (8.10). Hence we note that I"y is substan- 
tially larger than I7: 


tee Oly il, (8.24) 


Thus we have shown that in reality (with the assumption of time-reversal invari- 
ance) not the states |K°) and |K®) but the state vectors 


at 
V2 v2 


are eigenstates of the Hamiltonian. One of the states, |K), has a short lifetime, 


IK2) = —= ([K°) +|K°)) ,  [K§) = —% (IK) - IK*)) (8.25) 


To=U>-1)" , (8.26) 
whereas the other state lives much longer, 
79 = (Io + IP Oss To (8.27) 


However, in a reaction of elementary particles the eigenstates of the strong inter- 
action are always created experimentally, for example 


a jy SP ies (8.28) 
Then the initially formed state is 

1 

V2 


that is the expansion coefficients are 


[Y(0)) = [K") = —= (\K) + 1K), (8.29) 


1 
é;(0) = c7(0) > — (8.30) 
5 (0) = ¢z(0) a 
Hence, according to (8.21), the resulting time evolution is 
1 ; a = 
WO) = age [ eit Hrs 1K) + eM ATURE) |, (8.31) 


which means that the short-lived component decays first, and a slowly decaying 
conponent |K?) remains for a longer period of time (Fig. 8.5). Experimentally one 
finds that 


<w (t)1y(t)> 


t 


Fig. 8.5. Decay of an initially 
created Ky as function of 
time. It seems to have two 
lifetimes 
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Fig. 8.6. Quark flow diagrams 
for the two-kaon reactions 
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T= 8 92 <0) eee ele 1 Oe ome (8.32) 
AS Ih 


The large difference in the lifetimes, r(K2)/7(K?) = 1.5 x 1073, is not surprising; 
we had already expected it owing to (8.24). Equation (8.23) in fact means that 
the decay width of the K? vanishes exactly in the framework of second-order 
perturbation theory. Therefore processes of higher order, such as final states with 
three pions, have to be responsible for the experimentally observed decay of the 
K?. We shall discuss this in detail in the next section. Another important process 
is the so-called regeneration. If a beam of |K°) particles passes through matter, 
the kaons can scatter off the atomic nuclei. But the two components K° and K® 
have entirely different properties, because the scattering is essentially effected by 
the strong interaction. Since there is no baryon with positive strangeness, the Ko 
(S = +1) can scatter only elastically at low energies because of the conservation 
of strangeness, or it can transform into a K*, 


K+ (") = K+ (*) Kop = Kee. (8.33) 


according to quark flow diagrams shown in Fig. 8.6. 


of S Ss 
n 0 n _ d d }K’ 
Kp} > K'+{p} 
(n/p) (n/p) 
of S ———~4——______<—_- 5 
Kale L pK 
Kp —F han >< 
u d 
P| See a ee | n 
u > u 
In contrast, the K° meson (S = —1) can additionally scatter inelastically into 
a A particle (Fig. 8.7), 
R'+(*) —Rt4(") .) Kone Rae (8.34) 
= n n° 
ae G +> A+ (7) (8.35) 


As a result, the forward scattering amplitude, which is related to the total scattering 
cross section by the optical theorem, is different for K° and K° in nuclear matter: 


fx0(0) # fgo(0) , Im feo(0) < Im fgo(0) (8.36) 


Therefore, the two components propagate differently trought matter, and after the 
passage the K? shows up as 


I) = ; (aI) + BIKY)) = 5 Ks) + 2 yy KD) (8.37) 
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"a { d d za Fig. 8.7. Quark flow diagrams 
mur meni s Ss } for different reactions of the 
K + of = aK rs of K° with nucleons 

(n/p) (n/p) 

=o Ss : 
ee i atk 
Keen are kee : 

| i 
u Ss 


with |a| > |b|. This effect has to be carefully excluded if one wants to do experi- 
ments with a pure |K?) beam. 

The different behaviour of K° and K° in the scattering off matter can be used 
to measure the real part Mf of the off-diagonal Hamiltonian matrix element, (8.16). 
The time evolution of a K® produced at t = 0 is given by |y(t)) in (8.31). Since 
only the K° component can produce a A particle one measures in this way (see 
(8.31)) 

1 


, 1 
E(t) = (RY) = a Kslvo) = 75 (KIO) 
ss xe Ca - oe) (8.38) 

and hence, because of Is >> I, 
|é|? = |( 
_l 


Z | rd res Piel 
Roy? =z [eb —e 
= ce 115! cos 2Mt) (8.39) 


Experimentally one finds that 


bs. 
IM| 


_ Se =10 .—1 _ —6 
Am = dad) “x a = —2M = 0.535 x 10 Seo) x 1058 cv 30) Fig. 8.8. Oscillations in A 


particle production owing to 
The probability |Z|* of finding a K° in a K® beam oscillates (see Fig. 8.8) — a peri- oscillations between Kg and 


odic shift from K® to K® and vice versa occurs. This effect is called “regeneration”. KP 
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8.2 CP Violation 
During the general consideration which showed that the two states K? and K$ have 
different lifetimes, we noticed the large difference between their lifetimes 
7 9 /To = 1.530 x 1 (8.41) 


As we already discussed briefly in (8.31), there is a simple explanation for this: 
while the state |K%) decays in two pions (1+7~ , 7°7°), the state |K°) has to decay 
into at least three particles; the most important channels are 
monn (21%), ata x? (12%), mepty, (27%), mteF re (39%) 
(8.42) 


The reason is once again a symmetry: the kaons belong to the pseudoscalar mesons, 
that is 


P|K®) = —|K°) , P{K°) = -{K°) (8.43) 


holds under a space inversion. The operation of charge conjugation transforms each 
of the particles into its antiparticle: 


C|K°) =|K°) , CjK°y)=|K® . (8.44) 
Thus 
CP|K°) =~|K°) , CP\K®°) = -|K®) (8.45) 


holds. If the states |K?),|K?) are, respectively, the symmetric and antisymmetric 
superpositions of the initial particles, as discussed above, then 


CPIKY) = Te (CPIK®) — CPIR) = (—R) + 1K®)) = IK) 
- _ eae ; (8.46) 
Czy os (Celik) Gzike Ee “ (—[K°) — |K°)) = -|K?) . 


On the other hand, the two pion states |ztx~) and |x°n°) are left unchanged by 
the parity transformation as well as by charge conjugation, because C =) = le) 
and P|x) = —|z): 

CP\nta-) =|ntn7) , CP |r 7°) = [x °n®) (8.47) 
Therefore, only the state |K¢) can decay into two pions with the assumption of CP 
invariance. Because of the negative parity of the pions it holds that 


CP \n°nn) = (x27) cic! (8.48) 


and hence the state |K?) can decay into three pions but the |K®) cannot. Of course, 
the two-pion decay is much faster, since one particle less has to be created and 
more energy is liberated. 


8.2 CP Violation 


RR, ——EE————— 


8.2 Transformation of Kaons Under Space Inversion and Charge Conjugation 


Problem. Derive relations (8.43, 44) starting from the wave function of a quark— 
antiquark pair in a relative s state and with opposite spin (w is a 4 x 4 matrix!), 


x1 fl x2 
W(r1,T2) = [ es EE ) JU el) (1) 
Bum X2 


The indices 1 and 2, respectively, denote the coordinates of the quark and antiquark. 
The two-spinors are 


=()e() 


since quark and antiquark have opposite spin in the kaon. 
Solution. (a) The operator of space inversion is 
Wri, 72) > Pv(ri, 72) = iPr, —72)_ (2) 


where the Dirac matrices (3), (2 each act only on the corresponding Dirac spinors 
in (1). Hence we find for the various parts 
( 0 ) 
=10: ) 
E+m x1 


Fri —r2) —fdri— rel) , 
3) (2) a) 
Ef X! AON Grae 
oe —s. 1 0 ) (FR | = (722 (3) 
iG) | X2 56 
so that in total 


P W(ri,72) = —¥(r1, 72) (4) 
results. 
(b) The charge conjugation operator is 

W(r1, 72) + € Wri, 42) = ing? ing? V(r) (5) 
Its action on the spinors is, using the relation 020° = —o02, 


x = 0 o) (; me ) 
ee sign Yee 
ze =e at 
oO Xal 
+iao-V 
_ eee (6b) 
3@ 


since 02X1 = 1x2 , and similarly 
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8. The Neutral Kaon System 


* 


= , io*-V> 
i OD sits 0 102 ) ( < +m X2 ) 
Le: —10, 0 %e 


“(8 
Bim ook 
-(¢8,) : 
plan ee Xl 
with o2x2 = —ix1. Eventually we have to consider that 
Vil (P= 12) = Von ri =a) (7) 


that is we can substitute V; by —V>2 in (6a) and V2 by V, in (6b). Hence (8.44) 
is proved, that is, 


C W(ri,72) = 0(r1,72) (8) 


where ~ denotes the wave function of the antimeson (the quark and antiquark are 
interchanged). 


However, it has been found experimentally that the |K?) can, in fact, decay into 
two pions, albeit with very small probability: 


B(K) — x*+27) = (0.203 + 0.005)% , 


(8.49) 
B(K? = 7x) = (0.094 + 0.018)% 
The partial widths have the following ratios compared to those of the state Kee 


T'(Ko = rta-) 
T(K8 = rtr-) 


I'(K$ = 7°n°) 


=51< 10" 
I'(KE = 7°7) 


=a. (eS) 


Hence, the two pion decay of the |K?) is very strongly suppressed, but it does exist. 
Since the spin of the kaons is zero, the two pions can be emitted only in ans state 
(/=0). Thus the parity of the states |a+7~), |x°n°) is definitely positive. The only 
possible conclusion is that the CP invariance (and thus, owing to CPT invariance, 
also the invariance under time reversal) is violated in the decay |K°) — |17). The 
violation has to be very weak, however, of relative magnitude 5 x 107°. Thus the 
statement of (8.5), 
(K°|S|K°) = (R°|S|K°) (8.51) 
no longer holds exactly. In the same way it follows that I, I, and Mj2, M2, are 
distinct. Mj2,M;, and I. = Ij still hold, however, owing to the Hermiticity of 
i matrices M and I’. The two states |K?), |K?) result as eigenstates of the matrix 


—il/2), 
Mo—3Iy) Mi — iD Cneeahe 
we —3T, Mo—iTh cpa ie or 


> J.H. Christensen, J.W. Cronin, V.L. Fitch, R. Turlay: Phys. Rev. Lett. 13, 138 (1964). 
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28 


From the secular determinant it follows that 


: 2 i 
1 1 x Is 
(Mo ~ 510-2) = (mia ~ 5 TiadiMis ~ 31%) : 


: (8.53) 
1 i i 
Mo — gio —-A=+4/(M)2 - 5PM _ 5F in) 
Furthermore, 
i i 
(m— 57) e+ (ma - 31a) 2 =¢ (8.54) 
holds, and thus, because of (8.53), we find that 
CoN ee er Moai 
—_ — => ers ; (8.55) 
c Mig — 5112 Mi — 519 


with the normalization condition |c|? + |@|? = 1. Hence the physical states are 


Kg) = (1 - [eat = N (1K) —giR%) 


(8.56) 
* i * 
K°) =N | |kK? Mio — 222 spo =N (IK° Ko 
|K;) = N | |K’) + ee aKa |K)) 
Mp 51 12 
with 
Nie =i (Mi, — 4D )(Mi2 + $22) 
(Miz — 5 Di2(My, + 5%) 
nay gc |Mi2|? + 1/4|Ii2|? + Im5Mi2) 
[Mi2|? + 1/4|I2|? — Im M12) 
Im(M 217 
ltl De (8.57) 


Mi2|? + 412? 


In the case of CP invariance, we recover |K°,,) = 1/V2(|K°) + |K°)). But if CP 
invariance is violated, Mj, and I}. are complex, and thus 


ges il. (8.58) 


We now consider the components of |K? S/L ,) that may contribute to the two-pion 
decay. They are those components which do not change their sign under the trans- 
formation CP. To do this we apply the projection operator (1/2C P + 1) and 
obtain using (8.45) 


1 + GPyiK2) = Nc +28) (8%) — aR) 
= © (1K) — |) — giR®) + 41K) 


= Fd +4)(IK%) = IR), (8.59) 
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Fig. 8.9. Possible intermedi- 
ary quarks in the intermedi- 
ate state 
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| A By) 0 N Ah 0 = 0 
RUC) = ICSE Oe) (\K°) + @|K°)) 


= 5 (1K°) ~|R°) + IR°) ~ gIk°)) 


nied (\K°) —|K°)) (8.60) 


The ratio of the transition amplitudes of the processes |K2) — |r) and |K?) > 
|z7) is therefore 


A(K? 1- 1 — 
pen ee as a a ee (8.61) 


Experimentally the ratios of the amplitudes for K? js 2 1tn™ and n°x°, that is, 
n4— and noo, are measured independently. Since the kaons have isospin 1/2 and 
only isospin 0 or 2 can contribute from the two-pion system, 74— = oo should hold 
in the absence of AJ = 3/2 transitions. We write n;_ = |n+_| exp(id+_), Noo = 
\noo| exp(idoo). The phase can be determined from the interference of the decay 
processes as in (8.31). The experimental values are (see (8.49)) 


eal=(@.274 2 0.022)x 105° | G22 =(4462412) = 


(8.62) 
Inoo| = (2.33 4 0.08) x 107? , og = (5445)? 

In the range of measurement accuracy and for the case ni_ = moo, a AJ = 3/2 
component that may be present is small. 

The question of the origin of CP violation remains. From the previous con- 
siderations this question means that we have to show why the matrix elements 
Mj and I} are not real. We have already explained in Sect.8.1 why the matrix 
elements for the transitions between |K°) and |K°) do not vanish. However, there 
we used only the most simple aa diagram. In reality the physical d and s quarks 
are admixed to all three states d’, s’, b’ of the extended Salam—Weinberg theory via 
the mixing matrix U of (6.38). Thus instead of an intermediary u (or ii) quark, a 
c or t quark (or ¢,t) may equally well occur in the intermediate state (Fig. 8.9). 


Wt 


as 
oe) 0! 
io) 
as 
oc! 


d < s 
Ww 


The admixture of the quarks is given by 


d veel 
(:) =Ut (*) (8.63) 
b be 


and that of the antiquarks by 
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d\ sa 
(:)=< (=) (8.64) 
r b' 


In the calculation we find that the three different quarks (u,c,t) in the intermediate 
state contribute to the matrix element M,, in the following way: 


Was (Uy in a oe 


s ss! 


Usig Me + ut 


ohne (8.65) 


where C contains the coupling constants and propagators of the W bosons and 
My, Mc, and m, are the masses of the u, c, t quarks. We know that m, ~ 5 MeV, 
m, & 1500 MeV, and m, > 89000 MeV, that is, 


My K Me, mM (8.66) 


holds. Therefore we can neglect the first term between the parentheses. Further we 
consider that 


Ul, Usa t+ Ul, Usa t UL, Uys = 0 (8.67) 
holds, because of the unitarity of U. Thus it follows that 

Ma =C [U!, Usa Gm —m.) + UL, Uya Gm —m) P . (8.68) 
Explicit insertion of the elements of the mixing matrix of (6.36) yields Os, = Uji.) 
etc.) 


My = C [s1¢3c1 (my — me) + (c152¢3 — c283e7~°)(—s152)(m, — me) P 
= C [syc1c3 (me — my) + (sye1s252¢3 — 5152¢253e~©)(m, — me) P . (8.69) 


Provided that the imaginary part is small, we can write 
S1S2C2S3 sin é(m — Me) Mi 
51C1C3(Me — My) + (81C1S2C2C3 — 5182C253 COS 6)(mMm — Me) 
(8.70) 


Im{M,)} ~ —2 


We see that the appearance of the complex phase factor exp(id) makes an imaginary 
part of the matrix elements possible. This factor, on the other hand, occurs only if 
there are at least three quark doublets, as first noticed by Kobayashi and Maskawa.° 
We want to estimate the order of magnitude of the CP violation. If we neglect the 
contribution of the width I. (which may perhaps yield a factor of two), then 
according to (8.58, 61) 


1 1 M* 1 My — 2ilmM12 
n=-(-qg)=<=(1-4/—* ) == (1-,/———— 
y y) Mi 7) M2 


: Mi2 
5 152C2S83 sin é(m, = Mc) 
~ $1¢103(m¢ — my) + 5182(c152¢3 — C253 Cos 6)(m, — me) 
a 5283 sin 6(m,/m, — 1) (8.71) 
€43/C2 + S2(—C152/e2¢3 +53 cos 6)(m,/m,— 1)’ 


® M. Kobayashi, K. Maskawa: Prog. Theor. Phys. 49, 656 (1973). 
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where we have set m, = 0 in the last step. All angles 6),02,63,6 are small 
(0; = 0c = 13°); therefore for the estimate we can set c) = c7 = c3 = cosé = 1. 
Furthermore, m,/m, >> 1 and thus 

nee sin 6) sin 63 sun) m (8.72) 

Me + m; sin 4 

The experimental value 7 ~ 2 x 1073 can be explained in this way without diffi- 
culty. Unfortunately, the angles 63,6 are not yet known well experimentally. The 
bounds for the mixing angles between the quark flavours are’ 


sing; = 0:227 20.01). 
sinf2 = 0.07+0.04 , 


sin6; < 0.06 , ry 
90° < 6 < 180° 
If m, < sin 62m, then 
n~ sin@; sind ~2x 107-7 (8.74) 


should hold. This is compatible with the values of 63 and 6, but it does not yet 
represent a good test of the Kobayshi-Maskawa theory, owing to the large exper- 
imental uncertainty. 


7 A. Soni: Phys. Rev. Lett. 53, 1407 (1984). 


9. Unified Gauge Theories 


9.1 Introduction: The Symmetry Group SU(5) 


The Glashow-—Salam—Weinberg theory combines the electromagnetic and weak in- 
teractions within the framework of the gauge group SU(2), x SU(1). This theory 
treats leptons and quarks on the same footing. However, the fact that leptons carry 
integer charge while the charge of quarks is 1/3 is needed as a basic input. On the 
other hand, there are indications that this fact is due to some superior principle, 
that is a larger symmetry. For example, for leptons as well as for quarks, the sum 
of charge and baryon number, Q + B, is an integer: 


Oe =O => OFR = 1; 
oO 0,5 0 > OLR = 0%, 
u: @=4+3,B=41 > Q@+B= 1, 
d: Q=-41,B =} — Q+B= 0 


The property that B and Q are multiples of 1/3 for quarks is connected to the 
principle that baryons consist of three quarks and have integer values of Q and 
B. Within the framework of quantum chromodynamics (QCD) this is understood 
in terms of the gauge group SU(3) of additional internal degrees of freedom for 
the quarks: the colour. For example, in order to explain the (2~ baryon it requires 
the assumption of three strange quarks all in the same Is state. This is inconsistent 
with the Pauli principle, which is assumed as a fundamental property, unless the 
three s quarks differ in an additional quantum number. These quantum states are 
labeled by colour and are distinguished as, for example red r, green g and blue 0. 

Similar relations to those above can also be stated in terms of the weak hyper- 
charge. The respective quantum numbers are given in Table 6.3. The lepton doublets 
have ye = —1, while for quarks Y, a = +i. Owing to the colour multiplicity the 
latter needs to be counted three times, leading to 


Ve eee 0 


Similar relations can be inferred for the right-handed singlets. 

These properties lead to the hypothesis that the gauge group of the Glashow— 
Salam—Weinberg theory, SU(2) x U(1), and the SU(3) group of the strong interaction 
form part of a larger symmetry. The simplest group that incorporates the product 
SU(3) xSU(2)x U(1) as a subgroup is SU(S). As will be shown below, this group 
has irreducible representations of dimensions 


5) 10.15) 24 35, 40) ee 
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Before discussing the details of this model of unification of the three interactions, 
which was proposed by Georgi and Glashow! in 1974, it is expedient to establish 
some basic mathematical properties of the group SU(5).” 

SU(5) is a special case of the general groups SU(n) that are formed from 
unitary n X n matrices with determinant (+1). The corresponding groups without 
the constraint for the determinant are called U(n). An arbitrary unitary matrix can 
be represented in terms of an exponential of a Hermitian matrix H: 


U = epi) , A'=A. (9:1) 


AZ is called the generating matrix for U. In case that the matrix U is not too 
different from the unit matrix 1, it holds 


U = exp(iéH) ~ 14+ i67 . (9.2) 


The multiplication of two matrices U;, U2 corresponds to the sum of the infinites- 
imal Hermitian matrices, 


O20, = elf cl ww (14 i6fh) (1+ i5A;) 
ay i) i (5A + 6f;) ; (9:3) 


where quadratic terms have been neglected. A complete set of linearly independent, 
Hermitian matrices is termed a set of generators for the unitary matrices. Owing to 
the constraint hj, = hj for the elements of a Hermitian matrix A, the group of the 
unitary n X n matrices contains n? generators. (Note that a general complex n x n 
matrix has 2n* degrees of freedom.) The restriction det(UV) = 1 that leads from the 
group U(n) to the group SU(n) results in traceless generating matrices H. Since 
the diagonal elements of Hermitian matrices are real, hy, = hj, only one degree 
of freedom is omitted. That is, the group SU(n) has n2-1 generators. 

The simplest representation of the generating matrices for the U(n) is formed 
by certain n x n matrices that contain a single nonvanishing matrix element with 
value 1, all other elements being zero. Such a matrix, where the matnx element 
with value 1 is given by the intersection of row a and column Bas Co g, 1S written 


B 
| 

A Qa ay 1 =, 

Cag = | ) (Cag)ix = bai b Bk > (9.4) 
| 

where the matrices 
in 2 | ees in 
Cag +f Coa ’ a (Gye ime Ge.) (ey) 


are Hermitian, since C ue = Os. 


' H. Georgi, S.L. Glashow: Phys. Rev. Lett. 32, 438 (1974). 
For an extended presentation of properties of unitary groups see W. Greiner and B. Miiller: 
Quantum Mechanics — Symmetries (Springer, Berlin, Heidelberg, New York 1992), 


9.1 Introduction: The Symmetry Group SU(5) 


Using the linear combinations of (9.5), we can alternatively employ the Can: 
a, B=1, 2,..., n as generators of the U(n). In order to infer the corresponding 
generators of the SU(n), we require the matrix Cyq to be traceless. This can be 
achieved by subtracting a multiple of the unit matrix: 


A 1 r eee 
Ce = Can = = Coa — 5 2, Can ’ 
a= 


We (9.6) 
Cla = Cap (a # B) 
The n matrices C/, are linearly dependent, since 
ce) no i. 
2 Ca = 2 Coa pe (9.7) 


To construct n — 1 linearly independent, diagonal matrices, it is common to form 
n — 1 linear combinations of the Ci, as follows: 


of oe! Ce } (on oP Cs ; OR = CE ) Ch + on ; etc. (9.8) 
The commutation relations of the matrices Cag are 


Cap Cs _ Cre Cap 


S—(Cap)i(Cyse — > >(Cys)u(Cap)it 
i i 


S- bci5a15 15s — > 6:68:55, 
i i 


= bai5p+6sx — bi b5a5p% 


= dpy(Cas)ik — Ssa(Cypix (9.9) 
or, in matrix notation, 
ez, Cys] = 5 a4 Cos = basCyp . (9.10) 


Since the unit matrix commutes with any matrix, the commutation relations are the 
same for the matrices of the SU(7): 


[Cogs Cis] = b4Cx5 te bab esp . (9.11) 
In the case of the group U(5) the generators are of the form 
0 


Ci etc. (2) 


S22 2 2 & 
Seo 2S © 

eo 5 2] 2 
ao 2 ©& 
Ao ee &= 


From these we construct Hermitian matrices according to the prescription (9.5): 
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On On enO 
coo a 0 
Cy C= || o 0 OO |= 
Cet, 00.0 
(208000 8 
O90) 0 700 
; G0) 0) 10 
—(Co,—Cy)—= 0 0 0 0 “Onl ete. (9.13) 
: O 1 00" 0 
000 0 0 


Ci = 0 eres 6 — 0 . (9.14) 
0; 1 


They are already Hermitian. Altogether there are 5* = 25 generators. 
In order to construct the generators of the group SU(5) we form new diagonal 
matrices that have zero trace as required: 


1 ] 
a P 1 
On one Stal 0 = 


0 | 


= 5 . OS 
Sys 
zis 


and so on. Choosing linear combinations as predicted in (9.8) we obtain four 
linearly independent matrices (which are normalized such that the traces of the 
squared matrices are equal to 2): 


4 zi 
Ay) Ay} l zs : 
Cy SE ae =3l — = = 
=| = 


9.1 Introduction: The Symmetry Group SU(5) 


3 
{EG +h) =— = 9 
3H 22 7 iS ie ; (9.16) 
—2 
0 
: : 0 
C33 — Cag = I 
—1 
0 
—2 
—2 
Se B 1 
=(Cy3 + Cy) = = 3 
rE 53 44) V15 F 
—2 


In addition there are 4 x 5 = 20 non-diagonal generators, so that altogether we 
have 24 generators for the group SU(S5). 

The number of diagonal generators, that is, the number of mutually commuting 
generators, is called the rank of a group. Thus U(5) has rank 5, whereas SU(S) has 
only rank 4. The rank of a Lie group is equal to the number of its independent 
Casimir operators, that is the operators that commute with all generators of the 
group. The simplest and most important Casimir operator is a quadratic form of 
the Cag, namely 


Cy =e eye (9.17) 
a, 
That it is indeed a Casimir invariant is easily proved by using (9.11): 
(Co, Chel = S1CneCharCys] = D7 CaalCpar Cys] + > [Cap Cy61Cha 
a,B a, 8 a,B 
Sy Ca oe es, .) = 2, €e5 = 05) Caal 


8 
= So iaChs — D1 CaO ya + Datta — D7 CreC Gs = 9 - 
B a fo B J 


To determine the irreducible representations of SU(S5) it is convenient to use Young 
diagrams.’ In terms of Young diagrams an irreducible representation of SU(5) iS 
described by at most four rows of boxes, one upon the other, where the length 
of a row is required to be no greater than the length of the preceeding row. With 
this convention the fundamental representation corresponds to a single box. An 
irreducible representation of SU(5) is labelled by four numbers, /,...,/4, that 
specify the number of boxes in the four rows of a Young diagram. Most commonly 
the combination 


(hi — ho, hz — hy, hy — hg, ha) 
is employed. 


3 See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1992). 
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Some important representations are: 


1 fo] 


(1,0,0,0), (0,1,0,0), (2,0,0,0), (0,0,0,1), (1,0,0,1), (2,0,1,1). 


The dimension of an irreducible representation of SU(5) is evaluated as follows: 
First draw the corresponding Young diagram twice, one above the other. Then fill 
the first row of the upper diagram with the numbers 5, 6, 7, ... from left to right; in 
the second row of the diagram start on the left-hand side with 4, 5, ..., in the third 
row with 3, and in the last one with 2. Next write in each box of the lower Young 
diagram the integer that results from summing the numbers in the boxes further to 
the right and below plus 1. Finally multiply all numbers of the upper diagram and 
divide by the product of all numbers of the lower diagram. 


Example: Evaluate the dimension of the irreducible representation of the SU(5) 
group, given by the following Young diagram: 


Dimension 


ep DAT 8S XO XD XA aaa 
Beas 2 51 45 iba 2 se 


Other examples are 


5 
Bl _s Dis] _>%6 _ |; a] _Sx4_ 
Ws Ups 2a = a] 2x1 
516] 
ie RS re 
4) ax 322. > Si © sss co oe 
1) 


The representations 0 and i both have dimension 5. They are called fundamental 


representations. The dimension of the representation corresponds to the number 
of generators of the SU(5) group, that is 24; it is called the regular or adjoint 
representation. 

Representations of higher dimension are constructed by forming products with 
the fundamental representation @. It is understood that two boxes in one row denote 
the representation which is symmetric with respect to the corresponding factors; if 
the boxes belong to different rows the factors are antisymmetric. For example, the 


9.2 Embedding SU(3)c xSU(2), x U(1) into SU(5) 


representation CH. stands for the symmetric product of two O representations, while 
H denotes the antisymmetric product. 

Any product of two representations, on the other hand, may be decomposed 
into irreducible representations by forming all possible combinations of the boxes 
of the two Young diagrams; all columns that contain five boxes or more are simply 
ignored. 


OxO =CO+H 
(Oxo (xo) + (Hx ) 


(o+) + (+4) 


Eeo- fp 


These reductions are often expressed in terms of the dimension of the representa- 
tions, 


[5] x [5] = [15] + [10], 
[5] x [5] x [5] = [35] + [40] + [40] + [10], (9.18) 
[5] x [5] = [1] + [24] , 


In the following we will suppress the [ ]-brackets as long as no confusion arises. 
Only in special cases where the brackets are necessary for unambiquous notation 
will they be reintroduced. 


9.2 Embedding SU(3)c x SU(2), x U(A) into SU(5) 


In order to realize that SU(5) is the smallest (semi-simple) unitary group incorpo- 
rating all gauge groups of interactions, that is the colour group SU(3)c, the group 
of weak isospin of left-handed particles SU(2),, and the gauge group U(1) of the 
weak hypercharge, we simply need to enumerate the Casimir operators. U(1) and 
SU(2) have rank 1, and SU(3) has rank 2, so the unified gauge group at least must 
have rank 4. Indeed, SU(5) has rank 4 as discussed in the previous section. 

To determine the explicit structure of SU(5) as the unified gauge group incorpo- 
rating the above three groups of interactions, we consider some experimental facts. 
One is that the colour group SU(3) is completely “blind” with respect to the weak 
interaction described by the Glashow—Salam—Weinberg group SU(2), x U(1): “red”, 
“blue” and “green” quarks of the same flavour carry the same electric and weak 
charge. That implies that the groups SU(3) and SU(2), xU(1) need to commute 
with each other when unified within SU(5). This is only possible if the generators 
of group SU(2)xU(1) behave as unit matrices or zero matrices with respect to the 
SU(3) generators, that is in the three-dimensional subspace of SU@). On the other 
hand, the leptons are colour singlets, that is to say, the generators of the SUG) 
must have zero eigenvalues for these components. 
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The consequence of these considerations are built into the theory by reserving 
the first three rows and columns of the five-dimensional representation of the SU(5) 
generators for the colour group SU(3), while the last two rows and columns are 
assigned to the weak group SU(2);. This arrangement completely specifies the 
structure of SU(5) and determines in which way U(1) is incorporated into SU(5). 
As we shall see, this enables us to calculate the Weinberg angle from SU(5) and 
exhibits that the postulate of a unified gauge group SU(5) is more than just a 
mathematical rearrangement: it contains physical predictions that can be tested in 
experiments. 

The diagonal generators of the group SU(3)CSU(5) are constructed from the 
diagonal matrices Cane Coo and C33, which have zeros in the fourth and fifth columns 
of the diagonal axis. Since the generators of SU(3) are required to be traceless, we 
form the following combinations: 


2 
Ay It A |p - a 1 = 
Cy, =Ci — =(Cry + Coo + Ca3) = = = , 
3 3 0 
2 ‘ (9.19) 
Asi - Ia A - I 
Cy =Cx2 — 3(Cu ou Cs) — =I 
3 
0 
0 
The combinations 
1 
f f x —] 
pay == 0 , 
0 
0 
; (9.20) 
Ps V3 ] I 
Ag = Cee Ge = —2 
(Chi 2a) = 7 ; 
0 


then take the usual form of the SU(3) generators.‘ Similarly the diagonal generator 
of the isospin group SU(2) is constructed from the diagonal generators C44 and 
C55: 


0 
My == Ch -Ch = 0 (9.21) 
=a 


“ See W. Greiner and B. Miiller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1992) 
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Finally the generator that corresponds to U(1) must be diagonal and of the form 
of a unit matrix with respect to SU(3) as well as SU(2); furthermore, it is required 
to be traceless. The only way to achieve this is the following combination (up to 
a factor): 


—2 
5 1 | 
y= 1h Le =2 (9.22) 
3 V'15 3 
° 
where we have employed the matrices defined by (9.6). The complete set of SU(5) 
generators \;, i= 1,2,... 24, will be determined in Exercise 9.1. 


EXERCS 2a eae 


9.1 The Generators of SU(3)x SU(2)x U() 


Problem. Work out the explicit form for the SU(5) generators that determine the 
composition SU(5) > SU(3)x SU(2)x U(1). 


Solution. With respect to our convention established in the Sect. 9.2 we have 
assigned the first three rows and columns of the SU(5) generators to the subgroup 
SU(3) and the last two rows and columns to the subgroup SU(2). The subgroup 
U(1) has only one generator, namely Y of (9.22). The diagonal operators of SU(3) 
and SU(2), that is A3, Ag and 73, respectively, are given by (9.20, 21). The non- 
diagonal operators are constructed as prescribed in Sect. 9.1, (9.13). 

We suppress rows and columns of zeros: 


0 1 0 
: 1 0 0 
Ar=Cip+C3=|0 0 0 : 


0 -1 0 
; ree A i 0 O 
ee OP c2)) — Om 0. 30 
1 
—] 
Ag = Cit — 22 = 0 , 
0 
0 
oO @ ll 
0 0 0 
Ce Cs | 00 
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0 

1 0 

As = FE isi) = | 1 
0 0 

0 0 

0 

ie : 0 

A7 = 7 (Cas = C>) — | 0 
~ A A 1 
dg = V3(Ci} + Ch) = 
8 (Cy; + Co) Ai 


a2] = 


The other generators of SU(5) are 


Ag = Cia + Cy = 
1 O 
0 0 
= les S 
Me = 7 (Cis ee . 
i 
0 
Ai = Cx + Cy = 
0 1 
0 
4 ee : 
Ai2 = +(Co4 — Cy) = 
: 0 
0 
Aig = C34 + Cy3 = 
0 0 
0 0 


>) 


S 


a 


Soa Ss © 


Sa qe Se 


SoS 
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Ue Exercise 9.1 
es 0 0 
Ara = 7 (Ga — C43) = = 00 : 
0 0 1 
0 0 0 
® il 
5 ea 0 0 
Ais = Cig + C5, = 0 0 , 
0 0 0 
1 0 0 
QO -1 
oe 0 0 
Mies (Cis Csi) Oo © : 
0 0 0 
i 0 0 
0 0 
ee cel 
Ai7 = C5 + Crp = 0 0 4 
0 0 0 
0 1 0 
0 0 
: ies ; QO -1 
Ais = 5 (Gs — C52) = 0 0 : 
0 0 O 
0 1 0 
0 0 
” 0 0 
Aig = C35 + C53 = 0 1 ? 
0 0 
0 0 1 
0 O 
— 0 0 
A) EA OT 1 
0 0 0 
001 


These generators describe transitions between multiplets that belong to different 
subgroups, that is between the subgroups SU(3) and SU(2)xU(1). Such transitions 
are mediated by the gauge bosons X and Y (see Sect. 9.3). The remaining SU(5) 
generators are 


An = 7 = Cg5 + Coq = é 
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0 -i 
1 
0 
0 
dos = 73 = Ci, — C35 = 0 
1 
—1 
and finally 
—2 


2 s 8 n 1 
X aF af Cu+e — =) 
24 36 44 55) Ji5 ; 
cS) 


Altogether the generators \,,..., Ag form an SU(3) Lie algebra, while the genera- 
tors 71, 72, 7; determine a SU(2) algebra. The operators d; commute with all three 
operators 7;, implying that the subgroups SU(3) and SU(2) commute with each 
other. Of course, this is also true for the subgroup U(1) generated by ye , since Y is 
diagonal with respect to the subgroups SU(3) and SU(2). The Aj, ... Ag describe 
SUG), SG Dee, Nee SU(2), and don U(1). Altogether these 12 generators repre- 
sent the new group SU(3)x SU(2)x U(1). This group is a subgroup of the complete 
SU(S), which is formed by all 24 generators \;. The subgroup character of the 
SU(3)x SU(2)x U(1) is expressed by writing 


SU(5) > SU(3) x SU(2) x U(1) 


which means that the direct product group SU(3)x SU(2)xU(1) is imbedded into 
SU(5). Formally speaking, the imbedding of a group A into a group B implies that 
the Lie algebra of the generators of A is a sub-algebra of the generators of B. 


ee ee 


From the discussion of the Glashow-Salam—Weinberg model we recall that the 


Ve \ee i : 
hypercharge of the lepton douplet ( ~ ) is —1; thus it is convenient to normalize 


the corresponding operator of the hypercharge = So appropniately: 


2 
; ‘ = 
ee Vs = a (9.23) 


It is important to note that the left-handed lepton douplet (v,, e7), belongs to 
the complex conjugate representation 5, in terms of which the operator for the 
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hypercharge is given by —Y. In order to see this, we consider the group operators 
rather than the generators: 


[exp(ia¥)|” = exp(—iaY) = exp lia(—Y)] : (9.24) 


Only in this way, that is with respect to the 5 representation, is the hypercharge of 
the form 


3 
2 
3 


Wid 


=| 
=| 


with the appropriate values (—1) for the (ve, e~ )z doublet. Taking into account the 
isospin operator (9.21), we find for the operator of the electric charge, in terms of 
the fundamental representation 5, 


(9.25) 


Corresponding to (9.24) the charge operator for the representation 5 is given by 
(—Q). The form of (9.25) exhibits the consistent unification of the elementary 
fermions within the quintuplet of SU(5). As will be shown in Example 9.2, we must 
assign the last two components to the lepton “antidoublet” (e°, —v¢)r, whereas the 
first three components, representing the colour gauge group SU(3), correspond to 
particles of charge —1/3. 

The latter can only be the colour triplet (and isospin singlet) of the right-handed 
d quarks (see e.g. Table 6.2). Thus the five-dimensional representation is given by 


[5] = (pr =| 4 ee (9.26) 


—Ve R 
The index p = 1,2,... 5 characterizes the individual components of the SU(5) 
spinor 


v1 
7) 
Wy 
W4 
Ws 
Note that the antiparticles corresponding to the SU(2) doublet i are rep- 


iL 
resented by the doublet (e+, —i%)r . The sign of the helicity is reversed for the 
antiparticles. This is essentially the result of Example 9.2, which is, except for the 
minus sign in the case of the anti neutrino, quite plausible. 
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9.2 Charge Conjugation 
The fields of antiparticles with spin 5 are obtained by charge conjugation 
yr=Ch=Cyy , Payee , (1) 
where the operator of charge conjugation C is required to fulfil 
Cy4Cy = Ht (2a) 
This constraint is satisfied by choosing> for example, 
Ca=ivry . (2b) 
In order to find the behaviour of chirality eigenstates under charge conjugation, we 
consider 
CW) = CP =n? 50 — a9" 
= 50 + iy = 30 + ery" 
= 51+ Wl =W% (3a) 
and similarly 
Gr) =, (3b) 


Thus the charge-conjugated state of a left-handed electron is a right-handed 
positron, and so on. 

Applying the operator of charge conjugation to isospin doublets, the situation 
becomes more complex. As we have already learned from the example of hy- 
percharge (9.24), charge conjugation reverses the sign of the eigenvalues of all 
generators that generate symmetry transformations. This is due to the operation 
of complex conjugation which is part of charge conjugation. Hence, by naively 
applying charge conjugation to the particular components of a lepton doublet 


i= ) d (4a) 


the resulting doublet 


/ ve 
(8), “ 


would have isospin 7; = —} and 73 = +4 for the upper and lower components, 
respectively. Of course this cannot be right; however, the following simple pre- 
scription will yield the correct result. We only need to rotate L’ around the 1 axis 


> See Chap. 12 — W. Greiner: Relativistic Quantum Mechanics — Wave Equations (Springer, 


Berlin, Heidelberg, New York 1990) 
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or 2 axis of the isospin space by 180%8. It is common to choose the 2 axis to 
perform the rotation: 


1 1 A 
= 3 127372 = me a, (5) 
where we have used the relation 
ies (ap a. Tee: 0 1 
097 = cos +insin® in = (9, i) , (6) 


Thus, the correct charge-conjugated isospin doublet is given by the rotation (6) in 
isospin spaces, that is by 


C a 
i=in (% | -(< ) . 7 
et R —o R (7) 


From our previous considerations, we might be tempted to combining the left- 
handed, charge-conjugated particles (d,, ds, dg)z, on within a quintuplet. However, 
this is not possible, since the left-handed d quarks belong to an isospin doublet 
Gee!) 


Up Up Ug 

(" pana: ) (9.27a) 
whereas e;, as the conjugated particle to eg , is represented by an isospin singlet. 
The best we can do is to form a SU(5) antiquintuplet that contains the conjugated 
left-handed particles corresponding to (9.26), 
d& 

dy 

Gl=@iSe=| ae) . pale S - (9.28) 


@ 
Ve / fT 


Note, however, that this is not an independent assignment. The superscript “C” 
denotes the antiparticles that correspond to the letters without a bar (for example, 
d© indicates the d antiquark). The antiparticles of the dg quarks are the left-handed 
df ; both are SU(2) singlets. Frequently antiparticles are denoted by a bar over the 
letter, for example the adjoint d; antiquark reads d. This notation, however, may 
lead to misunderstanding with the adjoint spinor d = d'-+°, In order to prevent this 
we prefer to characterize the antiparticles by the superscript “C” and use the bar 
notation only where misunderstanding is remote. 
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To determine the classification of the elementary left-handed fermions, that is 
(9.27a), as well as the singlets 


Cr Ce ay eae, (9.27b) 


into further SU(5) multiplets, we need some additional tools from group theory. 
The problem is, how do we decompose the irreducible representations of SU(5) 
in terms of tensor products of representations of the groups SU(3) and SU(2)? We 
start from the trivial decomposition of the fundamental representation of SU(5), 


= Be (Gea) ds) l= Grea ’ (9.29) 


where we have alternatively employed the notation of Young diagrams and the 
notation in terms of the dimensions of the representations. The indices “3” and “2” 
indicate whether the representation belongs to the SU(3) or SU(2), respectively. 
Using the distributive property, we obtain for the direct product of two fundamental 
representations 


Os x Os = (Os, 12) + (3, F2)] x (Oo, 12) + 13, D2) 
=(98e <b oe (Oes lb) ee, Cb) 
sels, la x (5) 


= (COs, 12) + (fs, 12) + 2s, Oa) ai 
ama) IB a) =e, H2) 
= (0, )-3G)1) 426.2) dn eee 1) 
On the other hand (9.18) states that 


§x5= Osx Os =(0s+ [Hs =15+10 


Owing to the symmetry or antisymmetry, of the representations (boxes above 
one another correspond to antisymmetry, boxes next to one another to symme- 
try) we may immediately assign the product representations (6,1),(1,3) to the 
15-dimensional representation and, similarly, (3, 1),(1, 1) to the 10-dimensional 
representation of SU(5). From the two representations (3,2), we can form sym- 
metric and antisymmetric combinations. We therefore obtain for the SU(3) x SU(2) 
decompositions 


10=3,1)+G, 2a +, , (9.3 1a) 
15 = (6,1) + 3,2)sym + (1,3). (9.31b) 


9.2 Embedding SU(3)cx $U(2), xU(1) into SU(5) 


RRERSE ee 


9.3 The Quintuplet of SU(5) 


Problem. Consider the five basis states of the quintuplet of SU(5), 


1 0 
0 1 
Yi =q=1| 0 a =o — | 0 ; 
0 0 
0 0 
0 0 
0 0 
wy=a3=)]1 1 ve =f — 10 ; 
0 1 
0 0 
0 
0 
td: = ee 
0 
1 


(q = quark, £ = lepton), and work out the antisymmetric basis vectors of the 
10-dimensional representation. Write down these basis vectors explicitly as 5x5 
matrices. 


Solution. The result of the general decomposition of the direct product [5] x [5], 
(9.30), shows that the 10-dimensional representation contains three basic compo- 
nents: a colour antitriplet/isospin singlet, an antisymmetric colour triplet/isospin 
doublet, and a complete singlet (see (9.31a)). The first and last can be expressed 
in terms of an antisymmetric tensor product of quark and lepton basis vectors, 
respectively: 


V2 = WAGE — 4241) 
= ag i SU(3) antitriplet 
Ba 2c 52) SU(2) singlet 


v1 = ACEC — 41943) 
This corresponds to the (3, 1) on the right-hand side of (9.31a). Furthermore, 


SU(3) singlet 
SU(2) singlet 


Was =e 


is the singlet (1,1) on the right-hand side of (9.31a). Similarly, the colour 
triplet/isospin doublet can be described by a product of a quark and a lepton vector. 
There are exactly six possible ways to form such antisymmetric product states: 


(2) 02 — €2£1) 


els 
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Wa = yaa igi) 


= 2G gp) SS) 
fea = a (G2éi — £1q2 cai 


Y34 = Fle — £143) 


‘ SU(2)doublet 
dis = yy (qiee — £241) 
Pett SU(3) 
Yas = (dala — £292) foe 


VEG = Faa3l2 = £203) 


These are exactly the states of the (3,2) antisubmultiplet of the decomposition 
(9.31a). Altogether this makes a total of 10 basis vectors for the 10-dimensional 
representation. The tensor product of any two five-component vectors yields a 5x5 
matrix. For example, 


0 1 0 0 0 
-1 0 0 0 0 
vita—yoy 1 
yp ace A ae 
v2 v2 0 0 0 0 0 
090 006 
0220) 0) “0.0 
00 0 0 0 
Yas — vst, 1 
vas = ———>——_ = —!]0 0 0 0 1 
v2 v2 00 0 00 
0 0 -1 0 O 


From the considerations of Exercise 9.3 and (9.31a) it is now clear that the represen- 
tation [10] contains one colour triplet/isospin doublet, one colour antitriplet/isospin 
singlet, and finally a complete singlet. On the other hand, the decomposition of the 
adjoint fundamental representation, 


be) d2. (9.32) 


represents the group-theoretical justification for the choice of the assignment (9.28), 
since the left-handed d antiquarks form an isospin singlet, whereas the colour singlet 
particles (e~, ve); belong to an isospin doublet. The particular components of the 
representation [10] (9.31a) then corresponds to the particles (u,,1%,,Ug), for the 
Ga, & i) i for the (3,2), and to the singlet e;* for the (1, 1). 

The antigen SU(5) representation [10] is conveniently expressed in terms 
of a 5 x 5 matrix that contains exactly 10 independent components (see Exercise 
9.3). We shall denote these matrices by Weta | ck 5 (vy = —wz). The 
group operators of this representation are then simply expressed as tensor products 
of operators of the fundamental representation: 
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Wa =4eqi— dk 
= 10 5 
vy = > Ui dy = > (Upue) py - (9.33) 
ij ij 


Indeed, from g; = >); ll qi it immediately follows that 


= 517715 5] 7715 
hy =ahoh —Ghh = (ufu; 1 uu) aia; 
iy 
ee 517715 5] 7715 
= UP UP Maia — 44) = DU Uy 
i i 

Now the multiplication of group operators corresponds to the addition of the gen- 
erators. For a diagonal operator, such as the charge matrix on = OM léiz, where 
the group rotation in the five-dimensional representation is ve 1 expiOh du, 
we therefore have in the 10-dimensional representation for the group operators 
Cag. = ae ae and therefore the corresponding charge operator is obtained by 
addition: 


QUO = OL = On bei 6y + 154 ber = (Qe + Obi 5y 


Consequently, 
OOM = Of y = > (OF + OF) Sebyy 
ij ij 
= (a - aa Va =Quaba . (9.34) 


With the eigenvalues of the charge matrix (9.25) we obtain for the 5 x 5 matrix 


(Qk + Q)) 


. 2-33 - 
2+ 33-4 

Ou =(Qe+O)=|-2 -3 * 3-3 9.35) 
PP ge 
-}-}o-por + 


Equation (9.33) states that the diagonal elements do not contribute since, owing 
to the antisymmetric character of the 10-dimensional representation, it holds that 
wi = — Wii = 0. For this reason we have labelled them with a “«” in (9.35). The 
decomposition of the 10-dimensional representation in terms of its SU(2) and SU(3) 
content (9.31a) consequently leads to the arrangement of the remaining left-handed 
particles (9.27a,b) within the antisymmetric matrix wz, as follows (see Example 
O22); 


Gb | “ee 
p= {~~ se ~~~ | (9.36) 
(yay | aE 


SUS 
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From the colour vector (uy uy ue )e we form an antisymmetric 3 x 3 matrix 
by means of >>, Enc (UL dz and, similarly, from the singlet ey we construct an 
antisymmetric 2 x 2 matrix by eye? . Hence, the matrix Wj is of the following 


form: 


0 ue —uf | —Uuy —d, 
—ug 0 ue | up —dy 
ye my Te —ue 0 | uy Si 
ij Do a ec 
Uy Up He | 0 —et 
X. d, dy due reer: 0 204 
0 ue —uk ai al —d 
1 —uF 0 uC un —ad 
= V2 we —ut 0 —u3 —a3 (9.37) 
Uy u2 U3 0 =e" 


d @ dad e “OY, 


where a normalization factor 1//2 is introduced to take into account that every 
particle appears twice within the matrix Wy . In the second version of wma 37) 
we have relabelled the colour indices r,b,g by 1,2,3 which is more convenient 
for practical calculations. 

In order to check the consistency of the above arrangement we apply the charge 
operator (9.35) onto the multiplet (9.37). Obviously this leads to Q(u) = —Q(u°) = 
+2/3, Q(d) = —1/3, and O(et+) = +1. This is a remarkable result. By fixing a 
particular charge, for example the electron charge, within the gauge group, all other 
particle charges are completely determined, that is the charges of v., u and d quarks, 
if we only arrange these particles within the multiplets 5 and 10 in correspondence 
with their colour and isospin quantum numbers. In other words, the quantization 
of charge is a direct consequence of the group SU(5).° 

In particular, the property of vanishing trace of the charge operator (9.25) (asa 
linear combination of the traceless generators) implies that the sum of charges of 
the elementary left-handed fermions within a particular multiplet is always zero: 


[5]: 30(d) + O(")+O@)=0 , (9.38a) 
[10]: Ou = SV +O) =5°H45>> 0, =0 , 
kl k,l k i 


>> Ou = S35 On + 3° Ou =O S10On , 
il i 


k#l k#l 
ee On = SQ: + Q)) = 3Q0(#) + 3Q(u) + 30(d) + OCe*) 
k#l k#l 
= 30(d)+ QO(et) =0 , (9.38b) 


since O(u°) = —Q(u). Consequently, we obtain 


° The quantization of the electric charge can also be obtained from other semi-simple Lie 


groups that, instead of SU(5), could be chosen as the gauge groups of the unified inter- 
actions, for example SO(10), Es, etc. (cf. H. Saller: “Vereinheitlichte Feldtheorien der 
Elementarteilchen”’, (Springer, Berlin, Heidelberg, New York 1985). 
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Q%)=0 , QW) =-700)=500) . (9.39) 


Furthermore, from the doublet character of the electroweak theory, it follows that 
the charge difference of the upper and lower components of the electroweak 2- 
spinor is AQ = qo(Y /2 + 73 = +1/2) — qo(Y /2 + T3 = —1/2) = qo, in other 
words it is equal for all 2-spinors, that is 1go. Here go denotes the reference charge 


which determines the scale of the charge. In particular, for the electroweak @ 


spinor and &) spinor one therefore finds O(u) — O(d) = Q(@) — Ole"), or 
with (9.39) 


Olu) = OA) + [OW — eM =- FOE) (9.40) 


which means that the charges of all particles can be expressed in terms of the elec- 
tron charge. Another successful feature of SU(5) is that for every lepton doublet 
there exists exactly one quark doublet with three colour states. Only for such a par- 
ticular combination can the renormalization of the standard model be ensured. This 
statement is discussed in more detail in the field-theoretical digression (Supplement 
9.9: Anomaly Freedom). 


DR ——EEE—_ES— Saas 


9.4 SU(5) Classification of the Remaining Lepton and Quark Families 


In an analogous fashion to ve,e,u,d, also v,,u,c,5 and v,,7,t,b have to be 
classified in the framework of SU(5). Embedding the first lepton and quark gen- 
eration has already been thoroughly discussed. In this procedure we constructed 
the following multiplets consisting of 30 fermions, including the antiparticles. We 
identified those particles known as the left-handed SU(2) doublets and singlets, 


Ve u + G € 
(::) , i » €, 5 Yar ; dz 1 ’ 
L c,L 


and right-handed SU(2) doublets and singlets, 


et ye Be d 
ye ae » rR +; HUe,R + G4e,R 3 
oe 2,R 


with four SU(5) multiplets. The subscripts c and é, denote the colour degree of 
freedom of the quarks. We also proposed the following classification SU(5) quin- 
tuplet: 


Sadi ch Ge Pe 
SU(5) antiquintuplet: 


Sa@e G Co a ey 


SNH 
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SU(5) decuplet (antisymmetric representation): 


0 ue —uk —u,; —d 
1 —uy 0 uy —u, dp 
10 = — uy oe 0 Ue} —d; ; 


a dy a3 er 0 L 
SU(5) antidecuplet (antisymmetric representation) 
0 u3 —Uu2 —uf —dt 
Te ee a: aie! 
= == uz uj Tu, —a, 
v2 ee Mee ee 
Ho Ee = 


One can see immediately that all the particles and antiparticles of the first fermion 
generation are involved. 

Similarly, we can put the remaining two lepton and quark families into SU(5) 
schemes. The latter occurs in the following isospin doublets and singlets left- 


handed: 


v G 
vi + G Ee 4 
e (<) Dies Par tee Te 
a Ib (oll 


right-handed: 


per ce = 
—pl ’ 5 ; LR ; Ce,R Sc,R 
LSR €,R 


This yields the following SU(5) multiplets SU(5) quintuplet: 
=(o1 1 Se 
SU(S) antiquintuplet: 
= (sp sy Ss BO My) , 


SU(5) decuplet (antisymmetric representation): 


v ce -c& -—¢ =5; 
C 
10S ey eo 0c, es 
Ve) 2 1 3 ’ 
Cl C2 C3 0 —-pt 
S] 52 52 One ar 


SU(5) antidecuplet (antisymmetric representation): 


0 (oc top) —cf —st 
am 1 —C3 0 @ —cf —s¥ 
10=—=| @ -c; O —cf —sf 
v2 Cr ees ieee ee ONE ad 

a a a O SR 
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The third generation of leptons and quarks, which are represented by the isospin 
doublets and singlets, 


left-handed: 


right-handed: 


cal ae = 
—pl ’ be » TR 3 lo,R ; be,R ’ 
gi 2,R 


give the SU(5) multiplets: 
SU(5) quintuplet: 

S5=(b; by by Tt —vE)p , 
SU(5) antiquintuplet: 

Sane He ee 


? 


SU(5) decuplet (antisymmetric representation): 


0 tf tk th By 
1 —tf 0 ie —t, —b, 
lo=—=| t&& -t© 0 -th —b; 


7 
by bo b3 ct ) L 


SU(5) antidecuplet (antisymmetric representation): 


0 t -b -t© —be 
= , iss © 4 = =, 
10=—=-| % -t O -t& —Db§ 

2 ee 

PU Te 


This completes the classification of all known elementary fermions — with the 
exception of the t and the t quark. There are no positions left in the four SU(5) 
multiplets of each generation. Furthermore, particles which belong to different 
fermion families do not appear within the same SU(5) multiplet. This classification 
implies that the numbers of leptons and quarks of each fermion generation are in 
proper agreement. Thus we expect that for each flavour of leptons there is exactly 
one flavour of quarks (with their colour multiplicity), Above all, for the third 
generation this implies the existence of the t quark! 


ee SSS SS eS 
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9.3 The SU(5) Gauge Theory 


The gauge bosons belong to the adjoint (regular) representation of SU(S) with 
dimension 5? — 1 = 24. According to (9.18) the adjoint representation is generated 
by the product [5] x [5] = [24] + [1]. Indeed we know from quantum mechanics’ 
that mesons belong to the 3 x3 representation in the case of SU(3) and to the 4 x 4 
representation in the case of SU(4) flavour symmetry. The physical significance 
of this is that mesons are fermion—antifermion states, for example quark—antiquark 
states. Similarly the SU(5) gauge bosons can be considered equivalent to states 
of fermion—antifermion pairs, each belonging to the fundamental representation of 
SU(5). Hence it is logical to consider now the 5 x 5 representation for the gauge 
bosons. With the knowledge of the SU(3) x SU(2) content of the fundamental 
representations that we have gained in the previous section (see (9.29)), it is now 
straightforward to decompose the adjoint representation in terms of the SU(3) x 
SU(2) portion: 


Exo = (Gee Tame Gl a] 
= |[(Fste) +s, Oa] x 1s, 12) + ds, 0] 
= (H; x Os, I2) a ( 3, Ce) > (ila, 2) ie >< l) 


(9.41) 
= (Aa. 12) (13515) ats ( 33 Me) = (Gl, (Sp) 
+ (ls, LL J2) + (1s, 12) 
= (8,1) + G,2)+ G,2)+ (1,3) + 21, 1) 
Therefore the decomposition of the adjoint representation is 
[2415 = (8, +6,2)+6,24+0,34+0,) . (9.42) 


Since the gauge bosons of the colour SU(3) group the gluons, as well as the 
intermediate bosons and photons of SU(2) x U(1), are contained in (9.42) we can 
make the following assignments: 

There is a SU(3) octet of gluons Gia I 8) (sale 

There is an isovector of intermediate bosons W! ACP loos i) Oh, 29) 

There is an isoscalar field: the hypercharged nec ype? (ONE 

In addition, there are twelve more gauge bosons, tions to the represen- 

tations (3,2) and (3,2). These form an isospin doublet of bosons and their 

antiparticles, which are coloured. It is common to use the following notation: 


Ma de AGE AX, x2 X3 
3,2)= pe = 
3,2) G ef is @ alle (9.43) 


As we will prove in Exercise 9.5, the corresponding charges are O(X) = +4/3 
and O(Y)=+1/3. 


7 See W. Greiner and B. Miller: Quantum Mechanics — Symmetries (Springer, Berlin, Hei- 
delberg, New York 1992) 


9.3 The SU(5) Gauge Theory 


EXERC: i» ee aaa ee 


9.5 The SU(5) Gauge Bosons 


Problem. Evaluate the electric charges of the SU(5) gauge bosons. 


Solution. The gauge bosons of the SU(5) belong to the 24-plet contained in the 
[5] x [5] representation. Therefore the eigenvalues of the charge operator can be 
expressed as a sum of eigenvalues of the representations [5] and [5], in the same 
way as for the 10-dimensional representation in (9.34): 


14) _ ofl, gAl—+98)_gh) | (1) 


According to (9.25), the explicit form of the charge matrix is 


0 0 0 -$ -3 
0 0 O -} -4 
ei} 0 Oe -} -} (2) 
+4 +3 +7 O +l 
+4 44 +3 -1 0 


In comparison with (9.44) it becomes obvious that the gluons as well as the bosons 
W; and B (respectively, Z and the photon) are cocnle: Np neutral particles, whereas 
the X and Y bosons carry charges +3 and +4, respectively. 

Note that the “wave functions” a the [5] x [5] representation are constructed 
as a direct product out of the wave functions of the [5] representation, that is 


Yi 
bo 
3 ’ 
Wa 
Ws 


and of the [5] representation, that is (d1, $2, $3, ba, bs). The order in which the 
product is taken is essential. The product of the wave functions of the [5] with 
those of the [5] yields a scalar state 


vr 
: long, : 
[5] x [5] = (fi, b2, $3, ba, $s) | Ys | = DOG 
Wa i 
ws 


while 


3) 
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[5] x [5] = | vs | x (hi, b2, bs, ba, ds) 
Ws 
Ws 


vidi vido vids vids Vids 
v2o1 %rd2 rds trbds rds 
=| %3¢1 3d. W3¢3 Usd U3ds 
Yao: Pad. babs vada ads 
vs—1 Usd. Wsds Usda sds 
is obviously a tensor. 
The charge operator for the [5] x [5] states (pay attention to the operator sign” 
on the Q and to its absence!) is 


Ovid: = OW; by + Vi d,0%) = OM bide + vi oP 
2(OP 4" OP) bby = Ondi br 


For the [5] x [5] scalar, it follows similarly that 
OS? bib; = SG OF; + 6:0" !y;) 


=F + OMe =0 , 


because the charges QF) == ~—QP!, The scalar state carries no charge. 


SSS EEE eeEEEEEEe 


Now we proceed in full analogy to the gauge invariant formulation of SU(2); x U(1) 
of Example 4.8, but here for the case of SU(5). There the covariant derivative was 


/ 
By Oye hese an” 


Z 
f 
= 6, +154, 7 +128, F 
The 24 gauge bosons A (i =1, ..., 24) are conveniently represented by a5x5 
matrix. Employing the 24 generators \; of SU(5), we can write for the gauge-boson 
operator 
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| 2% 
i Dn hee | X5,, Gy 
Del — . 
=al---  ---  --- ta 
yey Sep X, | % wt 
w3 
Yip You Yap | Wi =H 
—2 
~-2 
B 
al = 9.44 
2/15 ; ot 


where the , are the familiar Gell-Mann matrices. Note that the singlet field B,, is 
required to couple with the operator Y (see (9.22)). The Gi, (a = 1,..., 8) denote 


the 8 gluon fields of SU(3), and W,,W,,W,),B,, are the W and B bosons of the 
SU(2)xU(1) standard model (see Chap. 4): 


1 
+ jer, 
Wes = an + 147,) 

The old fields 4/,,47,,4}, correspond to the new fields Pelee 2 eA 3), Tespec- 


tively. Particular linear combinations of W; and B,, (see (4.38)) describe the Z 
boson and the photon. These are 


A,, = cos OB, + sin OA? yu 
Z, = —sin@B,, + cos 0A? 
Mites i‘ and Y, i: as well as their charge-conjugated fields are new gauge bosons that 


occur in SU(5) and are not contained in the standard model. 
Relation (9.44) reads in detail: 


A 1 
Av = — 
J/2 
DG i = GS ee ee er @ C 
<a ea vin Ay) Ay, — 147) | Aa an 
ay Gee Ay , 4p 2B aro er @ C 
An ar 147.) Sp a ED vaiAn iA) | Xx, You 
1 45 Lege 1.347 2 48 _ 2B é é 
x At a 147) An i 1A,,) ~ [248 ER t X3, Yoh, ' 
Wa 3By wt 
Xi Xo XB, | Ve ee pb 
= Ww | 3B 
Fy ioe TBs | Wr Wee 
(9.44a) 


where 
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3 3) 
=, ' 
Il 
se Dil a ee 
We = An ae) ’ 
ll 9 + 410 CoS it 9 2 ile 
Xin = GELTUP) » X= eh ia), 


1 1 
Xo, = (A) + iAP), Xi, = 


V3 V3 


ieee 2 
p ~14,;) ? 


I 3 - 414 Cc 1 13 - 414 (9.44b) 
Kap = Tale + 14g) ? Han = gu = 1A); 


ae 
V2 


I 


1 : 
Y= —(4; + id?) ) a = 


15 + 416 
/2 (47; —14),) ’ 


I 


You a Ce ar idi*) ’ Gi = as = i4/*) ’ 
I : I : 
V3y, = wa ap iA?) 5 ie = ee aad id?) 


With these ingredients we are now in a position to make a prediction for the 
Weinberg angle, within the framework of the unbroken SU(S5). The essential point 
is that the gauge-covariant derivative of the SU(5), 


+f : 95 a ® : ~ 
iDy = id, + F 24 =i0,+954, , (9.45) 


contains only a single coupling constant gs. This is easily understood by analogy 
with Example 4.3, (5).8 From (9.44) we find that the coupling of the W bosons is 
given by 


0 | 0 
FE 0 | 0 
as oO | 0 (9.46) 
SS = ——— bh = 
0 0 0 | es. Wee, 
whereas the B boson couples to the hypercharge Y (9.23) according to 
5h Simen 
——\) 8 ee 
+ 5 V 5 Bu (9.47) 


To understand this relation let us consider 


® See also W. Greiner and A. Schafer: Quantum Chromodynamics (Springer, Berlin, Hei- 
delberg, New York 1994). 
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Se Wir = Wari te Wira ae Wits 
i 


1 a 
Witiw2 —-W} 
( ae ee) 
J2W, —-W; 
We y+ 
Zi 22 Mu 
_ th 
We 


By means of (9.45) and (9.44a) it therefore follows that, for the SU(2) submatrix, 


. | 
(asi) = +8 (- 1 --- | 
ye Wa 
| 
=+ an “e We “gas 9.46 
= S75 | + “3 ; (9.46a) 
= W 
| Wei =o 


which is the result stated in (9.44). Similarly the coupling of the B,, field is obtained 
from (9.44a) and (9.45), 


—2 
(+954 y)z,, coupling = T95 Same a 3 
3 
2 
3 
—2 
5 3 
= tis 5 ae 
1 
1 
_ 9 as a Ee f (9.47a) 
OS 2 


where we have used (9.23). 
The coupling of the fermion fields 7 is determined according to (9.45) via 


minimal coupling; namely 


Dy" Duh = PVG, + gsAy yb = PGI) + gb Auth 


The last term represents the interaction. In correspondence with (9.46) and (9.47a) 
it contains the coupling to the W,, and B,, bosons, namely 
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ee re = a8 
Lin = +9504, > (br | Swit S /2a,f |) 
i —__ 
W sector 


= (dr fos wih + & 30,7] 0) 


From a comparison with (4.96, 113), or Problem 4.8, (15), (note that in Chap. 4 the 
Wis field is denoted by Ai), the coupling constants are obtained. Those equations 
were obtained for the SU(2) x U(1) theory, with the corresponding gauge-covariant 
derivative Dy = i0, + or. Ay =e 1 YB, 

Thus, we identify the coupling constant g and g’ of the Glashow—Salam— 
Weinberg theory as 


3 
g=as , of = afta (9.48) 


Consequently the prediction of the Weinberg angle (4.103) within the SU(5) sym- 
metric gauge theory is 
Ge 3 


sin’ Ow = Paar 3755 a (9.49) 
Obviously this value deviates from the experimental result sin’ dee eS OOS. Tin 
order to understand the considerable disagreement, note that we have obtained the 
Weinberg angle on the assumption of an unbroken SU(5) gauge theory. In reality 
this cannot be the case, since we already know that the SU(2)xU(1) symmetry of 
the GSW theory is spontaneously broken by the Higgs field. 

To date, moreover, there are no experimental indications of the influence of the 
additional gauge fields X and Y. This fact leads to the hypothesis that these fields 
must have significantly larger masses than the bosons W= and Z°, that is to say, 
the SU(S5) symmetry is assumed to be realized only at very high energies. (As we 
shall see in the following sections, the corresponding breaking of the symmetry 
must happen at about 10!° GeV, in order not to conflict with the well-known life 
time of the proton.’) In other words, below the energy threshold of about 10!5 
GeV SU(5) is a broken symmetry. Only for larger energies it is exact. However, 
in quantum field theory the coupling constant g depends on the considered energy 
(or more specifically on the momentum transfer), as we shall discuss below. For 
energies lower then the mass of the X and Y bosons the energy dependence of the 
coupling is different for the particular subgroups SU(3), SU(2), and U(1), which 
consequently yields an energy-dependent Weinberg angle. Therefore it is quite 
possible that sin’ Oy = 0.23 for the lower-energy region experimentally accessible 
to date, whereas for very large energies sin? Oy can reach a value of 2, since the 
symmetry breaking can then be neglected. From this requirement a prediction for 
the mass of the bosons X and Y can be obtained that must be compared with the 
bound from proton life-time measurements. 


* Recently obtained experimental data require an even higher limit, so that the SU(5) theory 


in its simple form described above is ruled out. 


9.3 The SU(5) Gauge Theory 


In order to understand why the X and Y boson in principle can lead to the decay 
of the proton, let us consider, for example, the gauge field X, (= X)). According 
to (9.44) it couples to the 5 x 5 matrix 


000 0 0 
000 0 0 
WE = | 0 OC WI Oke. (9.50) 
1 0 0 0 0 
C0 007 0 
Applying this matrix to the elementary quintuplet of SU(5), we obtain 
a 0 
de 0 
icv de i — | 0 (9.50a) 
c. ae 
Ved OR 


The d© quark stands now in the position of the electron, that is the df quark has 
been transformed into an electron. To understand that the X, field can transform a 
d, antiquark into an electron, in diagrammatic representation, consider the reaction 


al 
(dr) er (9.50b) 
Q 
+5 . 
Many other similar processes are possible. Indeed, if we apply the M(X,) matrix 
to the decuplet eo of (9.37), we have 


0 Ke ae Se Sc, 
. —ul 0 ue —Up —d) 
M(X,) | uf —uf 0 --uy —d, 
Uy Up Ug 0 -—-et 
ae d, d, et On; 
0 0 0 0 0 
0 0 0 0 0 
=, | 0. 0 0 0 0 (9.51) 
0 uc —uf —uf —d, 
0 0 0 0 0 
Next we evaluate the interaction as follows: 
Tr{ opp} 
@ =H af @ 4, (iO seen mt 
cD iy ity dy D © 0 Oru 
= Ir it ut 0 tig ' 0 0 0 0 0 
—i, —ip» it, O @F Q we ayy =a, =e) 
an —d, See NO 0 0 0 0 /, 


ao] 
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Fig. 9.1. Feynman diagrams 
describing proton decay 
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= [0 + Gp)zug ec — (g)u(us x + 2*) L(G) X, (9.52) 


We shall justify this form of interaction in Example 9.6. The terms (9.52) corre- 
spond to the following diagrams: 


(d,);, er (us), (uy), 


(u,);, 


(9.5 1a) 


(uy), 


The first diagram is identical to the process of (9.50b) but for particles of reversed 
charge. The fundamental reason why the X boson can transform a u quark into 
an u antiquark is that it couples to the SU(5) fermion decuplet, which contains 
quark fields as well as their charge-conjugate fields. These differ in their sign 
of the baryon number (+1/3 and —1/3, respectively), and therefore the decuplet 
representation is not an eigenstate of the baryon number operator. For the Y field 
we find by similar considerations the processes 


(9.53) 


Since the X and Y bosons can transform quarks into leptons, they are sometimes 
also referred to as /eptoquarks. By combining the particular interactions between 
quarks, leptons, and X and Y bosons (leptoquarks), it is straightforward to write 
down several processes that describe the decay of the proton (see Fig. 9.1). Let us 
consider the first graph of Fig. 9.1 more closely. The annihilation of two u quarks to 
form an X boson (charge +4/3) is contained in the first term of the interaction (2.52). 
One should notice here that the u© field, a fermion field, annihilates u antiquarks 
and creates u quarks. The annihilation of the X leptoquark (charge +4/3) is similarly 
contained in the last term of (9.52). Note that fermion fields contain both particles 
and antiparticles. This is as in QED, where the interaction (by hyA yn, w being the 
electron—positron field, contains all the following processes 
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~ aes 


electron positron creation of annihilation 

scattering scattering ane oes Ol Glee ey tee 
pair by pair by 
a photon a photon 


All these processes have in common that the baryon and lepton numbers of the 
initial and final states differ by the same amount: AB = AL = —1 (the lepton 
number of the particles et and » is —1 by convention!). The SU(5) theory thus 
conserves the difference B — L, or in other words, (B—L) represents a conserved 
quantum number. The X and Y baryons carry the quantum number (B — L) = a 

Processes such as the transformation of a neutron into an antineutron, so-called 
N —N oscillations (by analogy with the oscillations between the states K® and K® 
due to the weak interaction), cannot therefore be described within the framework of 
the SU(5) theory. If the existence of such transitions is experimentally confirmed, 
the SU(S) theory must be rejected in principle. 


EXAMPLE 


9.6 Construction of the Lagrangian 


We now have the ingredients necessary to formulate the Lagrangian of SU(5) gauge 
field theory. First, we consider transforming the [10] representation under a unitary 
transformation 


OU = etig@ax)\7/2 (1) 
Here the gauge field obeys the transformation rule 


da 


Xs 
pe! 
2 


= U(x) ar + ; 0" Ul oer (2) 


The transformation of the wave function in the [10] representation is determined by 
taking into account that the [10] representation is based on the [5] representation, 


yl] — (wel @ a. ; (3) 
The wave function in [5] representation transforms according to 

we’ —~ Oyo), (4) 
or, in components, 

WP = UC) e (5) 


Thus we get 
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(u (xy ZP Ue) OP) — UR) YU )y vf) 


= Ux); (Ye vf) UG 
anti 
= U(x) jG! UR() (6) 
for the wave function in [10] representation. This can be written more concisely as 
wey — Oe ywOli'e) (7) 


where the superscript “t” denotes matrix transpostion. The covariant derivative is 
determined such that additional terms, because of the transformation of the gauge 
field (2), just cancel those terms that arise from application of the ordinary four- 
gradient to the primed wave function (7). To see this, we consider 


BON) = 8, (Ox )WayO'(x)) 
= (0,0) P)O'e) + Or) (8,08) Ox) 
+ U(x) Wx) (8,0%()) 
= U(x) (8,0 |e)) O'@) 


ie \a jat i 
+ U(x) {ig@ho we + vga, 0 | Ue (8) 


The expression in braces is compensated for by formulating the covariant derivative 
of the wave function in [10] representation as follows: 


ic x, 
Dy" = 6,w0l = 6h {anew aL wings : (9) 


The transformation properties of this covariant derivative under gauge transfor- 
mation (1, 2) can easily be derived: 


X \t 
Dy pgeay ES 0, uel os igs {ay euey a pease | 
= U(x) (0,0 xy) Ory! 
Z IG jat & 
+ U(x) {i000 if V9.0, 0475} U(x) 
: A ub Ab mM pAb pall f [10] 7° t 
a 195 aCe ld > qe Ge a OCC Gee iG) 
A A A \t ~ A 
+ UK) )O-"') jane + (0r05s)| a} 
6 [10]: a Xa [10] [10] 4a By art 
= U(x) On — 195 Ay © +wW 4 U(x) 


=U(a)D, Wl) (10) 
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If the Lagrange function is defined as 
ae she Du , (11) 
and (10) is used, we get 
{10}, __ FLO x77 [10] 
(elaey == Ihe Tae UN ATTA 
TT { (CWC (@)) OO) pul) } 
= ir {OMG yt Tay Oe) BUT xy} 
ee Ti (py Sel (12) 
The kinetic part of the SU(S) Lagrange function for coupling gauge fields to fermion 
wave functions in [10] representation is also invariant under gauge transformation 


(1, 2). In our notation the Lagrange function for coupling the SU(5) quintuplet 
wave function to the gauge fields 


c= 98 py) (13) 
In total we then get 
Oe We ES ARON eae higel (14) 


Note that D has a different form when it acts on W!0 (see (9)) and on Wl) 
(see (9.45)). In the following we will need the coupling terms of the interaction 


Lagrangian 


t 


. es 4 ee X 
Line = igTr |W" fa + igh ly, 000 ic) LO) Teg le SA (AG) 


Substituting the full expressions for the wave functions (see (9.28, 37, 44)) into L, 
we get (only the part connected to the X and Y bosons is of interest here) © 


0 ug —us —-% —d, 

ia —uf 0 uy ty ay 

5 = — as ee 

Lim = sme ne = in 0 —Uc —d3 
ot m (0 =e 


0 0 O LG ye 0 ie Si 

OO MRI ae ee —ul 0 uf -m —-d 

x 0 0 O ae ie ie —ut 0 —u, —d3 
Xx X2 X3 0 0 uj ug U3 0 Se 


Example 9.6 
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0 uf -uF& -u —d, 

—uf 0 te —u2z —d 

de U5 —ut 0 —u; —d3 
uy u2 U3 0 C 


— a d d a e& ve) 
Oren OO Xe ae dy 
C0 Ome re dy 
xo)]) Oa 0 eo 6 a: (16) 
X XxX) X3 0 0 eo 
ae ee 0) =e 


Carrying out matrix multiplications gives 
Lim = =o) Oe WE XE a = Te es — OX 
V8 

ae uCXxe 2 + ucX, C uz — uc Xe U3 
sF m3X2ul _ mX3ul — 3X, uy 
+m Xsuy + mX\usy — mX2ul 
+ ul VE dy — ul VE dy — ul VE dy 
+ ul VE dy + ul VE dy — ul VE ds 
sf dy Yout _ da, Y3ue =a ue 
— Yup — ds Yiu + as¥2ul 


+5" (wY;re° +e Yiu) 
§ 


— (Gxfer + eH a,)] (17) 
di 


To make this expression more readable, we have left out the Fe 
X= yX" and ¥ = WY". 

Using the relation (@°Xfu;)* = %j;X,uC, which we verify (explicitely taking 
the matrices into account) through 


yman “dagger” in 


EXE wy)" = Cul yoru) XCM 
= (Hoy), Ue x" 
= (jy? xX" 


y 


and the antisymmetric tensor in three dimensions, €j,, we get 
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Ce |-ein (aiXeul)” — ex (T:XUuL) 


V2 
— ey (a: Yeu)” — ei (a: Yeu’) 
~ (8% dy)" — (8X) + (Yy)* + (Yu) 
_ igs 
V2 


If we stress the point that fermion wave functions originate from left-handed or 
right-handed multiplets by adding an index L or R, respectively, this expression 
reads 


|(e°Xjaj)” + (Xd) — (HEY 4)-— (HY G)] 8) 


ig ne a 
Lint = 5 { +24: (wiLXiu,) ae (e€Xdy1) 


haat (eXidn) a= See (div Yeu) 
= (ef Yiu) i (GY dn) +h.c.} . — 


here h.c. signifies the Hermitian conjugate of the preceding expression. 


RL ——— 


9.7 Colour of the SU(5) Gauge Bosons 


Determine the colour of the X and Y bosons. 
The 24 gauge bosons of the SU(5) group result from the direct product of the 


fundamental SU(5) quintuplet with the fundamental SU(5) antiquintuplet: 
5 = (di, d,d3,e+, —v2) ’ 

© 40 76 = () 

5 = (dj 1d, ,d3 »€ pave) 


The fundamental quintuplet contains quarks that carry colour whereas the anti- 
quintuplet contains the respective antiquarks carrying anticolour. If we perform the 
direct product 


dy 
dy 
[5] x [5] = ds x (Ghee ENTE —Ve) 

et 

—vo 

dydt d\de d,dg d\e— —d\Ue 

dod dade dod¢ doe —d2Ve 

= adsdt d3dv d3d¢ d3e” —d3Ve ; (2) 

Cd eee nc (ene cm Een 
—vede —yed& —yCd& —vee7 —Vov, 


we formally obtain the matrix of the gauge bosons, which we have already seen 
in (9.44). Now we can directly extract the quantum numbers of the bosons from 
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Problem 9,7 


this representation. We see that, e.g., the upper 3 x 3 matrix must contain the QCD 
gauge bosons whereas the lower 2 x 2 matrix contains the gauge bosons of the 
SU(2). The remaining two 2 x 3 and 3 x 2 matrices contain the new X and Y 
bosons. Comparing this matrix with the defining matrix in (9.44) we find that the 


Xj, and Y;,, carry anticolour, and the charge-conjugated Xe, and Me carry colour. 


T 
From the group-theoretical point of view this becomes apparent when reducing 


the product [5] x [5] into its SU(3) x SU(2) subgroups. 
[24]s = (8, 1) + 3,2) + (3,2) + (1,3) +1, D 


The multiplet (3, 2) contains the X, Y-bosons carrying anticolour, and the multiplet 
(3, 2) its antiparticles, which carry colour. 


9.4 Spontaneous Breaking of the SU(5) Symmetry 


We have already mentioned that SU(5) symmetry, if it exists at all, must be broken 
strongly, since quarks and leptons are entirely different particles under normal 
conditions and cannot be transformed among each other. The leptoquarks X and 
Y must have huge masses, which have to be much larger than the masses of the 
weak gauge bosons Wt, W~, and Z°, since the transformations of the neutrino and 
charged leptons or of quarks of different flavours mediated by those particles are 
easily detectable. 

Symmetry breaking of the SU(5) gauge group must be done in two steps: first 
from the combined group SU(5) to the product group SU(3)c x SU(2)z x U(1)y, 
“C” denoting colour, “L” denoting the weak isospin of the left-handed particles, 
and “Y” denoting (weak) hypercharge; and secondly the symmetry breaking of the 
Glashow—Salam—Weinberg theory must lead from the group SU(2); x U(1)y to the 
electromagnetic gauge group U(1)gm. Altogether the scheme of symmetry breaking 
is 


su(s) SUF suaye x SUD x UDy (9.54) 


GSW vU(em 


Only the gauge group of colour SU(3)c and U(1)em remain unbroken, since the 
gluons!” and photons are massless. We will describe symmetry breaking as usual by 
scalar Higgs fields with a non-zero vacuum expectation value. The first symmetry 
breaking, denoted in (9.54) by “GUT” (grand unified theory) can be accomplished 
by a Higgs-field multiplet transforming under the 24-dimensional adjoint represen- 
tation of SU(5). In the second, denoted by “SW”, we shall use a Higgs multiplet 
HT of the fundamental representation of SU(5). We start with the 24-fold Higgs 
field @ = ye) oi A;. More precisely ¢ is the Higgs-field operator. However, the 


' As no free gluons are detectable, this hypothesis is hard to prove experimentally. It is 
certain that the rest mass of the gluons is considerably smaller than 100 MeV. A mass 
much less than 10 MeV would probably not be detectable at present. 


9.4 Spontaneous Breaking of the SU(5) Symmetry 


short name Higgs field is commonly used. In order not to break the SU(5) gauge 
invariance of the Lagrangian explicitly but only “spontaneously” (by fixing a cer- 
tain vacuum expectation value of the Higgs field), the Higgs potential can only be 
built from SU(5)-invariant functions that can be formed from powers of the Higgs 
field. All of these invariants can be written as Tr{ 3" }, since the trace of a unitary 
matrix does not change under a unitary transformation. Since Tr{4B} = Tr{B.4} 


Tr{é"} = Tr{(Od0'ty"} = THOSOtO dU... Od07} 
=Tr{U¢'U'} = Tr{Ut10¢"} = Tr{d"} (9.55) 


holds for every unitary transformation U. Under the assumption that V(¢) does 
not depend on the sign of ¢ and is built only from powers up to order four (like the 
Higgs potential in the GSW theory), the most general form of the Higgs potential 
its 


V(b) = Swed} + Screg ye + THB (9.56) 


Again we have chosen the coefficient of the quadratic term to be negative, so that 
the minimum is not at od = 0 but the symmetry is spontaneously broken. Under 
the assumption that a > —75/154, b > 0 we shall show in Exercise 9.8!! that the 
minimum of the potential V(4) lies at the field configuration 


—v 
3 —v 
do = ene = —v , (9.57) 
du 
3y 
where 
1/2 
oie 

SS : 9.58 
: (ws <E a) 


Certainly any other gauge-equivalent field db = Ud¢oU—! leads to the same value 
of the potential. We have chosen the diagonal representation for convenience. The 
value of the potential at the minimum is 


; 15 
A) ne (9.59) 


Relations (9.57—59) will be calculated in Exercise 9.8. 


11.4 detailed discussion of possible symmetry breakings of SU(5) theory is given by M. 
Magg, Q. Shafi: Z. Phys. C 4, 63 (1980). 
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9.8 Minimum of the Higgs Potential 


Problem. Show that 


a, = 2y (28 iz 
oe 2 \gisaerre 
is a minimum (up to a gauge transformation) of the Higgs potential 
A ] A q a b f 
V8) = — 5 THB} + SPY? + STH G4} (1) 
if b > —(15a/7), and show that V(¢9) < 0 holds. 


Solution. As V (p) i iS gauge invariant, we can choose a certain gauge for the Higgs 
field. We can use a diagonal 5 x 5 matrix for d because every unitary 5 x 5 matrix 
can be diagonalized by a unitary transformation. Formulated in group theoretical 
language, every element of the SU(5) Lie algebra can be rotated into the Cartan 
subalgebra of diagonal generators by an appropiate SU (5) rotation. The Cartan 
subalgebra of SU (5) i is spanned by the operators Ne. Ne Ay = 73 and doa = =Y.A 
general ansatz for $o is 


nw ~ a Bred 15 ra 
@ = a3 + BV3Ag + yA03 + iG 
a+@—-6 
—a+ 68-6 
= —20—6 (2) 
7 + 36 
—y + 36 
By explicit evaluation we obtain 
Tr{d?} = wa + 6 - 6) +(-a + 6 - 6 + (28 +5) 
3 3 
ae OG 
2 2 
15 
=2a 469 +2) os (3) 
and 
Tr{d"} = (a + 6-6) +(-a + 8-6) +026 +5) 
on ee, 
eo) 539) 
105 
= 2a* + 1864 +2444 = 6 + 12a7(@ — 6) 
+ 27775? + 24675 + 366762 (4) 
The extrema of the potential V(d) are fixed by the condition 


OV /Oa = dV /86 = AV /dy = AV /06=0 , (5) 
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Successively we get 


las oe =e 2aTr{¢"} + 4b(c? + 3(6 — 6))] (6) 


QO = = = 
Oa 


and hence 


a = 0 ) (7) 


and then 
OV 


@B\. = B[—-6u? + 6aTr{¢"} 


+ 36b(8? + 66 + 6°)] (8) 


with the solution 


Po=0 , (9) 
and 
aV 
ms = 4[-2p° + 2aTr{¢?} + b(4y’ + 2767) (10) 
ay, a—3—0 


with the solution 


oan. (11) 


Finally we obtain the condition 


15 
= Fo 2! Ge ee Oe (12) 


A choice of 6 = 0 would lead to the trivial solution dbo = 0, so that we choose the 
second possibility, 


27 
2 - (13 
50 15a +7b A) 
For 
15 
b> mere (14) 


this is a solution of (5). With Y= YE Y (see (9.23)) we obtain under condition 
(14) the vacuum expectation value 


V15 ~ 


bo = 6--¥ = [2u2(15a + Toy>F ; (15) 


We calculate the second derivative in order to show that we have obtained a 
minimum of the Higgs potential: 
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2 
Exercise 9.8 = — 2-447 + 3(15a + 7b)6) 


a=S=7=0,6=89 
15 
= | (-2? + 6p") 
=15>0 . (16) 


So, assuming that (14) holds, we have obtained a minimum. If we insert (13) into 
the potential, we get 


: i) 15) eee soe ees ee 
ge ee 
V ($0) 5h 7 00 + AUG OY + 5G 0 
15 ils 
Sel See 
ee ee 
( A H?) 0 
| ye 


bet 7 
MGGE I) >) 


hence the minimum is smaller than V (0) = 0 if condition (14) is fulfilled. 


The type of symmetry breaking by the Higgs field do is given by (9.57) directly. 
Since ¢p is a unit matrix with respect to the first three and last two rows, all SU(5) 
generators Mis ae Ne of the gluon fields, the generators of isospin Ao = Fle Sn = 
72, he = 73, and of course the generator of hypercharge dog = Y commute with 
go. On the other hand, the generators of the leptoquark fields X; and Y; incorporate 
elements mixing the colour and isospin degrees of freedom and hence do not 
commute with 9. Thus the gauge fields X; and Y; obtain a non-vanishing mass 
and the SU(5) symmetry is broken spontaneously to SU(3) x SU(2) x U(1) with 
massless gluons and W and B bosons. 


AS SSeS eeee 


9.9 Kinetic Energy of the Higgs Field 


Problem. Show that (9.60) is equivalent to the representation of the kinetic part 
of the Lagrange function 


LE” = (Dydi)' (D"di) (1) 


where D,, = 0, — igs, denotes the well-known covariant derivative. You may 
use the regular representation of the SU(5) A matrices, 


Solution. The regular representation of the \ matrices is defined by 
Aids = Cynde (2) 


where the coefficients Cj, are the structure constants of the SU(5) algebra, 
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Dil Cie (3) 
We use the Einstein summation convention. Furthermore, we have 
A il i a x 
Ap = zAuara ’ Q = Para : (4) 


Applying this to the Lagrange function (9.60) gives 
heel pee Ra Ae a 
LE = Tr] (Ou8 + igsldy, dl) (O"9 + igsta”, 1) } 
1 t 
= 5Tr{ (a, d HOe Se i954 podboL Xa, isl) 
x (aK di + si9sAibetd 3) \ 
1 
= 5Tr{ (a, y cPe + 71954 ua Ps Creek .) 


, i : 
x (a5 oP zi954i $) Cine) \ ; (5) 
We evaluate the trace by assuming the \ matrices to be Hermitian 
TO) = eee (6) 
The factor ; cancels, and we are left with 
(kin ! 
Lo — (a Pe + Fi9sAads Cate G Pe + 51954; oj Cie] . (7) 
This expression can be rewritten using the definition of the regular representation. 


Taking into account the antisymmetry of the structure constants under exchange of 
two indices, we get 


boCabe = $6(—Cach) = Nabe . (8) 
This yields 
. t ~ 
Ly ( Babe ~ 5i9sAa he 6c) (a6. 3 sisAt be) | 
= [(8n —igsdy) be]! |(0" -igsd") de]. 9) 


This last equation displays the relation already known to us. 
a —————————— eee 


Now we shall examine the mass terms of the leptoquarks in detail. Their origin is, 
as usual, the gauge-covariant derivation in the kinetic energy of the Higgs field, 


LE = STH{(Gud + igst4,, dD'OHS + isl, OD} sy, 


As the Higgs field db and the gauge boson fields A pare part of the same represen- 
tation of SU(5), the matrix notation in (9.60) is natural. Thus the mass term of the 
gauge fields is 
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1 a 8 nk 
Li? = 59 T{14,, o}'t4”, dol} 


~ ao THA, iil! wall (9.61) 


where we have inserted (9.57). Denoting the eigenvalues of the matrix Y by y; 
Oi = vib, Vi = ¥2 =3 = —2/3, v4 = ys = 1), the matrix element is 


[AY Pie = Aleve — vid — vid = Oe — AR (9.62) 
and thus 
Tr{[Ay, YA", YY} = SoA, PIL", Pe = S- ARP OR —y:)? . (9.63) 
i,k i,k 


Only the pairs (i, 4) where y; and y, are different contribute to the sum. These are 
i =1,2,3 and & = 4,5, and their permutations. |y, —y;| = 5/3 holds in each case. 
We obtain the following mass term 


25 
Lp = 795v (larg? + lagal? + ASQ? + Lg)? + L495)? + |43s/°) . (9.64) 


Comparing this with the matrix of the gauge bosons (9.44) shows that Lj, contains 
the icptoquark fields, so that the mass term has the form 


Le = Mg >> AMP +e > ly? (9.65) 
Jann) i=r,g,b 
with 
Rea) eae (9.66) 
xX = My = a : 


It is important that 44, = wx" and that there is no factor ; in) (9.65) esince 4 


and Y," are complex fields. Indeed, we recall that for complex fields the mass term 
in the Lagrange density is simply M?¢*¢, because the variation after @ or d* is 
performed independently, so that the wave equations finally contain the terms M*¢ 
(in the wave equation for 6) or M*¢* (in the wave equation for ¢*). 

Now we shall examine the second part of the symmetry breaking and transfer 
the Higgs mechanism of the GSW theory to the SU(5) theory. We choose a Higgs 
field H, transforming under the fundamental 5-dimensional representation: H = 
(A), h2,h3,h4,hs). If we simply chose a Higgs potential 


V(H) = — SHH) + “(tay ; (9.67) 


as in the SU(2) x U(1) theory, the vacuum expectation value Hy would have the 
value 


hp = \/ (id Ho) = z (9.68) 


in an arbitrary direction. All choices 


9.4 Spontaneous Breaking of the SU(5) Symmetry 341 


See ee eee a ee eee 


HE = he , HO =n (9.69) 


So eo 2 
So © ©& 


would be equivalent. But as SU(5) symmetry is already broken to SU(3) x SU(2) x 
SU(1), the different possibilities would lead to entirely different physical conse- 
quences. While He or ae would lead to the desired breaking of SU(2) symmetry 
(last two components), ae vont would break the SU(3) symmetry in the first 
three components, which is undesirable, since the gauge group SU(3) of the strong 
interaction appears unbroken. 

The solution consists in incorporating into the Higgs field H the fact that the 
Higgs field d has already broken SU(5) symmetry, and thus the colour and isospin 
degrees of freedom already have different meanings. We can achieve this by adding 
a term to the potential (9.67) coupling both Higgs fields é and A in sucha way 
that the matrix structure of the vacuum expectation value do is taken into account. 
Under the usual conditions (the interaction must be at most quartic in the fields, 
invariant under change of sign and SU(5) invariant) only 


Vou = GH'P?H (9.70) 
is reasonable. The other possibility, 
emo Hirst) (9.71) 


does not allow a coupling of the direction of the H field to the matrix structure 
of db and hence will not be considered further. As the difference of the scales of 
symmetry breaking of the fields d and H is expected to be large, we simply insert 
the vacuum expectation value do of (9.57) into (9.70) and neglect any effect of H 
on do. 

The total potential of the field H we want to minimize is 


2 
Vee(H) = V(H)+Vexn(H, bo) = Ht (-4 + zor?) H+ SutHy (9.72) 


The matrix in the square term is given by 


so that for 8 < 0 the last two components shift H away from H = 0 most strongly. 
This means that the additional potential Vy gives for every direction of H another 
effective value for the parameter v in (9.67), which takes into account the coupling 
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to the ¢ field. Comparing with (9.68), we can see immediately that the absolute 
value of the vacuum expectation value i takes the values 


A® = ./(W2 —26v2)/X for i =1,2,3 , (9.74a) 
ni = [2 + Foy) =a. (9.74) 


The corresponding values of the potential are 


—(v? —26v’?/44 , i =1,2,3 


ee ts a 


Vidi.) = { 


Obviously for 6 < 0 the directions i = 4,5 are preferred. Hence we choose 6 < 0 
and use in the following 


hy = (2 = 560) a (9.76) 


A choice of direction among the last two components has no physical importance; 
we set, following a general convention, 


0 


SS 


Hy) = H® = ho (9.77) 


So 


1 


The Higgs field H creates the mass terms of the bosons Wt, W~, and Z° by 
coupling to the gauge fields in 


iny 1 mas 7 
i 5(OuH — igsA,H)'(O“H —igsA"H) . (9.78) 
Using (9.44) we obtain 


1 athe 
La(H) = 593(H) 4,4" Ho) 


I Dae, c € © l ° ‘ 
= —gth Woes Wilees Wes wi* = w —— /%} 
495 3 ye 22 3 Sain 9 mg Ve Lb ac LU 


2 
l ‘ - 1 3 
= 495% SS Vial, Wee 5 [we /30") (9.79) 


where we have used Vee = Y/". As v > ho the contribution to the masses of 
the Y bosons can be neglected, compared with the term in (9.65) (but breaking the 
degeneracy of Mx and My!) and the only interesting term surviving is 
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a 
Hy 1 1 5 2 
ya: Ve qIsho WE Wy at. 595M (ims _ ier) 
1 
=MyWEW + Me ZhZ, (9.80) 


The factors V3 = cos Ow and V3 = sin @w in the second term are, according to 


(9.48), just the proper mixing coefficients of the Wj" and B¥ fields (see also (4.97) 

and (4.98)!). Hence mixing of the two neutral boson fields W/ and B“ occurs as 

desired, and the ratio of the masses of the neutral bosons is 
MoS 


=~ =1—sin’ Oy = cos* bw 


ME 3 (9.81) 


if we take (9.49) for the Weinberg angle into account.. We conclude that the Higgs 
mechanism allows a breaking of SU(5) symmetry, reproducing the phenomenology 
of the SU(2) x U(1) gauge theory of electroweak interaction. 

Finally we want to point to a conceptual difficulty. Since V (do) is large (about 
10'5 GeV, as we shall see in Sect. 9.5), the parameter @ in (9.76) has to be chosen 
very small, in order that ho has the value required by GSW theory (about 250 GeV). 
This “fine-tuning” of the Higgs-potential parameters is not appealing and leads to 
problems in quantum field theory, where the parameters of potential have to be 
renormalized. This problem is related to the large difference between the scales 
of symmetry breaking. Several solutions have been suggested, but a conclusive 
answer to this problem, which is often called the hierarchy problem, is not yet 
known. 


9.5 Determination of the Scale of SU(5) Symmetry Breaking 


In Sect. 9.3 we saw that the coupling constants of gc, g_, g’ of the SU(3)c x 
SU(2), x U(1)y gauge theory are determined by the coupling constant gs of the 
unified SU(5) gauge theory (see (9.48)): 


3 
w= a=as » aay tes (9.82) 


We describe the coupling to the gluons (that is, to the colour fields) by the coupling 
constant gc (the index C denotes colour). The ratio g’/g, determines the Weinberg 
angle (9.49).'2 But there is a problem, because the experimentally determined 
values 

\ [oman i 4 

gc =e/sinOyw ~ 0.65, (9.83) 

g =e/cosOw ~ 0.34 _ , 
do not coincide at all with the (9.82). However, as we shall soon see, this ‘prob- 
lem’ turns out to be a means for the determination of the energy scale of SU(5) 


2 Here we write for the sake of clarity g. instead of g for the coupling constant of the 
isospin gauge group SU(2).. 
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symmetry breaking. To understand this remark, we need to refer to a result of the 
quantum theory of gauge fields. In this theory! it can be shown that the value 
of the experimentally determined coupling constant depends on the energy — more 
precisely, on the square of the four-momentum — at which the process is measured. 
In the framework of quantum field theory one has to take into account the effect 
of vacuum polarization during the exchange, in addition to the direct exchange 
of a gauge boson between two fermions. The vacuum polarization is described as 
the virtual creation of a particle—antiparticle pair, either of gauge bosons, or of 
fermions (quarks or leptons). 


YX OL -OX- 
a) b) c) 


Fig. 9.2a—c. Diagrams for direct exchange and vacuum polarization. (a) describes the direct 
exchange of a gauge boson, (b) contains an additional polarization ring due to the interaction 
of the gauge bosons among themselves and (c) contains an additional polarization ring due 
to the interaction between the gauge bosons and the fermions 


Since the probability for the creation of such a virtual pair depends on the 
transferred four-momentum gq’, the experimentally measured effective coupling 
constant is g* dependant too. Furthermore the computation of the “running coupling 
constant” leads to infinitely large terms. This behaviour is commonly called the 
renormalization of the coupling constant. For energies above the threshold for the 
symmetry breaking, the SU(5) gauge theory guarantees that the coupling strengths 
of the SU(5) gauge fields change with g* in exactly the same manner for all fields. 
On the other hand, in the event that the energies are lower than the breaking scale, 
X and Y bosons can no longer be easily created as virtual quanta, since they have 
non-vanishing masses. Consequently the the coupling constant of the still massless 
gluons and the coupling constant of the W and B bosons have a different ae 
dependence. 

In general the functional dependence of the coupling constants is logarithmic 
in q* (as we shall see in Example 9.10): 

1 1 G- 
ata) a) SPR 


where M is an arbitrary point of reference on the energy scale. Furthermore, 


(9.84) 


_ 
4n 


an (9°35) 
is a kind of fine-structure constant in analogy to em in QED and the b; are numerical 
constants which specifically depend on the gauge group considered and on the 
number of coupled fermions. For example, if we assume Mg generations of lepton 
and quark doublets (where most likely ng = 3, since this is the number of neutrino 


' See W. Greiner and A. Schifer: Quantum Chromodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 
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flavours contributing to the to Z° decay, see Example 5.3), we obtain for the non- 
abelian gauge group SU(n) a general expression for the constant 5; 


lin —4n 
(i ee = 
12m s- 
and therefore for the colour gauge group SU(3) 
33 —4n 
and for the isospin gauge group SU(2) 
11—2n 
bp = -———~ . 
iL Ee (9.86b) 


In the case of the abelian gauge group U(1) the term proportional to n, which 
describes the self-interaction of the gluons, does not contribute and the coefficient 
of a U(1) group is generally 


1 
=a 
ae 
Note that the running coupling constant here shows a different asymptotic behaviour 


than for the SU(3) with ny < 33/4. For the gauge group of the hyper-charge we 
obtain (if we relate all coefficients to gs)!4 


i ee) eee 
b =3 39 ge : (9.86c) 


These results are derived from quantum field theory.'° 

For the following considerations we shall choose the point of reference on the 
energy scale such that it determines the energy at which the SU(5) symmetry is 
spontaneously broken, that is, the mass of the X and Y bosons is M = Mx © My. 
With this choice, at g* = M? the coupling constants gc, gi, g’ satisfy the relations 
valid for unbroken SU(5), namely 


ac(M2) = a (M?) = Sal(M?) (0.87) 


If the quantities ac, a, and a’ are known at a particular value of q* (for exam- 
ple, gq? = Mé, = (100 GeV)*), it is always possible to choose the energy scale 
M2? of symmetry breaking such that one of the relations (9.87) is satisfied. We 
question whether the other relation is fulfilled simultaneously or not, therefore, is 
an important test for the concept of the unified gauge theory of all interactions. 

In order to check the validity of (9.87), we proceed in two steps: first we 
determine M by comparing the coupling constant of the electromagnetic interaction, 
which is composed of ay and a’ (see (9.83)), 


14The coefficients by and b’ neglect small contributions from virtual loops involving Higgs 
bosons, which contribute — 1/247 in each case (see e.g. M.B. Eichhorn and D.R.T. Jones: 
Nucl. Phys. B196, 475 (1982)). See also Sect. 9.7. 

15 See W. Greiner and A. Schafer: Quantum Chromodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 


345 


346 9. Unified Gauge Theories 


; ; p2 oe 
sin’ Oy + cos*Oy = =~ 4+—5,=1 , 


and therefore 


4 1 1 1 
pa gran(St+a)=2+5 
ae GK Sg ap a 


By means of (9.84) and (9.86b,c) we can infer the g? dependence of a: 


1 1 1 
—— ee SS + ———— ee 
aq?) arg?) = a’(q?) 
a + on (5) 
~ ap(M2) * al(M2) 7 St M2 
1 qe 
Sy eS 
HUE) WE 
where 
33 — l6n 
— f a g 
b=b, +b Snipes oe 
and 


1 1 1 
a(M2) ay (M2) a a!(M2) 


On the other hand, (9.87) requires that 


1 oi i! eM 
a(M?) ~ a(M2) * aM) ~ 3ac(M 


(9.88) 


(9.89) 


(9.90) 


(9.91) 


Hence, the values of the constants a and ac at any other value of q° are determined 


by the relation: 


1 8 1 8 q° 
— = = (5 — =b¢ ) in 
a(g?) 3 ac(q?) ( 3 c} "We 


(9.92) 


Note that the right-hand side of (9.92) is independent of the number of fermion 
generations ng. This property is quite useful since we do not know for sure how 
Many generations exist within the gap between presently accessible accelerator 
energies and the energy scale of the unified theory. We shall now use (9.92) for 
the determination of the point of reference on the enrgy scale. The value of ac for 


q° & (5GeV)’ is well known, namely 


ac((5 GeV)”) + 0.175 + 0.01 


(9.93) 


Using (9.84), we may extrapolate up to the energy scale of the electroweak theory, 


q° = (100 GeV)? = My 2, and obtain, with Noa 3. 
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1 ee. ere (5 GeV)* 
ac(SGeVP) — ac(M?) "°°? 
oe My 
acMy, = ac(M 2) a be Hu M2 
- l (5 GeV)’ MY, 
= = ae, oe = be 2 yi 
1 M2 
hela —— 
ome (cat) 
and with ng = 3: 
ac(M¥y) = ac((100GeV)?) + 0.11. (9.94) 
For the electromagnetic coupling constant we find in QED:!® 
1 at. 
aq?) ae 30 7a ee 
and therefore, for g? = M%, = (100 GeV)’, 
1 1 1 ee te 
ss la—< 
a(Me,) a0) 3a > ae a | Ge) 


where e; and m,; denote the charges in units of the electron charge and masses of the 
light fermions, respectively, and 1/a(m,) = 1/a(0) = 137.036 is the Sommerfeld 
constant. Taking into account the flavour degree of freedom for the quarks, which 
gives a factor of 3, we find that 


1 
a(M¥,) 
The mass scale M is evaluated using (9.92): 


1 8/3 
mes exp | Sa" es) 


= 74x 10@GeV . (9.97) 


~128 . (9.96) 


Obviously the reason for this rather large value is the slow, logarithmic dependence 
of the coupling strengths on the momentum transfer q, which is itself connected to 
the renormalization procedure of the gauge theory. Therefore this exorbitant value 
of M is not a specific feature of the SU(5) model but is to be expected within 
the framework of any gauge theory of unified interaction. Having determined M 
we are now in position to check whether the relation between a, and a’ (9.87) is 
fulfilled at g? = Mw? and how well it agrees with experimental data. 

In terms of (9.83) the ratio of g’ and g, can be expressed as the tangent of the 
Weinberg angle 6. Supposing that the relation (9.82) also holds for the energy 
values of the unified scale M, we can therefore test whether the experimental 


16W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994). 
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value of the Weinberg angle at gq? ~ Mj, is predicted correctly by the SU(5) 
theory. According to the second equation of (9.83) we have 
9(q7)  ar(q?) 
Using (9.88), the denominator can be expressed as 
oe ll 1 
an(q?)  a(q?) aq?) 
and therefore 


1 a Soe] 
Lea i +3 (4-3) (9.99) 


a, 8ar(q2) 8aL(q2) 8a, 8 ay 


sin’@w(q*) = 


Hence we obtain 


3 : 5 3 
sin?@w(q?) = 5 + SS ec 7 ze) | ae) 


Because of the relation (9.87), the expression in parentheses vanishes for Ge IVE, 
To exhibit the explicit g* dependence we use (9.84), which yields 


3 Z 5 3 2 
sin’Ow(q?) = = + ete) ( ) Gh = OM 


8 8 ay(M2)  a/(M2) 
aca.) ed 
=> +4+—*+(5b, — 3b’) In 
ee 
3 ap) 2 Ga 
ee —- 9.101 
Gree re Ca, 


Here we have used (9.87), verifying that 
3h! = S27) at 3x 5ng _ 55 


as 67 Or 67 


For q? = M? we recover the former relation (9.49), valid for the unbroken SU(5). 
However, with respect to the energy scale of the electroweak interaction, g* ~ 
Mw ?, we obtain with (9.96): 


sin’Ow(Mz,) + 0.206. (9.102) 
This does not quite agree with the experimental value 
sin*Oy” = 0.2325 + 0.0008, (9.103) 


but is sufficiently close to represent a remarkable quantitative success of the SU(5) 
model of unified interactions. 

Let us consider the connection between the coupling constants from a different 
point of view, by extrapolating from presently known values (at g? ~ (100 GeV)*) 
up to larger energies, via (9.84). As illustrated in Fig. 9.3, the three lines 2a'(q?), 
ax(q*), and ac(q?) meet at a single point, g2 ~ (10!5 GeV)’. Indeed, this result is 
an important condition, allowing us to describe all three interactions by a single, 
unified gauge group. For gq? > (10'5 GeV)? the SU(5) symmetry is effectively 


9.5 Scale of SU(S) Symmetry Breaking 


349 


unbroken, since the X and Y boson loops also give sizeable contributions to the 
vacuum polarization, which causes the g? dependence of the effective coupling 
constants. Because of the underlying SU(5) symmetry, all coupling constants “run” 
in the same way when q? >> M2, MG; that is to say for g? > MZ, M2, there is, 
in effect, only a single running coupling constant as(q*). Because of the large 
number of “additional” gauge bosons (X and Y), the g? dependence becomes 
much stronger: 


1 1 


3 
q ® 2 az2 
ia ee ee ec 
as(q2) as(M2) + bs "Ve (7 > Mx, My) ’ 
with 
55 —4n 
eo aa 
; 127 


Around q? = MZ, M@ there is a transition region, where the three different coupling 
constants a’, a, and ac merge into a single one, a5, as shown in detail in the 
insert of Fig. 9.3. Figure 9.4 exhibits the dependence of the effective mixing angle 
Ow of the GSW theory SU(2)xU(1) with respect to the energy, starting from the 
measured value sin’?@y = 0.22. Obviously the curve almost coincides with the 
predicted value 3 at 10'° GeV. This agreement between SU(5) model predictions 
and experimental data is remarkable. Although the agreement is not precise, it is 
hard to imagine that these results are completely coincidental. 
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Fig.9.3. Behaviour of the 
coupling constants a’, a, 
and ac as functions of the 
energy. The three lines coin- 
cide at g* = (10'° GeV)’ 


350 


9. Unified Gauge Theories 


Fig.9.4. Behaviour of the 
mixing angle between the 
photon and Z° boson (Wein- 
berg angle) as a function of 
the energy 
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9.10 The Running Coupling Constant in Quantum Field Theory 


When performing the transition from a free quantum field theory to a quantum 
field theory containing interaction we find that divergencies appear in higher-order 
perturbation theory. These divergencies are isolated in the framework of the renor- 
malization programme and are subtracted from the physical parameters of the theory 
in such a way that these parameters retain a finite value. The divergencies are re- 
garded as self-energy and self-charge of the quanta due to their intraction with their 
own field of radiation. We have to keep in mind that self-energies and renormizable 
divergencies also appear in classical electrodynamics. The process of renormaliza- 
tion in quantum field theory is unequivocal apart from finite renormalizations. For 
example, when performing a mass-renormalization we find that the quantity 6m is 
unequivocally defined through a certain covariant, but diverging integral; however, 
any given finite values can be added to or subtracted from this integral. The physi- 
cal mass is obtained from the bare (unrenormalized) mass and the renormalization 
contribution mpny; = mp, + 6m. The same holds for the renormalized charge g: 
Gphys = 9p + 6g. Apart from the mass and charge of the considered particle also 
its wave-function has to be renormalized. The renormalization is unequivocal if 
certain normalization constraints are imposed on the renormalized quantities. One 
demands that the renormalized physical quantities for a certain value of the external 
momenta, e.g. p> = pi’, take ona specific value. Ideally this value is known through 
an experiment. In QED the coupling constant at medium momentum transfers is 
normalized to the measured value of a(QED) = 1/137. This method, however, 
causes all renormalized quantities, supposedly even the physical observables, to be 
dependent on the renormalization point 2. This is not really the case. In reality 
the renormalizations of the charge, mass and wavefunction must balance in a way 
that physical observables, such as a cross section, no longer depend on the choosen 
point of renormalization. If G(p?, g, m, 1:2) is a Green’s function belonging to the 
theory, then its independence is described by the renormalization-group equation: 


9.5 Scale of SU(5) Symmetry Breaking 


6) 6) fo) ‘ : 
(ug +5 tng ae) GO, a.m,12)=0 (1) 
Here the @ function 
Og 
EO= aoe (2) 


determines the change of the renormalized coupling constant under variation of the 
point of renormalization g = g(). In a similar way n(g) = won determines the 
change of the renormalized mass and y the change of the particle’s wave function 
under variation of the renormalization scale. Now the meaning of (1) is clear. Each 
change in the point of renormalization is compensated for by a change in the 
renormalized coupling constant, a change in the renormalized mass and a change in 
the renormalized wave function. Therefore the cross section, which is the physical 
observable actually being measured, is independent of 1”. It follows from (1) that 
the coupling constant g fulfills a differential equation which, following (2) and 
using a = g*/47, can be written as 


2d a(t") 
d 2 


= Bla) = —boo”® — bye +... (3) 


Here we have expanded the ( function in terms of the coupling constant. bo is the 
coefficient of the @ function in the one-loop approximation. We hereby determine 
the dependence of the coupling constant on the renormalization parameter by using 
perturbation theory. One obtains the coefficients b; by calculating the graph (of 
Fig. 9.5). The radiative corrections are calculated in the one-loop approximation to 
generate {p. 

In the case of non-abelian SU(n) gauge theories one finds in this approximation 


lln-—4 
pee A De (4) 
127 
and in the case of the abelian U(1) theory 
n 
b= (5) 


here ny is the number of active fermions.!” The differential equation used to define 
the @ function can be solved and we obtain for the running coupling constant 


a(t") 


ee 6 
= Ty abo IO? /p2) o 
This is exactly (9.84): 
oe Ca 
OD aig OE M 


'7For the explicit calculation of these coefficients we refer to W. Greiner and A. Schafer: 
Quantum Chromodynamics (Springer, Berlin, Heidelberg, New York 1994); W. Greiner 
and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, New York 
1994). 
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Example 9.10 


Fig. 9.5. Renormalization of 
the coupling constant g, — 
g(u). The points symbol- 
ize the inclusion of radiative 
corrections in the propaga- 
tors and the vertex 
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Q[GeV] 


Fig. 9.6. Schematic Q depen- 
dence of the renormalized 
coupling constants of QED 
and QCD 


The sign of bo obviously determines the asymptotic behaviour of the coupling 
constant. For by < 0 the coupling constant increases with increasing momentum 
transfer Q?, whereas for bp > 0 it vanishes for Q? — oo. This behaviour is known 
in QCD as asymptotic freedom and is a fundamental property of non-abelian gauge 
theories. The positive sign may occur if 11n > 4n,y in (4). The positive contribution 
proportional to n is caused by the self-coupling of the gauge bosons, which is only 
possible in non-abelian gauge theories. The different asymptotic behaviour of the 
SU(3) and U(1) coupling constants is a necessary condition in order to unify them 
in a higher gauge group SU(S5) in which the coupling constants should meet at the 
unification point at a higher Q? scale. 


SUPPLEMENT ON FIELD THEORY 


9.11 Anomaly Freedom 


Since about 1970 considerable interest in gauge theories has emerged, mainly be- 
cause of the success of proving the renormalizability of such theories. However, in 
order to complete the proof of renormalizability an additional condition is required 
which cannot be fulfilled for arbitrary choices of particle multiplets. This fact leads 
to an important constraint for the standard model of the electroweak interaction. 

The proof of renormalizability of the Glashow-Salam—Weinberg model only 
holds under the condition that the sum of the weak hypercharges of all left-handed 
fermions is zero, that is, 


> %=0. (1) 


left-handed 
quarks and leptons 


Since every lepton multiplet contributes a value of y = —2 and every quark 
multiplet a value of +2/3, the sum only vanishes if 

1. there are three colours, that is, every quark exists in three colour versions, and 
2. the number of quark flavours equals the number of lepton species. 

Both conditions are an immediate consequence of the Georgi-Glashow model 
of the SU(S) gauge theory of unified interactions. Indeed, (1) is essential for the 
unification of the electroweak and colour interactions, since only if there exists a 
principle of order exceeding the SU(3)xSU(2)x U(1) symmetry and relating colour 
charges and weak charges can (1) be fulfilled. In the following we will briefly 
describe how the requirement for the validity of (1) emerges.'® The technique 
for renormalizing gauge theories is the so-called dimensional regularization. This 
method makes extensive use of the rich possibilities of the theory of analytic 
functions to isolate the divergences that occur. The procedure is the following. 
First all relevant Feynman diagrams are evaluated for a general integer space-time 
dimension D. The expressions obtained, being functions of D, are then analytically 


'SW. Greiner and A. Schafer: Quantum Chromodynamics (Springer, Berlin, Heidelberg, 
New York 1994); C. Itzykson, J.-B. Zuber: Quantum Field Theory (McGraw-Hill, New 
York 1980). 
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continued to arbitrary, even complex values of D. For D = 4 these expressions 
diverge, and the residue for D = 4 is identified with the divergent contribution to 
be renormalized. The renormalizability of all n-point functions occurring is then 
iteratively proved by means of complete induction. 

An essential ingredient of the proof is the knowledge of certain relations be- 
tween different n-point functions. These relations, the so-called Slavnov—Taylor 
identities (the generalizations of the Ward identities of quantum electrodynamics), 
follow from the gauge invariance of the theory. Since the proof for renormalizabil- 
ity is based on the validity of these relations, it is very important that the employed 
regularization scheme does not break the gauge invariance. The method of dimen- 
sional regularization satisfies this requirement. It has, however, the disadvantage 
that it is not applicable for certain Feynman diagrams. For example, the diagram 
in Fig. 9.7 in four dimensions is proportional to the anti-symmetric tensor Ey, 0. 
Since this tensor carries exactly four indices, it cannot be continued to general 
dimensions. 


This diagram is therefore excluded from the general proof and must be treated 
separately by means of a different regularization scheme, for example, the Pauli— 
Villars method. It has to be proved that this diagram and also all diagrams of 
higher order containing the ¢ tensor can be renormalized without destroying gauge 
invariance. If the scheme were not gauge invariant, the Slavnov—Taylor identities 
could not be established, and consequently there would be no basis for the proof 
for renormalizability in general. As it turns out, the gauge invariance is conserved 
only if 


dabe = De Tai (A? A° ba =0. 5 (2) 


fermions 


This non-trivial additional constraint for the gauge group and the chosen repre- 
sentations is called anomaly freedom. We emphasize that gauge theories that do 
not satisfy the condition (2) could nevertheless be renormalizable. The statement 
is solely that by means of the known methods nothing can be said about the renor- 
malizability, whereas for theories fulfilling (2) the renormalizability can be proved 
explicitly. 

Let us now consider these statements and calculate the anomaly freedom. The 
great success of gauge theories in the past ten years has been driven mainly by 
the discovery of a general proof that gauge theories can be renormalized. However 
there is an additional constraint that has to be fulfilled in order to apply this proof: 
the particular gauge theory must be anomaly free. 
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Fig. 9.7. For this diagram the 
dimensional _ regularization 
cannot be applied 
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Fig. 9.8. The two diagrams 
that are important for the 
anomaly. The left one differs 
from the right one by the ex- 
change of the two photons 
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Yd 


A 
Ay Ke AV k, 


The anomaly of gauge theories is a modification of the ordinary Ward identities 
and arises in the calculation of the triangle diagrams in Fig. 9.8. The major aspect 
is an odd number of axial-vector couplings where only the case of one ys coupling 
has to be considered since the diagram with three axial-vector couplings leads back 
to one ys case by applying the commutation relations for ys. Triangle diagrams 
with an even number of axial-vector couplings imply an odd number of vector 
couplings and therefore vanish due to Furry’s theorem. The \/ are the generators 
of the gauge group under consideration. 

The amplitude of the triangle diagram and of the respective exchange diagram 
may be denoted by following the Feynman rules: 


pabe =-i f i Ae i Me wee 
Te (2n)4 =e ae as no mo? 


ky car ky 
+ ( yo , : (3) 

boc 
The generators A! and the matrices act in different spaces and therefore the trace 
can be decomposed in the product of the trace over the 7 and the trace over the a1 


ee d‘p i i i 
Y Zs 1. a\b\e -i | 
ud = git (A ) ( i On Lao ie oe ara = 1s) 


! Satbsc\ | Mi ok 
SECON | (4) 


A simple calculation shows that the trace over the y is (in the limit m — 0) 
symmetric under the exchange (v — A, ky ky): 


Tro Va Bw Vy usp — ko)*p8(p + ky)? 
SP Tee W I WIslP + ke)*p8(p — yy 


Tr(M)=Tr(M") 
SS sy athe ep eae 


Note that the replacement p — —p is valid due to the integration over the total 
space. Inserting the unity operator | = Gs UG, with é being the charge-conjugation 
operator, and using Crem _ —j, and @ ysC 7! = = +7§ one obtains 


THs uy WB VAIal(p + ky) pip — kyr , (5) 
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which yields, after the renaming of the indices a «+ y and commutation of ys with 
Yue 


Tre WV8 IA use —k)*pP(p + he)? (6) 


After the exchange (v «> X,k, < ka) this simply reproduces our initial expression. 
Hence due to the symmetry we denote 


pe b 
mab = go" (-f ea lag 


with 
Dp = yb {tr [2.0044] ane [A2Xe4?] } _ Si [5° {9,57} | , (8) 
f if 


where the sums run over all fermions that contribute to the anomaly exactly in the 
same way. 

The numerator of the integral expression is of order p* while the denominator 
is only of the order p*. This leads to an linearly divergent integral expression that 
cannot be renormalized. Thus we cannot apply the proof of renormalizability to 
the gauge theory unless the contribution of the anomaly vanishes. Obviously this 
can be guaranteed only if the gauge group fulfills the requirement for anomaly 
freedom: 


a — yee) |e 9) 
ie 


In this context we will stress once more that a gauge theory might be renormal- 
izable, whether or not it is anomaly free. The general proof of renormalizability 
cannot be applied on its own. 


a oe a aR) | (7) 


ELYRQSF— —EE|E —_ | _  >S>EE>_*____—_—_ 


9.12 Is the Glashow-Salam—Weinberg Theory Anomaly Free? 


Show that the Glashow-Salam—Weinberg model of electroweak interaction is 
anomaly free if there are three colours and the number of lepton families equals the 
number of quark families. Note that left-handed (1h) and right-handed (rh) fermions 
couple to the anomaly with opposite sign: 
FL) ~ DN Yul = 5s) (1) 
JiR) ~ BRN Yd + 75)0R (2) 


Solution. The GSW theory is based on the gauge group SU(2) x U(1) that is 
generated by the three Pauli matrices o; and the hypercharge Y: 


Sr eeentonn — 12.3), (3) 
M=y_HO-T) , (4) 
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obeying the commuation relations 
Nenyerien = 2be (5) 


From (3) and (8) in Example 9.11 one obtains immediately (i,j,k = 1,2, 3) 


Dik = yo Tr [oi{o;, ox }+] = AO Ie Niey =O . (6) 
f =0 


In the case when two of the \! are the hypercharge Y we find that expression (8) 
in Example 9.11 also vanishes due to [Y,o;] = 0 and therefore hypercharge and 
Pauli matrices act in separated spaces: 


1 ye Oa Tig, = (7) 
f 


For one A being replaced by Y we get 


D4 — pitt — pik4 — Sa: (Y {o;, ox}+) oR Ss TrY¥ = 267% >. Y (8) 
f f f 


where we used [a;, Y ] = 0 and cyclic permutation under the trace. The sum can 
be decomposed onto the sum over leptons and quarks where the left-handed and 
right-handed contributions enter with opposite signs due to (1) and (2) 


Se rea (9) 
f th leptons Th quarks th leptons th quarks 


For the left-handed lepton and quark states in one family? (v,ez and uz,dz, re- 
spectively) one obtains, using Table 9.1, 


= 1 eae (10) 
th leptons 

a te (11) 
th quarks 


while the right-handed contributions (er, and ur, dr) give 


ee (12) 


th leptons 


= ee (13) 


th quarks 


' The extension to more than one family is trivial due to identical quantum numbers of the 


respective leptons and quarks in the families, 
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Table 9.1. The quantum numbers of the first fermion family of the standard model 


a 


1 
3 
1 
4 
5 
2 
3 


tale WIN Wi Woah 


Thus the contributions of leptons and quarks cancel if 


e all quarks have three representations, i.e. there are three colours. 
e the number of lepton families equals the number of quarks families. 


Finally we have to examine the case that all three ) are the hypercharge. Since this 
represents a singlet state the hypercharge operator simply reduces to a c number 
and we get 


INO) Oe ae (14) 
Due to left-handed and right-handed fermions having opposite sign we obtain 
Dee De) 1G!) 2) S40 (15) 
Ih leptons rh leptons 
De ie a) SC) (2/3) — 6 (15) 
lh quarks th quarks 


where the factor of 3 is inroduced to account for the three colours. We observe that 
the singlet contribution vanishes as well. Thus the standard model of electroweak 
interaction is anomaly free and therefore renormalizable. 


9.6 Proton Decay 


As discussed at the end of Sect. 9.3., the exchange of leptoquarks X or Y violates 
the conservation of the baryon number and therefore allows the proton to decay 
into a meson and a lepton. Figure 9.1 shows some of the decay channels 


meet 
ddet p’et 
9.104a 
p> {oe p> wet? 
ne* 


a KD 
p — udz, — ae : (9.104b) 
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The p and the 7 mesons have the same quark structure, as do the w and the n 
mesons. Only their angular-momentum coupling differs, namely a total angular 
momentum of | for the p and the w and 0 for the 7 and the 7. See also Figs. 6.3 
and 6.4. On the other hand, the fact that the elementary processes 


ul . et ou y % 
(9.105) 
u ded ae 
include the production of a “Cabibbo” d antiquark, 
do =dcosOc +s sinéc , (9.106) 
implies that decays into a lepton and K meson are also possible: 
p—dset > K%et , (9.107a) 
pus, KTR . (9.107b) 


Another possibility is the decay of the intermediate X and Y bosons into quarks 
and leptons of the second generation: 


ut Vu 


(9.108) 


>< 
-<| 


Sc Sc 


The decay channels (9.104,107) therefore need to be supplemented by the following 
channels: 
jes ddyt an ae 
udp ntD 
eth nit mass (9.109) 
p> d8ut > K°yt 


-- +- 
p> usy, > Ky, 


where the last two decay processes are again “Cabibbo suppressed”. 

The calculation of the proton lifetime, as predicted by the SU(5) theory, is 
complicated by the fact that the quarks in the initial and final states are bound 
within the proton or a meson, respectively. Since the explicit form of the wave 
functions corresponding to these bound states is unknown, one has to rely on certain 
models. One possibility is to employ the MIT bag model (see Sect. 6.1). 

In the following we shall instead sketch how to evaluate the decay of the proton 
within the non-relativistic quark model.”° In this model the quarks are bound by an 
external potential. This picture is justified insofar as it allows us to describe weak 
decay processes quite well, for example, 


20M.B. Gavela, A. Le Yauonc, L. Oliver, O. Peéne, J.C. Raynal: Phys. Rev. D23, 1580 


(1981). 
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A-pt+n 


) 


which involve the same difficulties as proton decay.”! As an example we calculate 
the matrix element that corresponds to the annihilation of a left-handed positron 
and a left-handed d antiquark, that is, 


Up ef 
(9.110) 
iy d, 
We shall now further investigate this diagram and its origin. First we consider the 
interaction term of the Lagrange density in (8) of Example 9.12 (left couples to 
right!): 
Cony" Xp — @O LY" H)XF 


Graphically we can describe this interaction as 


ZG 
(a>), eT 


Xx 
f 
u,, dv 


Helicity and charge are conserved at each vertex, due to 


Now we consider the annihilation process 


+ c 
ef d, er dz 


Cc 
UL UL Up uy 


Again charge and helicity are conserved. Note that an outgoing left-handed an- 
tiparticle is equivalent to an incoming right-handed particle. Like the gluons, the 
W+ and the Z° bosons and the X and Y bosons are vector bosons. 


214 Le Yauonc, L. Oliver, O. Péne, J.C. Raynal: Phys. Lett. B72, 53 (1977). 
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Recalling that the mass of the X bosons exceeds the W and Z boson masses by 
several orders of magnitude, one can describe the exchange of the X boson by an 
effective point-like interaction, analogous to the Fermi theory, by approximating 
the X-boson propagator as 


2 
Suv —Kykv/Mx* uy (9.111) 
= Me Mx? 


Hence, the effective Hamiltonian that describes the considered process is given by 
(see Exercise 9.13) 


2 ie ae 
n a Ws 2 5 
= ER 7 *fipey da; (9.112) 


where we have omitted the factor cos @c for simplicity (cos Oc ~ 1). # and d denote 
the field operators 7 for u and d quark, respectively, and é¢ is the field operator for 
a left-handed positron. The indices a, 3, 7 label the colour of the quarks, which 
are coupled by the €,gy tensor to colour zero. 7° is the charge conjugate of the 
field operator w. The field operators are explicitly given by 
o = ub, ar vd; ' ; wp = ith, +od; 5 
Cans) 
pe a cdg oF Ucb, f 5 oe = tied; t oP Ucb, 5 


where bg and dj are the annihilation operators for quarks and bt and dt are 
the corresponding creation operators. Finally u and v denote the wave functions 
for the particle and antiparticle, while u, and v, are spinors for the antiparticle 
and particle, respectively. Between u, and v, as well as between Ue and u, holds 
the well-known connection via charge conjugation, which will be written down 
explicitly in (9.117). 

The matrix element corresponding to the process (9.1 10) then takes the follow- 
ing form (see Exercise 9.13): 


le 1—- = ]—- 
1agaeo Fey ( 5) ta ier" ( Eres (9.114a) 


The spinor dj physically describes an incoming u antiquark, that is, an incoming 
u antiquark. The antiquark of a left-handed u quark is right-handed, that is, a right- 
handed u antiquark. We now perform a Fierz transformation, similar to that in 
Example 2.12 and obtain 


2 
g . 1- P 1- 
Mageahy i (=) rn] ay ( 5) va (9.114b) 


In the following we will label transposed spinors and matrices with a tilde (OOF 
Using this notation we have 


= l me “ ~ ~ {Lm es = 1 is = 
Viv y ( 5) Vda = Vda ( 5") Ba Gan, = Waa ( 7) Viiy .(9.1 15) 


With respect to the standard representation of the ‘y matrices we have 
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ila +7" for w= 0,2 


"for aia plana (9.116) 


Furthermore, we can express the spinor uq(p,s) for an antiquark by the charge- 
conjugated spinor of a quark, because 


be = CE Si ale 
SoG) =iee (Cul) 
ug(p,s) = 7°04 (P, 8) = ity 1,5) 


Since the negative energy spinor vq corresponds to the antiparticle, we find, with 
al = aaF, that 


= sy i ap WS = ae: 6 1 ar re 
daa" ( 5 ) Diy = Baa rytiyy” (4 1s) a, 
eee : | se 5 
= BialiyY) yp yiry (=) 7 at, 


1+75\. . ey 
ee (4) Pp hea deal ( 5 > |i , (9.118) 


so that the matrix element (9.114) can be written as 


‘ is i+ : 1- 
gitar tae" ( 7) in| ier (=) 1 (9.114c) 


In the non-relativistic approximation the four-component spinors of the quarks 
reduce to 


lg = a (9.119) 


where Xq is a two-component Pauli spinor. The left-handed positron, on the other 
hand, can be approximated by its ultra-relativistic limit, that is, by neglecting its 
mass. Therefore we make the following ansatz for the positron wave function: 


me ee iy 10 01 Xe 
(we. = 5 eby,}  2|\0 -1/° \1 0/|\ Sx 

oe 

Z — (1-22) xe 


1 : BPs 
w= Fe Se) v mae= (1 SE) es 


In the last step we normalized the spinor uz to 1, assuming that the Pauli spinor 
Xz is also normalized to 1. 


Or 
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9.13 The Interaction Hamilton Operator for Proton Decay 
Problem. Motivate the structure of the interaction Hamilton operator (9.112) and 
its special form (9.114a) by considering (9.52). 


Solution. From (9.52) we know the form from the interaction with one X;, lepto- 
quark. It is written 


Lin = [0+ Mo). — @ UN. + @)LG@d] xX - (1) 


We add to it the Hermitian-conjugated expression in order to get the complete 
interaction Hermitian as well. Considering that (wu°)t = uTyt(ut)t = yCty ty 
=7°u, we obtain 


Lint = [+@o)L(up eu — @e)L(us)L + (@"): Gt] JG 
+ [+@Q Lut — GPU + @di(e Mi] XP (2) 


One can also get the second (Hermitian-conjugated to the first) component in (2) 
by calculating the contribution from one X° leptoquark to the Lagrange density 
according to (9.50) and (9.51). Then one gets with (see (9.44)!) 


00) 0 lege 
0.0 0706 
Mr) =XF}0 000 0] , (3) 
O07 07 00 
OF 06s 0 0 
as in (9.51), 
0 Ue ue wt, de 
Se 0 uc uty —ady 
M (XPyph"l = M (XP) ty ale 0 Su ae 
Ur Ub Up 0 <a 
ae dp dee 0 /, 
Ur Up ug O —et 
0 0 0 0 =O 
=O 3 OG. «i (4) 
O70 0Fe 0) 6 
C00 Oe oO 
and therefore, according to (9.52), 
Tr {Pim cxeypr} 
0 lig its Uy dy Uy uy ug O —et 
we 0 -w im ay 0 0 04> 6 
=ATr| if a 0 a, de 0 0 00 0 
5 = =f. 0 oe 0 056050 
Se Ok 


= XP [Loe — On (ug) + d)i(et)] (5) 
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The X,° is given as a bosonic field from 
a? Onn (6) 
In the Lagrange density Cin from (2), which is completed as above, the terms 
TL GLX, — HS) (ug) X? (7) 


also appear. The second term, — Up LUE LX; describes, for instance, the anni- 
hilation of two u quarks and the production of one X boson. The first term, 
(é+),(d*)_X;, describes, for instance, the annihilation of the X, boson and the 
production from one e* and one d quark. 

It is important that the X, boson has the same colour as the d, quark, as follows 
when the X, radiates into (et),(d.*),. The X, boson is a vector boson, and it is 
described by the four-vector X;,, (u = 0,1,2,3). Thus the coupling in (7) had to 
be of vector type, and (7) is written in full as 


Cry" (aX — GEL Ue Xn, - (8) 


Because, for example, 


(dq)L = este dy 


and 
t t 
1- 1— 
(2°), = |‘ 5) e ~ ma aor Ys) yo 
Z 2 
Net acl sr 
= og AD _ cll 219 D 
one can rewrite (8) in the following form: 
= 1 ic 
aclt 75) dl 15) Xu - ae! ae 75) 5) tg | 20", 
Z 2 2 2 
1- 1- 
= fern a a = nes me “| Xe ; (10) 


For this derivation the well-known relation 


eel) eee Cl 5) 
ae 5 ee 5 


was used. 
For the reaction uu > X — etd, which is graphically represented as, 


u et 


u 


we get in lowest order the following Hamilton operator: 
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Exercise 9.13 


Kuky 
‘ Juv ~ “4g . 
Hin, = —93 [Wpy"(1 — ys) /2ug] ee [e°-y"(1 — ys)/2¢,] 
x 


=> =; [aey4d = ¥5)/2tg | |-245| [ey - 5)/2d, | 
x 


2 

= jpg BO ~ 19/20] [28] fey —a9/2d] aD 
Mx Mx 

Please note that the colours present are all combinations of the three-product bgr = 

white. Summation over all colour permutations finally yields 


Zz 

2 sa A Ze 5 

Fin = Fpreaoy [ityya 1 — 7s) /2a] [Bu 75) /2da] (12) 
x 


This is exactly (9.112). The operator sign above the spinors was introduced here 
to remind us that the spinors are field operators. 

We want to understand now the form of (9.114a). The spinor fields u, d, e are 
second quantized according to (9.113) and comprise, in the usual way, particles and 
antiparticles. We can therefore write the field combinations which were introduced 
in (12) in the following form: 


AG ae So - 6 
Uy ---tg = (Tana, + Deg) a09 (us9bg6 are vod) 
See eee (13a) 


+ Duy +++ Mugbgybgg + Vay > Uypbqy4lg 
and 
a a il TITS |e oe b di 
e a Usds + Vabde UdaYda + Vdat ge 
= g++ Uda bdo + We -++ Yaadl dt, U9), 
Ver? Udabsbde 5 Vatdabed, 
Here u,g describes an u spinor for an u quark of the colour 2, Uyg a U spinor 
for an u quark of the colour (, and %j-y an adjoint wv spinor for an wu antiquark of 


the colour y. The points --- represent the vertex function ya (leva) 2 th Gnesis 
interested in the annihilation process of two u quarks, 


DL ENO (14a) 
and the production process of one e+ and one d antiquark, 

(Oldsdea , (14b) 
the process has the amplitude 


(O|dediattinb},b1 4|0) (15) 
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If one employs the interaction Hamilton operator Hin (12) and the field operators 
(13a,b), one obtains immediately that only the bracketed terms of (13) contribute, 
with the result 
(0|dsdao fin} ,b} 40) 
2 


ee [Day Yu (1 — 7s) /2ttua] (eu (1 — 78) /20Ga] (16) 
x 


This is exactly (9.114a). It can also be seen as the translation of diagram (9.110) 
into formal language. One only has to keep in mind that an incoming u quark in 


the left vertex is equivalent to an outgoing anti-u© quark and therefore a v spinor 
appears. 


According to the standard representation we have 


(9.121) 


so that with (9.119) 


_ 1+ 5 Meee a lag re a ec 
ear ( 5 ) iy = Wie (a ie 3 Xa? 9) 1 1 an 
I ol 
= 9 XdaXv ’ (9.122) 
male {1+%7 1 ' 

Winey ( 4) Uny = ul 7r/ (7) Uyy = Aca ar ayy? )ttuy 

= la Oj Oj Nu, sal i 8 

= 5 Xe. 9) é sy ( 0 as 9 Xda? Xuy 


Furthermore, since the spinor ug is purely left handed, it holds that 


PS ” | == rs e es 
ie Yu ap = (ue), Yu ( 5) ) Ung = (us), ( 5) Yulug 


ise ys eas 
= (ut) 0 ( 5s) Yptug = ul (=) Yo (= YuUup 
2 
l= as 
rena ae 


=UsYpuug - (9.123) 


Hence we obtain with (9.119) and (9.120) 
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5 | late 11 1 -1)\ (xg 
uso (=) Mua = 9 aOR» Xen) =i 4 0 


Le 
— Vy ee Xus 5) 
i ay he 
iis; ( -#) lug = — ig! ( 5) uu (9.124) 
ey a 0 
= 2 yew = ae. e 0 ) ( 0 


1 : 
= AXEL Xup 


Altogether the matrix element (9.114) takes the form 


2 
eres t { t t 
22M Cany {Oda xer) (xd. .xue ) a (x4,,oxu7) (xt roxas) } . (9.114d) 


We proceed by evaluating the colour dependence of the matrix element (9.114d). 
The proton wave function consists of three quark wave functions coupled to a 
colour singlet (see diagram of proton decay), that is the wave function has the 
form 


l 
A ee : (9.125) 


The normalization factor 1/6 originates from the fact that there are six differ- 
ent contributions to the wave function, depending on the distribution of the three 
colours for the quarks. The wave function of the meson (see diagram of proton 
decay) produced is also a colour singlet and has the form 


1 1 
FRO XboXup a We ee 
With this expression we can calculate the colour factor of the proton-decay matrix 
element: 


l 1 


(9.126) 


al 1 

Je Pre Fant ahy = VG = aes = V2 . (9.127) 
The first factor reflects the colour coupling in the wave function of the proton (see 
figure), the second one reflects that in the meson wave function, the third reflects 
that of the interaction (9.114d). This interaction states that the colours 6 and y of 
the two u quarks must couple to the colour a uf the created d quark. From now 
on we refrain from writing the colour indices and multiply the matrix element with 
V2 instead. 

The diagram for the proton decay now follows. The indices characterize the 
colour. 


Us et 


oo 

> 

| 
I 
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a 


Instead of (9.114d), therefore, we obtain 


{ Oxdxu) Geduxe) + Odors) Obroxa)} (9.128) 


where the particular spinors are normalized to 1. 
A completely analogous consideration can be carried through for the diagram 


u e; 
(9.129) 


d a 


which yields, assuming My = My, 


— ss {(xbxa) (ture) + (alera) (cluors)} a 


In order to evaluate the matrix elements (9.128) and (9.130) we need to specify 
the wave function of the proton. We shall assume all three quarks to be in the 
same Ss state, so that the spatial part of the wave function is separable. The fermion 
character of the quarks requires that the complete wave function is antisymmetric. 
Since we have already formed antisymmetric combinations with respect to the 
colour indices, the spin and isospin contributions must together be symmetric. In 
order to construct the proton wave function, first imagine that the quarks would 
be three different, distinguishable particles, their states being characterized by spin 
and isospin quantum numbers. A physical state |Z) of the three quarks is given by 


IZ) = cyeli.f 4) = cpa), oy46y,|0) (9.131) 


(where a sum over i, /, k is understood). The indices i, 7, k represent the spin and 
isospin quantum numbers of the three quarks, @/); is the creation operator for the 
first quark being in the state i, 7, k, .... and |0) denotes the vacuum state, which is 
defined through 


G1; |0) = &;|0) = 40) =O. (9.132) 


Cyz 1s the spin and isospin part of the wave function. As mentioned before, we 
assume that the coefficients cj, are symmetric with respect to the permutation of 
any two indices, 


Cijk = Cik = Cig =o - CEES) 


We require the state vector (9.131) to be normalized to 1. Then, as an immediate 
consequence, for three distinguishable particles we have the condition 


Citi = 1. (9.134) 


However, for n distinguishable particles we also need to introduce a factor 1/V7!. 
Let us illustrate the origin of this additional normalization factor for the case of two 
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particles. As before we assume the coefficients cy to be symmetric with respect to 
a permutation of the indices 7, 7. By means of the relation 


(4:, a5; (9.135) 
we find that 


(Z|Z) = ciyey (k, li, 7) = efpey (0|44414/ 4} |0) 
= cf cy (0|G. 4) a)4} + 4,4; 5, |0) 
= Cycy (0a} aaa} ar by aa} oP a} ay by ar bin Oy |0) 
a Cy Ci (O|b47 bn ae 6x64 |0) 
= CCy + Cyey =2-Cyey . (9.136) 


Similarly, in the case of n particles there are n! contributions where the indices 
of the coefficients c* are particular permutations of the indices of c. This must be 
compensated for by an additional normalization factor 1//n!. 

However, this is not the whole story, since there are six different processes that 
may lead to the decay of the proton via (9.110), depending on which of the three 
quarks is the incoming left-handed u quark and which is the “spectator” d quark. 
Of course, in reality these processes are indistinguishable: the transition amplitude 
is the same for all six possibilities. We are therefore justified in considering only 
one of these processes and multiplying our result by a factor of 6. 

Together with the normalization factor, which accounts for the fact that the 
quarks are indistinguishable particles, we therefore obtain an additional factor 


l 
—x6=Vv6 . 9.137 
WG (9.137) 
An analogous consideration can be carried through for (9.129). Finally we take into 
account the factor /2 from (9.127), which originates from the quark colours, so 


that the effective transition operator for the processes (9.110) and (9.129) is given 
by 


1 + Co ‘ C 2 A = A - a = A 

VE FSD 5h, — &L)V2(u > d)+Vi(u > &)V2(d > —i)], (9.138) 
x 

where we have used (9.128) and (9.130). o, and o2 are the spin matrices for 
particle | and particle 2, respectively. The operator V(u > €_) does not contribute 
if particle 1 is not a u quark, otherwise particle 1 is transformed into a left-handed 
positron. 

In order to evaluate the matrix element of the operator (9.138) it is convenient 
to write the spin~isospin part of the proton wave function as 

] 

ee one Se (9.139) 

/2 


where ¢’ and $” denote the isospin wave functions corresponding to a total isospin 
3 specifically in ¢’ the two particles are coupled to isospin 0, whereas in ¢” they 
are coupled to isospin 1. The explicit forms of these wave functions are 
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¢ =— = (ue) — |duu)) ; 


(9.140) 
g" = 


SI-Sl- 


(2|uud) — |udu) — |duu)) 


The spin wave functions x’ and x” are defined correspondingly, by simply replacing 
in (9.140) u by spin Tf and d by spin |. Since the outgoing left-handed positron is 
in an eigenstate of helicity, that is, of the spin along the direction of the positron 
momentum, it is convenient to quantize the proton spin along this direction too. 
Thereby it is understood that a spin projection of +1/2 corresponds to a spin 
oriented opposite to the emission of the positron, that is, a left-handed positron 
then carries spin +1/2. That (9.139) is indeed the spin and isospin wave function 
of a proton is easily seen: the wave function corresponds to total spin 1/2 and total 
isospin 1/2 and furthermore is symmetric overall with respect to the three quarks. 
The latter property follows from 


1 hosted ‘toad 
Ze 
gazette lu ld tut)—|dtulwt)+|dluteut)) 


+o (lu tm utd |)—2lutuldt)—2\ulutdt) 


—2lutdtuly)t+iutdlut)+luldtut) 
Wd lutut)+ldtulut)+idlutut)) 
1 


1 1 2 
—gluldtut)—sletatul)+ sid luted) 
-sldtuLut)—sidtutwl)) : cil) 


This result is identical to the wave function that we obtained in (7.27) when we 
discussed the beta decay of the neutron. The advantage of the particular repre- 
sentation of the proton wave function (9.139) is the property that x’ and y” ate 
eigenfunctions of the operator a) - a that occurs in (9.138): if we couple two 
particles with spin 5 to an angular momentum j we have 


2 
iG tl= Ba \ ee GEO ecg em 
ig +)=(F + a2)" ar Neh (0) 149) 


ayo — 2G 4, i) 3 


Now, in x’ the last two quarks are coupled to 7 = 0, whereas in x” they are 
coupled to 7 = 1. Therefore 


Ooo = 3 eo oN =X (9.143) 


If the final state contains a 7°, the remaining spectator quark and the produced 
antiquark, that is, particle 2 and particle 3 in (9.138), must be coupled to spin 0, 


=e (Sm tutaly=shtulaty—shiutat)+sh td but) 
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while the positron carries the spin ; of the decaying proton. Thus, the spin part of 
the final-state wave function is 


; (9.144) 
Xf = ~ (| TT) — | TL1)) 


To proceed with the evaluation of the transition amplitude we need to consider 


1 


vet! = (UIT (tlt) (tt) - Lut) = 


2 7 oo 
ie we as 28 ~ = 
LE 3 = 9p Co a) “ (2) | i (9.145) 
zs oe 


The flavour contribution of the 7° wave function is (#u—dd)/1/2, that is, altogether 
we have 


by = —tle wu) —|édd)} . (9.146) 


With these ingredients we obtain 
o/'Vi(u > O[Kau > d) + Ad — -a)]¢' 


= $/'V,(u > ®[Po(u — d) + P(d > —0)]— (|udu) — |duw)) 


- ( (9.147) 


and 
/'Vi(u — 8)[Po(u > d) + ad > —a)]6” 


= $/'Vi(u > ®[P(u  d) + Pd > “D1 ( 
7 - ((2 au| — (8 da]) - (2\é dd) + |é au)) 


anaes. <4, (9.148) 


2|uud) — |udw) — |duu)) 


Finally the contributions of spin and isospin to the transition matrix element are 
obtained by using (9.138, 139, 143, 145, 147): 


et | lee 1 1 1+1 1 
A EC) (Det a 
My’ /2 | 2 2 2 2 DB: 
=-—— . (9.149) 
The transition probability is proportional to the square of (9.148). We then have to 


average over the initial spin of the proton. Equation (9.148) has been derived for 
the particular case in which the proton spin is pointing in a direction opposite to 
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that of the emission of the positron, so that the produced positron is left handed. 
This is impossible if the proton spin is parallel to the direction of emission of the 
positron. Therefore, averaging over the initial spin directions yields a factor of ‘. 
In order to get the total probability for the decay of the proton into a 7° and a 
positron we also need to account for the process which involves the production of 
a right-handed positron. As it turns out, the corresponding amplitude is just half the 
amplitude for the production of a left-handed positron. This can be seen as follows: 
the latter process involves contributions of both diagrams (9.110) and (9.129), since 
é., dz, and uz are all in the same SU(5) multiplet. As is obvious from the two 
terms in the brackets of (9.149), the corresponding two amplitudes are equal for 
these two processes. On the other hand, ép and dp are in the same multiplet, but 
not @rz and up (see for example Exercise 9.4 or Example 9.6). Therefore only the 
process 


uy dz PN (9.150) 
Ur uy 


contributes to the production of a right-handed positron. Again, the corresponding 
amplitude equals the amplitudes for (9.110) and (9.149), that is, it is just half the 
value of the amplitude for the production of a left-handed positron. Consequently, 
the probability is 1/4 times the probability for the production of a left-handed 
positron. Hence, the total probability for the production of a positron is propor- 


tional to 
1 TS 8 6° Ieee 
= | sees eae 9.151 
5 (+5) 325 2G ( ) 


where the factor 5 originates from averaging over the initial spins. 

To find the transition probability, we furthermore need to take into account the 
spatial part of the proton wave function. Since we assume a point-like interaction, 
the transition rate is proportional to the probability that both quarks are located 
at the same spatial point. Under this assumption the spatial part of the transition 
matrix elements is given by 


‘ Prd ry v(m) vr(r2) Or — ryWrT2) (9.152) 


where w(r) denotes the spatial wave function which, in accordance with our as- 
sumption, is the same for all three quarks; r; and r2 are the coordinates of particles 
1 and 2, respectively. 

In the following we shall neglect the dependence of the matrix element on the 
wave function of the outgoing particles. This can be justified by the weak decay 
of the A particle, where the same approximation yields quite accurate results. 
However, we will not evaluate the integral (9.152) explicitly but rather assume a 
value of 2 x 10-3 GeV’, corresponding to 0.25 fm~?. This is reasonable insofar 
as, first, the calculation of the decay rate for the A and 2 particles within a similar 
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model yields this value and, second, this particular value agrees quite well with 
results from bag-model calculations. 

In order to obtain the final expression for the transition rate, the matrix element 
has to be multiplied by the 6 function, which ensures energy and momentum 
conservation. Then we have to sum over the final states. These two steps lead to a 
factor 


ak dike 


les} 
(27)? (20)? a 


(21)"54(P — ke — kr) 


In its own rest frame the proton four-momentum is given by (M,,0, 0,0), and we 
obtain for (9.153) 


1 
ny i" Oe CEMA (Why = 8, = 1810 Ue tee) 
= om ic *dk,6 (1, — 4/ me? + ky? — \/ mg? + ke ae (9.154) 
By means of the identity 
1 
ax 6(f(x)) = fe aoe (x — xi), (9.155) 
[sve » | * Fey 
with x; being the zeros of f(x), we find for (9.154) 
2 
k 1 1 KEE, — 1 KEE, (9.156) 
a k/Es+k/En  REetEn 1 ne 
where k is determined by 
(Ge FSFE La AS =) (9.157) 
Neglecting the electron mass m., we have 
=O nr) 2) (9.158) 
which, substituted into (9.156), yields 
kE.Ex M,° 
—— = 0.122 — ; 
ve = Cres?) 


This completes the calculation for proton decay. 

However, an accurate treatment of proton decay requires the calculation of 
radiative corrections from gluonic interactions, as illustrated in Fig. 9.9. These dia- 
grams lead to a renormalization of the coupling constant, increasing the decay rate 
by a factor of 


12S for 
11” for “p= 7° 


porte , 
(9.160) 


As discussed before, the first process contributes four times more then the second, 
and the radiative corrections of Fig. 9.9 result in an overall factor of 
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Table 9.2. Calculated branching ratios for the decay 


1 
4x 1254 11)= 122 (9.161) 


The result for the decay rate is then 1.3 x 1074+ My* /GeV? for the decay of a proton 
into a neutral pion and a positron. However, this particular process contributes 
only 37% of the total decay rate. The branching ratios for the other possible decay 
channels are listed in Table 9.2. Of course, these values are model dependent, but 
they deviate only a few percent from MIT-bag-model predictions. 

Altogether these different decay processes lead to a prediction for the lifetime 
of the proton of 


6 x 1077 Ui 
Ta OX (caress) years. (9.162) 
Since the value for My as calculated within the two-loop approximation is (6 + 
3) x 10!4GeV, the proton lifetime should be shorter than 4 x 103! years.* In recent 
experiments”? 3300 tons of water, or 2.2 x 10°? free protons, not counting those 
bound in oxygen nuclei, were observed for 417 days. In total 401 events were 
counted, of which the largest part, if not all, originated from neutrinos of cosmic 
radiation. In order to reduce this large background contribution, only events with 
balanced momentum were taken into account, since proton decay occurs at rest. 
Furthermore, only those events have been considered which corresponded to a 
restricted region of total energy of the reaction products. For example, the process 
p — et 1° should occur at an energy of 940 MeV. Therefore the range of acceptance 
was restricted to 736 — 1100 MeV. 

By this selective treatment of the observed events the number of relevant events 
was reduced to 11. These processes are consistent with the decay channels e* or 
ut + K°, 7°, p® or w®, as well as vy + Kt, pt, or K*+, and also ptyty-. 
However, these events might also have been produced by neutrinos. No event for 
the particular decay of the proton into et 7° was observed. Assuming a lifetime of 
4 x 10! years for the proton and a branching ratio of 37% for the decay channel 
e+7°, and under the assumption that only the decay of free protons is observed, 
that is, that protons bound in oxygen nuclei do not decay at all, or at least that 
the products of such reactions are absorbed, then the probability for the decay of a 


22 Ellis, M. Gaillard, D. V. Nanopoulos, S. Rudaz: Nucl. Phys. B176, 61 (1980). 
3G. Blewett et al.: Phys. Rev. Lett. 55, 2114 (1985); W. Gajewski et al. Phys. Rev. D42, 
2974 (1990). 
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proton within 417 days is about 90%. Together with the probability for the detection 
of the decay products of 80%, this implies a probability of 70% for the observation 
of a decay event p — e+7°. However, this value is increased if a smaller value 
for Mx is assumed and the decay of protons bound in oxygen nuclei is taken into 
consideration. On the other hand, bag-model calculations predict a longer lifetime 
for the proton. 

A detailed discussion of the uncertainties of lifetime calculations for the protons 
has been given by Ellis and co-workers. Improved experiments looking for the 
decay p — et + 7° over a period of several years have yielded the much more 
stringent lower limit?4 


T > 6 x 10° years x B(p > et n°) (9.163) 


for the proton lifetime. For the branching ratio given in Table 9.2 it is clear that 
the experimental limit is higher than the SU(5) prediction by more than a factor 
of 5. We can therefore say that the simplest version of a grand unified gauge 
theory, the SU(5) model of Georgi and Glashow, has been ruled out by experiment. 
Nonetheless, the ideas discussed at the beginning of this chapter appear quite 
compelling, and it may well be that a somewhat more sophisticated version of a 
unified gauge theory is realized in nature.”5 


9.7 Outlook: Extensions of the Standard Model 


As we saw in the last section, the SU(5) model of “grand” unification of all gauge 
groups predicts a proton decay rate that seems incompatible with experimental lim- 
its. Since the predicted proton lifetime (9.162) depends on the fourth power of the 
X-boson mass, this can be understood as an indication that the SU(5) model pre- 
dicts too small a value for the unification scale Mgur, and hence for My. Moreover, 
the new high-precision data on the parameters of the electroweak gauge theory and 
quantum chromodynamics obtained in the experiments at LEP2° (see Chap. 5) have 
revealed that the three coupling constants 


en) = >a'(q?) ; 
an(q7) =ar(q?) , (9.164) 
03(q’) = ac(q’) ) 


do not quite meet at a single point (see Fig.9.10). Inspecting Fig. 9.10 one may 
speculate that a2 and a3 fall too rapidly with q’, or that a increases too rapidly, 


*4W. Gajewski, in Last Workshop on Grand Unification, ed. by P. Frampton (World Scien- 
tific, Singapore 1989), p. 18. 

*5 One compelling argument for a unified gauge theory, namely that it allows for proton 
decay, which is necessary to explain the matter—antimatter asymmetry in the universe, has 
become less compelling, since it was understood that there exists a complicated mechanism 
for the violation of baryon number conservation in the electroweak gauge theory (see, for 
example, P. Arnold, L. McLerran: Phys. Rev. D36, 581 (1987), D37, 1020 (1988); V. 
Kuzmin, V. Rubakov, M. Shaposhnikov: Phys. Lett. 155B, 36 (1985). 

*°DELPI collab. P. Abren et al., Phys. Lett. B247, 167 (1990), Phys. Lett. B252, 149 (1990). 
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or both. This finding points in the same direction as the conclusion drawn from the 
absence of observed proton decay, because a softer g? dependence of the coupling 
constants implies a higher symmetry-breaking scale Mgyr. 

Is this a fundamental flaw of the SU(5) model? Maybe not, because it can 
be remedied in a very elegant, yet simple, manner. The basic idea is that the 
contributions of fermions and spin-zero bosons to the coefficients b; describing the 
strength of the g? dependence in (9.84) are negative and hence soften the “running” 
of the inverse coupling constants. Thus the discrepancy may be cured if one can 
find a method to include more fermions and scalar bosons into the SU(5) model in 
a natural way.*’ The simplest method would be to postulate the existence of more 
than n, = 3 generations, but this possibly is excluded by the LEP data, which 
show that there are only three neutrino flavours (see Example 5.3). 

Another, perhaps even more elegant, way is provided by the concept of su- 
persymmetry, where one postulates that each species of fundamental particle is 
supplemented by a yet unknown species obeying the opposite particle statistics. 
In other words, for every boson species of the standard model (gauge and Higgs 
bosons), there should exist a corresponding species of fermion, and all fundamental 
fermions (quarks and leptons) should have bosonic partners. A complete table of 
the components of the minimal supersymmetric extension of the standard model 
of electroweak and strong interactions is given below. Except for their spin, all 
supersymmetric partners carry the same quantum numbers as their related particles 
from the standard model. Although we consider here the supersymmetric version of 
the SU(5) gauge theory primarily because it contains the desired additional spin-4 
and spin-0 particles, we mention that the supersymmetric gauge theory has several 
virtues in its own right. 

1. The divergences of loop diagrams are generally less severe in the supersym- 
metric version of the theory, owing to cancellations between contributions from 
virtual bosons and fermions. This leads, among other things, to possible solutions 


7 There exist of course a wide variety of GUT theories, based on similar concepts as the 
SU(5) model; see e.g. R. Slansky: Group Theory for Unified Model Building, Phy. Rep. 
79 Melos: 
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of the hierarchy and fine-tuning problems associated with the different symmetry- 
breaking scales. 

2. Supersymmetry gives rise to an elegant mathematical formalism, which allows 
one to include quantized gravity in a straightforward manner. Supersymmetric uni- 
fied gauge theones arise naturally as a “low-energy” limit of theories of quantum 
gravity, such as supersymmetric string theories.2® The analysis of the g* depen- 
dence of the coupling constants a@;,@2,q@3 in the supersymmetric version of the 
standard model runs completely parallel to that performed in Sect. 9.5. There we 
found the coefficients 5;, 


3 
12mby = —4ng— oH, 


1 9.165 
Lomb =22—4ng— smn, (9.165) 


12mb3 =33-—4n, , 


for the loop corrections to the gauge boson propagators, where we now have ex- 
plicitly denoted the contribution from virtual Higgs bosons. Here n, again signifies 
the number of generations and ny now stands for the number of Higgs doublets. 
In the supersymmetric version of the standard model, these are replaced by”? 


= 2 
127b, = —6N, = 10" ; 


= 3 
127b> = 18—- 6n, = 57H 5 (9.166) 
12nb3 = 27 — 6n, 


In the standard model, ny =3 and ny =1; the latter is replaced by ny =2 in the 
supersymmetric version. Let us compare the two sets of coefficients: 


127b) =-12.3 , 1206; =-19.8 , 
127b2 = 49.5 , 12nd. =-3 , (9.167) 
127b3 =+21 , 120763; =+9 


As we see, the coefficients b; of the supersymmetric extension of the standard 
model are smaller than those of the standard model itself, and hence the coupling 
constants a;(q*) run more slowly, as desired. The surprising effect of these changes 
is that all three functions a;(q7) now really meet at a single point, as shown in 
Fig. 9.11, when the supersymmetric partners of the known particles are assigned 
masses of the order of 1 TeV (1000 GeV). The consequence is that the transition 
from the parameters (9.165) to the parameters (9.166) is being fitted at M ~ 
1000 GeV. This transition causes the bending of the inverse coupling strength 
visible in Fig. 9.11. This result*® is based on a precise analysis of the coupling 
constants a; of the standard model at the mass scale of the Z boson: 


8 See, for example, M. B. Green, A. S. Schwartz, E. Witten: Superstring Theory (Cambridge 
University Press, Cambridge 1987). 
*M. B. Einhorn, D. R. T. Jones: Nucl. Phys. B196, 475 (1982). 


Beis Amaldi, W. de Boer, H. Fiirstenau: Phys. Lett. 260B, 447 (1991); P. Longacker, U. 
Luo, Phys. Rev. D44, 817 (1991). 
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a(Mz) = 0.016887 + 0.000040, 


arn(Mz) = 0.03322 + 0.00025, (9.168) 
a3(Mz) = 0.108 + 0.005 


The lines intersect almost exactly at g? = (10!° GeV)’, that is, slightly more than 
an order of magnitude later than in the case of the standard model. 


Table 9.3. Particle content of the minimal supersymmetric extension of the standard model 


Particle (Spin) Supersym. partner (Spin) 
photon (1) photino (;) 
WwW, Z (1) W-ino, Z-ino (5) 


gluon (1) gluino (3) 
lepton (3) slepton (0) 
quark (5) squark (0) 


Higgs (0) Higgsino (5 


i 


This suggests the construction of a unified supersymmetric SU(5) gauge theory 
which contains, in addition to the particles listed in Table 9.3, very massive X 
and Y gauge bosons and their supersymmetric, fermionic partners, the X-ino and 
Y-ino. A detailed analysis shows, then, that the X boson should have a mass of 
about Mx = 3 x 10!5 GeV, leading to the prediction of a proton lifetime of 


GeO eel years (9.169) 
in the supersymmetric version of the SU(5) gauge theory. This is well beyond the 
experimental limit (9.163). We conclude that, despite the failure of the simplest 
version of a unified gauge theory (“minimal” SU(5)), the idea that all electroweak 
and strong interactions can be derived from a unified gauge theory remains a 
very promising concept. As we have discussed, there are indications that there 
may exist new particles, the supersymmetric partners of the known fermions and 
bosons, in the mass region around 1 TeV. There is also evidence from precision 


Fig.9.11. The minimal su- 
persymmetric SU(5) model 
causes the couplings a; to 
meet in a single point 
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data that the Higgs boson, if it exists, must have a mass well below 1 TeV. It is 
therefore very likely that experiments at the next generation of particle accelerators 
(the CERN Large Hadron Collider and the U.S. Superconducting Super-Collider, 
usually known as LHC and SSC) will shed light on the prospects of unifying all 
forces of nature, except gravity, into a single gauge group. The search for the Higgs 
particle is in this context the most important task for the near future.?! 32 
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Appendix A. Conventions and “Natural” Units 


The theory of weak interactions deals with the phenomena of conversion of one type 
of elementary particle into another. Such processes are naturally quantum jumps, 
i.e. the theory of weak interaction makes sense only as a quantum theory. In addition 
the theory must necessarily be formulated in a relativistically invariant way, because 
electrons with high energy and, above all, massless neutrinos, which move with the 
speed of light, participate in most processes. Hence powers of Planck’s constant 
h and of the speed of light c are ubiquitous, rendering the equations considerably 
more complicated than they really are. This can be avoided if one uses the so-called 
natural units: 


a (A.1) 


This means that length and time are measured in the same units (such as Fermi 
= fm), as are mass, energy, frequency, etc. At any time one can go over to the 
standard (atomic) units by introducing factors of 


et 0- ims 
he = 197.32 MeV x fm (A.2) 
in the equations. 


Example. The Compton wavelength ii/mc of the electron in natural units simply 
reads 1/m. The transformation goes like this: 


m—! —+ hic(mc*)~! = 197 MeV x fm (0.511 MeV)—! = 386fm_, (A.3) 


where we have inserted the mass of the electron. Length and reciprocal mass 
thus have the same units in the measuring system A = c = 1; | fm corresponds to 
(197 MeV)! = 5GeV7!, and 1 s corresponds to 3 x 1073 fm or 1.52 x 10?! MeV. 


Example. The lifetime of a muon is calculated to be 
Toe (Gm, \e (A.4) 


with Fermi’s constant G = 1.166 x 107!!MeV~*. With m, = 105.66 MeV, 7, 
becomes 
Ty = 192 7° (1.166 x 107!)~? x (105.66)-* MeV"! 
= 33x10 MeV-}=2.2x10°s . (A.5) 


380 


Appendix 


The invariant infinitesimal distance of two events in Minkowski space is 


Ce = ee ee 
3) 
= (GY — Sal) , (A.6) 
ii 


(where we have put c = 1 !). Besides the contravariant position vector x4 = 
(t,x,y,z), the upper index of which runs from 0 to 3, we introduce the covariant 
position vector x,, = (t, -x, —y, —z) with a lower index. Both forms are connected 
by the metric tensor of Minkowski space, 


To 9 8 
_{ O7=P 40 0 
a a | Ome hie 0) 
0 20 06s 1 (A.7) 


3 
t= > i Gre 
v=0 
If the last expression above the summation over the index v, which occurs twice, 
is implicitly assumed (Einstein’s summation convention), we can write 
OS Guts Sa Cheeta (A.8) 


This abbreviated style, which formally exhibits invariance under Lorentz trans- 
formations (the sum is over all four indices, one pair covariant and the second 
contravariant) will be often used. 


Appendix B. The Dirac Equation 


The Dirac equation for a free particle with rest mass m and spin 5 is 


(ws - m) Yoy=0 (Bel) 
with the Dirac matrices obeying the commutation relations 

cima) cia — aaa (B.2) 
The three space-like Dirac matrices are also written in the form 

=a; (ory=a%a) @3) 


As a standard representation of the Dirac matrices we use the 4 x 4 matrices 


Wo ae ae NE er po OG, 
v= (4 i wa ( oes ES cy a 


where each element is a 2 x 2 matrix. The Pauli matrices a; are represented in the 
form 


Appendix B. The Dirac Equation 


a=({ a | n=(} ) | m= (4 a) BS) 


In addition, the following combinations occur frequently: 


01 
1s =i’ = (4 a (B.6) 


eee! 


aloe es (B.7) 


oO 


Hy eee ik) = 
ai ( A _ , GH = 023) , 
We denote scalar products of four-vectors with y matrices by a slash, for example, 

(m= pl =~ pop, “etc. (B.8) 


If we separate a plane-wave factor for particles 


PO) = (2p°V)'7u(p, s) exp(—ipyx”) (B.9a) 
and antiparticles 

fe) = 2p °V)"'u(p, s) explipux") , (B.9b) 

the Dirac equation (B.1) yields a matrix equation for the space-independent spinors: 

(p—m)u(p,s)=0 , (B.10a) 

(Pt+m)vup,s)=0 . (B.10b) 


Here s denotes the spin polarizations of the Dirac particle, which can assume the 
values +1/2. Explicitly we have 


B.11 
u(p,5) ae 23, ; (B.11a) 

v(p,s) =V/P “em ( H pn X 4) , (B.11b) 
with the two-spinors 


xia = (4) ; xin=(1) (B.12) 


The normalization of the wave functions (B.9) is chosen so that the volume V 
contains just one particle: 


ae y Cy tor p= ps se =e B.Ba 
/ eg Vp! 31) Pps) = le otherwise : ( ) 
Grice = 0 (i UC Sa (B.13b) 


The adjoint spinor is defined as 
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be) =a) . (B.14) 


For the products of two Dirac spinors one has the following useful formulas, where 
for clarity we write down the spinor indices explicitly: 


HalPss\iole,s) = 5b + mV +7sA)lag (B.152) 
alP 6.8) = 51 — mI +Aes (B.15b) 


Here the four-vector s“ is obtained from the rest frame spin § by a Lorentz trans- 
formation 


= (2S a+ Pe?) (B.16) 
where the spin vector & is given by 
= be; woe wesc. (B.17) 
Summing over the spin directions (B.15) yields 
So ualp, siig(p,s)=(b+mog (B.18a) 
s 
dP, 5ie0,s)=G-mag - (B.18b) 
s 


Computations with the Dirac matrices are simplified by a number of rules and 
identities concerning certain traces. One useful identity is 


4b =(a-b)—io'’a,b,  , with @-b)=a,b" . (B.19) 
This is the four-dimensional generalization of the relation 
(g -a\o-b)=a-b+io-(axb) . (B.20) 


The trace of a product of an odd number of Dirac matrices vanishes; in particular, 


Tee y = Oey. (B.21) 
Furthermore, one has the relations 

Tig) G7 (B.22) 

Try yyy”) = A(g28 gh” — gt gh 4 gov gbny (B.23) 
For traces containing the matrix 5, one obtains the following rules: 

Tr(ys) =O, (B.24) 

Tr(ysy*7°) = 0, (B.25) 

Trys yy" yy”) = —4ie®P#Y with (B.26) 

pols 


(B.27) 
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Appendix C. Feynman Rules 


The following rules are valid for reactions with two particles in the initial state and 
n particles in the final state (Fig. C.1). The cross section per unit of the phase-space 
volume of the particles in the final state is given by 


apy, a’p, 


ele ee oan Game 


(C.1) 


where for our normalization of the wave functions the incoming current corre- 
sponding to particle 1 takes the form 


a AEG a OT 
Fie UAE aaa: , (C.2) 
PiP2V 
while the density of particle 2 is given by 
WV: (C.3) 


In reference frames where the momenta of the incoming particles are parallel (for 
example, in the centre-of-mass frame), the current J\2 can be expressed in terms 
of the velocities of the particles 1 and 2: 


_ |v = v2 


9) 7 


(C.4) 
The matrix element S; of the scattering operator in general includes a factor 
ite year p= Pn 22) 0 (C.5) 


which results from the space-time integration over the plane waves, and, further- 
more, a factor 


een aoa 2p Va op) ) 12 (C.6) 


from the normalizations of the wave functions. Separating these factors, we can 
introduce a reduced matrix element M, by defining 


Se = Fifa, . (oy 
Substituting (27)*64(0) for VT, we then have for the scattering cross section 


_ Waa Ca Cr te, SPs) api Py 


kg Meio See (Om 2p Onyp2ph 


The cross section is invariant under Lorentz transformations. 

The Feynman rules concern the calculation of the reduced scattering matrix 
element My. In detail, they depend on the properties of the particles involved, 
especially on their masses and spins. A Feynman graph describing a scattering 
process consists of three parts: (1) the external lines representing the wave functions 
of the incoming and outgoing particles, (2) the internal lines described by the 
propagators, and (3) the vertices representing the interactions between the particles. 
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Py, pi my 


Pz My 


Valls ae 
eect 
Fig. C.1. Reactions with two 
particles in the initial state 
and 7 particles in the final 
state 
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Appendix 


In the following we quote some important cases of these rules: 


(1) External Lines: 


spin 0: Ile 
spin 1/2: u(p,s) or v(p,s). 
spin 1: E,(p, A) with e = —1; for m = 0 one further has (e - p) = 0. 


(2) Internal Lines: 


spin 0: iA(p) = i(p? — m? + 1e)-!. 
spin 1/2: SQ) bee eee 

. —1(g p= Ne ey form =0 
La ee Oe ~i(Guv ~ 282) A(p) for m #0 


(3) Vertices: 
There are many different kinds of vertex. We give only a few examples, namely 
those between a Dirac particle and bosons with spins 0 or 1, where g denotes 
the corresponding coupling constant. 


rea —ig for scalar bosons 
ee gys_ for scalar bosons 


: —igy" for vector bosons 
spin 1: Bao : 
—igy"y5 for axial vector bosons 


The rules for the Yang-Mills theory are discussed in Sect. 4.3. 

At each vertex the sum of all four-momenta is conserved. One integrates 
over the four-momenta of the internal lines that are not determined by these conser- 
vation laws: f d‘p/(27)*. For each closed fermion ring one obtains an additional 
factor —1. 

For the external lines one often sums over the possible polarizations. For spin- 
1/2 particles one uses formula (B.18), while for particles with spin 1 the following 
relations hold: 


m=0: D> eulp, AE.) = — Guy + PHY, (C.9a) 
ni P 

m £0: S- ex(p, Neve, N= — gut i (C.9a) 
Peete 


If there are several particles of the same kind in the final state, one has to take 
into account the proper symmetrization or antisymmetrization of the wave function. 
With v identical particles in the final state one has to divide the cross section by 
the statistical factor (v!). 


Appendix D. Symmetry Transformations 


More details concerning the derivation of these rules and the problems con- 
nected with the renormalization of divergent graphs can be found in the literature.! 


Appendix D. Symmetry Transformations 


One classifies the elementary particles according to their quantum numbers, which 
are often related to certain symmetry principles. In addition to the quantum numbers 
arising from internal symmetries such as isospin, strangeness, lepton number, and 
so on, the quantum numbers associated with the symmetries related to space-time 
play an important role, in particular, rest mass, spin, and parity. 

All transformations of the space-time four-vector 


eae tb! Oy) 
that leave the Minkowskian line element 
ds? = (dx — da? (D.2) 


invariant are called inhomogenous Lorentz transformations or Poincaré transfor- 
mations.” With each real transformation one associates a 4 x 4 matrix A and a 
four-vector b. The invariance of ds? is guaranteed if 


ai = el (D.3) 


The Poincaré transformations can be divided into four disconnected classes which 
are characterized by the sign of det(A) and of the element a9: 


oa =| =| 
zoel Pe | S| | 


The transformations with det(A) = +1 are called proper Lorentz transformations, 
whereas transformations with a°) > 0 are called orthochronous. The particular 
components of the Poincaré group can be obtained from Py by discrete symmetry 
operations: 


Pp! by space reflection: z — —z, 
pt by time reflection: x° — —x°, 
pi by space-time reflection: (2, x°) — (—a, =e 


The component pi is a group by itself, that is, the product of two elements from 
Bh is again an element of Pe ie is called the restricted Poincaré group. 


1 See W. Greiner and J. Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg, 
New York 1994); J.D. Bjorken, S.D. Drell: Relativistic Quantum Mechanics (McGtaw- 
Hill, New York 1964). 

2 W. Greiner, J. Rafelski: Theoretische Physik 3A, Spezielle Relativitdtstheorie (Harri 
Deutsch, Thun, Frankfurt am Main 1989). 
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Within the Poincaré group the transformations with b = 0 form a subgroup, 
the (homogeneous) Lorentz ercee L. Like the Poincaré group it can be divided into 
the four components ithe L_, Li, and ibe , which are defined in the same way as 
above. The transformations with A = Il also form a subgroup, which is called the 
group of translations 7. Thus the Poincaré group is the direct product of L and T: 
[eb IE, 

As far as we know today, all laws of physics are covariant under the transforma- 
tions of the restricted Poincaré group Bie To each such transformation characterized 
by A and b there must exist a unitary transformation U (b, A) which describes the 
change of the physical quantum state under the action of a Poincaré transformation. 
This unitary transformation can be written as 


U(b, A) = U(b, 1) U0, A) = U(b) OA). (D.4) 


Using the ten Hermitian operators ie y uv, We can write the transformations U(b) 
and U(A) in the form? 


U(b) = exp (ib*P,.) (D.5) 

U(A) = exp (50H) . (D.6) 
where 

af = [In Ale= = ae (D.7) 

Muy a —Myw : (D.8) 


From the group properties of the inhomogenous Lorentz transformations the fol- 
lowing commutation relations for the generators P,, and M,,, result: 


Pela o (D.9a) 
[Muv, Po] =i (QvePu = Gua) , (D.9b) 
[Muv, Mog] =I (GueMva =P GvaM yup a 9veM ue 7 IuoMyg) : (9c) 


The operator P,P# = P? commutes with all generators; thus it is a Casimir 
operator of the Poincaré group. Each irreducible represention of the Poincaré group 
is therefore characterized by a fixed eigenvalue m2 of the operator P?. Since the 
operators ey are identified as the operators of the four-momentum, m is the rest 
mass of the state. The spin of a state is characterized by the Pauli-Lubanski operator 


a ] m 
We = seh? Muy Pp (D.10) 


The operator we We = W? also commutes with all P,, and WG. so that it is 
a second Casimir operator. Its eigenstates for massive particles have the form 
m’s(s + 1), with s = 0, , Ik. 3, ..-, Where s describes the spin of the state. Thus 
each massive quantum-mechanical state (m + 0) is described by the quantum 
numbers [m, s]. 


3 Here we consider active transformations, where the bodies are rotated but not the axes of 


the coordinate systems. Otherwise we would get an additional minus sign in (D.5, 6). 


Appendix D. Symmetry Transformations 
Instead of the operators My one often uses 
J; = sel My (D.11) 
withe(ioic, /— (1, 2,3) and 
K;=Miy . (pale) 


J; are the angular-momentum operators, whereas the operators K; transform to uni- 
formly moving frames (“boosts”). The new operators satisfy the following com- 
mutation relations, which can be derived from (D.9): 


iPr] =iewP; , (i,Po] =0 ' (D.13a) 

[Ki,Pil=ignPo , ([Ki,Po]=—-iP; , (D.13b) 

[i,Ke] =iemKr =, [Ki,Ke]=—iew , (Ki,Se] =iewmd . (D.130) 
Expressed in terms of J; and K;, the spin operator (D.10) takes the form 

We=(3-P,JIP+KxP) . (D.14) 
The operator 

A=W°/|P|=J-P/|P| (D.15) 


is the helicity operator. For particles with P? = m? = 0, A commutes with all 
generators of the inhomogeneous Lorentz group. In this case the only possible 
eigenstates of A are ) = +s, so that the irreducible representations in the case 
m = 0 are characterized by this quantum number. 

The operator for a rotation about an angle @ around the axis given by the unit 
vector 7 is given by 


U(6,n) = exp(—idn- J). (D.16) 


If the rotation is expressed in terms of the three Euler angles 6), 62, and 63, then 
the rotation operator reads 


U (61,92, 93) = exp(—i6iJ,) exp(—i82J,) exp(—iO3J-) (D.17) 


A Lorentz transformation which boosts a system from rest to a velocity v is de- 
scribed by the operator 


U(é,n) = exp(ién:- K) , (D.18) 
where 
p= me = arctanh |p|; (D.19) 
|v| 


The variable € is called the rapidity; in contrast to the velocity it is additive. 

The simplest irreducible representations of the Poincaré group belong to spins 
s = 0 and s = 1/2. The generators for the transformations of the wave functions 
in this case are 
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a. P= 1 ee 
Lee =i (5.0, = x70) ; 
J=-ixxV , 
- 6) 
i = (23 + ‘v) ; (D.20) 


Wee b= Toe 


as (22 ze rv) ne te (D.21) 
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Gauge Theory of Weak Interactions treats the unification of electromagnetic 
and weak interactions and considers related phenomena. First, the Fermi 


theory of f§ decay is presented, followed by a discussion of parity violation, 
which clarifies the importance of symmetries. Then the concept of a spontan- 
eously broken gauge theory is introduced, and all the necessary mathema- 
tical tools are carefully developed. The “standard model” of unified electro- 
weak interactions is thoroughly discussed, including current developments. 
The final chapter contains an introduction to unified theories of strong and 
electroweak interactions. Numerous solved examples and problems make this 
volume uniquely suited as a text for an advanced course. 


